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Nets of real subspaces on homogeneous
spaces
and Algebraic Quantum Field Theory

Karl-Hermann Neeb

Introduction

In these notes, we describe an interesting connection between unitary repre-
sentations of Lie groups and nets of local algebras, as they appear in Algebraic
Quantum Field Theory (AQFT). It is based on first translating the axioms
for nets of operator algebras parameterized by regions in a spacetime mani-
fold into those for nets of real subspaces, and then study this structure from
a perspective based on geometry and representation theory of Lie groups.

This topic owes much of its fascination to the close relations between oper-
ator algebraic concepts, such as Kubo-Martin—-Schwinger (KMS) conditions
and spectral conditions, and the complex geometry related to unitary Lie
group representations. To make this connection more concrete, suppose that
U; = e is a unitary one-parameter group on the complex Hilbert space H,
H = H* is its selfadjoint generator, and & € H. We are interested in analytic
continuations of the orbit map

US:R > H, t— Uk.

If a bounded analytic extension exists on the upper half-plane C, = {z €
C: Imz > 0}, then its range lies in an invariant subspace on which the
operator H is non-negative (spectral condition). This is rather restrictive,
and it is much more common that U¢ only extends to the closure of a strip
Sg={2€C:0<Imz < S}. Here the most interesting context arises if the
upper boundary values are coupled to the lower ones by a conjugation J (an
antilinear isometric involution) via

JUS(if+t) =US(t) for teR.

Karl-Hermann Neeb
Department Mathematik, Friedrich—Alexander-Universitdt Erlangen-Niirnberg,
Cauerstrasse 11, 91056 Erlangen, e-mail: neeb@math.fau.de
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This is precisely the situation one finds in the modular theory of operator
algebras if £ represents a KMS state (thermal state), and the case of positive
spectrum corresponds to so-called ground states ([BGN20], [BN24], [NO19],
[ANS25], [NR24]). Below we shall see that such conditions also specify so-
called standard subspaces V. C H (for 8 = 7) if (Ut)¢er is the corresponding
modular group.

On the geometric side, an action o of a Lie group G on a manifold M
often has a “complexification” in the sense that M sits in the boundary of
a complex manifold = that locally looks like a tube domain R™ + i§2 C C™,
i.e.,, 2 C R" is a pointed open convex cone. In this context, one may also
ask for extensions of orbit maps ¢ : R — M,t — exp(tz).m (m € M,z €
g = L(G)), to the upper half-plane ¢: C4 — =, or to a strip ¢”: Sg —
Z. In the latter case, we typically have an antiholomorphic involution 7=
satisfying 7= (o™ (i8 +1)) = o™ (t) for t € R. In the context of semisimple Lie
groups, such situations are well-known for non-compactly causal symmetric
spaces M = G/H, sitting in the boundary of the so-called complex crown
of the Riemannian symmetric space G/K ([GKO02]). Then the existence of
such analytic extensions specifies so-called wedge regions W C M, that can
be characterized in many different ways ([NO23a, NO23b, NO23c]). Here
the “imaginary tangent cone”, specifying how M sits in the boundary of
Z, determines the causal structure on M. So M carries similar geometric
structures as the spacetimes in Mathematical Physics. Our goal is to connect
the analytic extension phenomena in unitary group representations and the
underlying geometry with structures in AQFT.

These notes consist of five main sections, followed by a discussion of per-
spectives and several appendices on background in various areas. In Sec-
tion 1 we discuss axioms for nets of local observables, as they appear in
Algebraic Quantum Field Theory (AQFT). This involves a symmetry group
G (a connected Lie group) acting on a manifold M (spacetime in the physics
context) and, for each open subset O C M, a von Neumann algebra M(O)
on some complex Hilbert space H, on which we also have a unitary represen-
tation (U, H) of G, i.e., a continuous homomorphism U: G — U(H).

Open subsets O C M may be considered as laboratories, in which exper-
iments are performed that correspond to the evaluation of quantum observ-
ables, represented by hermitian elements of M(Q). This leads to families,
also called nets, of von Neumann algebras (M(O))oc .

Before we turn to specific properties of such nets, we explain a key tool
which is an important integredient in the modular theory of operator algebras:
the Tomita—Takesaki Theorem (Theorem 1.22). Let M C B(H) be a von
Neumann algebra and {2 € H be a non-zero vector which is cyclic, i.e.,
M2 = H, and separting, i.e., the map M — H, M + M2, is injective. This
means that the closed real subspace

Vi= Va0 = Mps2, My ={M e M: M* =M},
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is cyclic, i.e., V+ iV is dense in H, and separting, ie., VN iV = {0}
(cf. Lemma 1.20). We call such closed real subspaces standard. For every
standard subspace V C H, the Tomita operator

Ty: D(Ty) =V +1iV — H, Ty(v + iw) = v —iw

is closed, hence has a polar decomposition, i.e., Ay := TyTy is a positive
selfadjoint operator, and there exists an antilinear isometry Jy such that

TV = JvAé/z

(see Definition 1.3 for details). Both factors are uniquely determined by Ty.
Then (AY);er is a unitary one-parameter group, and the main assertions of
the Tomita—Takesaki Theorem are:

JMJ =M :={AeB(H): (VM e M)AM = MA},

and ‘ ‘
APMA™* =M forall teR.

As a consequence, ay(M) := A®M A~ defines a one-parameter group of
automorphisms of M, called the modular group.

We are now ready to state the axioms of nets of local algebras. The axioms
that we discuss here are:

(Iso) Isotony: O C Oy implies M(O1) C M(O,).

(RS) Reeh—Schlieder property: There exists a unit vector {2 € H that is
cyclic for M(O) if O # 0, i.e., M(O)£2 is dense in H (cf. [RS61], [Ja00],
[Ja00b)),

(Cov) Covariance: U, M(O)U,* = M(gO) for g € G.

(Vac) Invariance of the vacuum: U(g)f2 = {2 for g € G.

(BW) Bisognano—Wichmann property: There exists a Lie algebra element
h € g and an open subset W C M (called a wedge region), such that {2 is
cyclic and separating for M (W), and the corresponding modular operator
A of the standard subspace Vg o = M2 satisfies A™#/2™ = U(expth)
for t € R. In this sense, the modular group is geometrically implemented
by a one-parameter subgroup of G (cf. [BDFS00], [BMSO01], [HL82]).

(Loc) Locality: There exists an open non-empty G-invariant subset Dy, € M X
M such that O x Oy C Dy, implies M(O1) € M(Os)'.

(Add) Additivity: The von Neumann algebra M(UJ; O;) is generated by the
algebras M(0;),j € J.

A first step in our analysis is to simplify these structures by replacing the
algebras M(O) by the real subspaces

H(O) = VM(O)7_Q.
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Note that, whenever {2 is cyclic and separating for M(Q), the corresponding
modular operator and the modular involution are completely encoded by
H(O).

We now formulate the basic axioms for the family (H(O))oca:

0) Isotony: O; C O, implies H(O1) C H(O5).
RS) Reeh—Schlieder property: H(O) is cyclic if O # (.
) Covariance: U;H(O) = H(gO) for g € G.

) Bisognano—Wichmann property: There exists a Lie algebra element
h € g and an open connected subset W C M, such that H(W) is standard
and the corresponding modular operator A satisfies A~%/2™ = U(expth)
for t € R.
(Loc) Locality: There exists an open non-empty G-invariant subset Dy C M X

M such that Oy x Oz C Dy, implies H(O71) C H(Os)'.

(Add) Additivity: H(U; O;) = ZjEJ H(O;).

Our goal is to understand such nets and the requirements on the G-space
M, its geometry, the structure of G and the representation (U, H) for which
such nets exist. Eventually, one would like to “classify” all these nets in a
suitable sense, but first one has to specify which structures we are dealing
with. Key questions are:

(Q1) Which G-invariant structures do we need on M as a fertile ground for nets
of real subspaces?

(Q2) Which elements h € g can arise in the Bisognano—Wichmann (BW) con-
dition?

(Q3) How to find the domains W C M arising in the (BW) condition?

(Q4) For which unitary representations of G are there isotone, covariant nets of
real subspaces satisfying (RS) and (BW)?

In these notes we shall not go deeper into locality requirements, but see
Section 5.6.1. We refer to [MNO26b] and [NO26] for recent progress in this
direction. As we shall see below, these questions are highly intertwined, in
particular when we discuss (Q4) in Section 3.

A key result, described in Section 2, answers (Q2), namely that h
has to be an Fuler element, i.e., ad h is non-zero and diagonalizable with
Spec(ad h) C {—1,0,1}. In the physical context of the Lorentz and Poincaré
group, these are suitably normalized generators of Lorentz boosts.

In Section 3 we further argue that it is natural to require M to carry a
causal structure, i.e., a field of pointed generating closed convex cones C), C
T (M), invariant under the G-action. Given an Euler element i and a causal
structure on M, the natural candidates for W are the connected components
of the positivity region

Wi (h) = {m e M: exp(th).m € c;;} (1)

d
e
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of the vector field on M corresponding to h. We discuss these structures for
various examples. Since it will play an important role later in the construction
of nets of real subspaces, we describe the compression semigroups

Sw:={g€G: gW W}

for several types of wedge regions W. The most important examples of causal
homogeneous spaces M are causal symmetric spaces and causal flag manifolds
(see Section 3.4 for more on flag manifolds).

In Section 4 we turn to constructions of nets for a given antiunitary
representation (U, H) and an Euler element h € g. This is motivated by the
consequence of the Euler Element Theorem 2.3, according to which we may
assume that the Lie algebra involution 7} = e™adh integrates to a group

involution 7, (e.g., if G is simply connected), so that we can form the group
G-,—h =G X {idg,Th}

and assume that U extends to an antiunitary representation of G,,. This
specifies in particular a standard subspace V.= V(h,U) by

Ay =M and  Jy = U(m) (2)

(Definitions 1.3 and 2.20).

To find a net H satisfying (BW) with H(W) = V, it is instructive to observe
that the elements of V are characterized by the (abstract) Kubo-Martin—
Schwinger (KMS) condition: The orbit map UY(t) := U(expth)v extends
analytically to the closure of the strip Sy = {z € C: 0 < Imz < 7}, such
that

U® (i) = Jyv

(cf. Proposition 1.42).

This suggests to look for domains W C M and a complex manifold =
with M C 0=, on which G acts by holomorphic maps, such that W consists
of elements m € M whose orbit map a™(t) = exp(th).m yields by analytic
extension a map S, — = satisfying a™(7) = 7 (m), where 7, is an antiholo-
morphic involution on =, satisfying 7,,(g.2) = 71(9).7r(z) for g € G,z € =.
We call these points the KMS points of M.

For the case where GG is contained in its universal complexification G,
we describe in Section 4 conditions on a domain = C G¢ (crown domains
for G), so that the following construction leads to nets. We start with a real
subspace F of Jy-fixed vectors v € H, whose orbit map U": G — H extends
analytically to a map U": = — H, such that the limit

B+ (v) = lim U” (exp(~ith)) (3)
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exists in the space H~°°(Up) of distribution vectors for the one-parameter
group Up(t) = U(expth). We then have natural inclusions

H>® CH>®(U) CHCH U, CH™™
(see Appendix 7.5.2 for details) and
E:=f7(F) CH *(U) CH ™

is a real subspace. For ¢ € C°(G, R), the operator U~ (p) = fG w(g)U>°(g) dg
maps H~°° to ‘H. We thus obtain by

HE (0) == spang {U==(p)E: ¢ € C=(O,R)} C H, (4)

a net of real subspaces on G satisfying (Iso) and (Cov) for trivial reasons,
but also (RS) and (BW). Here the main point is to show that HE(W¢) = v
holds for a suitable open subset W& C G.

Ezample. Elementary particles in the sense of E. Wigner [Wgn39] (see also
[Ni20]) are classified by irreducible unitary representations of the Poincaré
group G = R4 SO1,4-1(R)e. We write V := RL4=1 for the correspond-
ing translation group. For scalar particles, the Hilbert space is of the form
H = L>(RM?~1 1), where y is a Lorentz invariant measure on the dual space
V* (often identified with V via the Lorentzian form). Here the space E = R1
of real-valued constant functions represents distribution vectors, and for test
functions ¢ € C°(V,R), we have U~>(¢)1 = @ (Fourier transform). So
the real subspace Hy (O) from (4) is generated by Fourier transforms of test
functions supported in O.

This leaves us with the question of how to find the crown domains =
and real subspaces F C H”. For semisimple groups, this can be done with
the theory of crown domains for Riemannian symmetric spaces G/K. They
provide natural domains = C G¢ to which orbit maps of K-finite vectors!
of irreducible representations extend. A recent result by T. Simon ([Si24])
ensures that they have a sufficiently well-behaved boundary behavior at 0=
to ensure (3) and E = S1(F) C H°°(Up,). Here an important point is that
no further requirement beyond irreducibility is needed for U to ob-
tain these nets, and they all descend in a natural way to the non-compactly
causal symmetric spaces M = G/H, associated to the Euler element h (cf.
Sections 3.5, 5.3.2, [MNOQS, Thm. 4.21]). An important example is de Sit-
ter space M = dS? = SO; 4(R)/SO1.4_1(R), for which the Euler element
h € s0y 4(R) is the generator of a Lorentz boost.

Section 5 develops a global perspective on these results. Here we are
dealing with representations that are not necessarily irreducible. Starting

! Here K C G is a maximal compact subgroup and K-finiteness means that U(K)¢
is contained in a finite-dimensional subspace of H.
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with a homogeneous space M = G/H, a domain W C M and an antiunitary
representation (U, H), we directly obtain two nets HY#* and HY® on M,
such that any net H on M satisfying (Iso), (Cov) and H(W) =V := V(h,U)
(cf. (2)) also satisfies

H1"(0) € H(0) C HE™(0)

for every open subset O C M (Lemma 5.8). From this perspective, the ques-
tion is, whether a net H satisfying (Iso), (Cov) and (BW) exists at all. This
is equivalent to H™®*(WW) = V, which in turn is equivalent to the inclusion of
semigroups

Sw={9€G:gWCW}CS ={geG:U(g)VCV} (5)

The semigroup Sy has already been described in Section 3 for several types
of wedge regions. If ker U is discrete, then

Sy = exp(C1)Gyexp(C_) holds for Cy ==+CyNgy1(h), (6)

where

Cy:={zxeg: —i-0U(x) >0}, with oU (z) U(exptz),

~ dtli=o
is the positive cone of the unitary representation U, and gy(h) = ker(A1 —
ad h) are the eigenspaces of ad h (Section 5.2).

If G is semisimple and M the non-compactly causal symmetric space asso-
ciated to the Euler element h, then Sy is a group, hence equal to Gy, so that
(5) reduces to the inclusion Gy C Gy, which boils down to the implication

gW =W =U(g)J =JU(g),

which is equivalent to 71,(g) "*g € ker U for g € Gy.
If Sy is not a group, it is of the form

Sw = exp(C4)Gw exp(C-),

where the convex cones C are specified in terms of an Ad(G)-invariant cone
Cy C g by
Cy = :|:Cg N gil(h).

Therefore (6) implies that Sy C Sy is equivalent to Gy C Gy and the spectral
condition
Ui CCy

on the representation U, i.e., the operators —iOU(z) are positive for = €
+C4. For the Poincaré group, acting on Minkowski space (Remark 1.29),
this corresponds to the positivity of the energy.
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We conclude these notes with a discussion of perspectives and open prob-
lems in Section 6 and a number of appendices.

Some history. The starting point for the development that led to fruitful
applications of modular theory in QFT was the Bisognano—Wichmann The-
orem ([BW75, BW76]), asserting that the modular automorphisms o, (M) =
A1/ N A®/2T associated to the algebra M(Wg) of observables corre-
sponding to the Rindler wedge

WR = {(370,3317.-.,93(1_1): xr, > |1‘0|}

in d-dimensional Minkowski space RM¥~! are implemented by the action
of a one-parameter group of Lorentz boosts preserving Wg. This geometric
implementation of modular automorphisms in terms of Poincaré transforma-
tions was a key step in a rich development based on the work of Borchers and
Wiesbrock in the 1990s [Bo68, Bo92, Bo95, Bo97, Wi92, Wi93a, Wi93b, Wi98,
GLWO98]; see also [LRT78], [Lo82], [Fr85] and [Ha96]. They managed to distill
the abstract essence from the Bisognano—Wichmann Theorem which led to
a better understanding of the basic configurations of von Neumann algebras
in terms of half-sided modular inclusions and modular intersections (see also
[NO17, §4.4]). In his survey [Bo00], Borchers described how these concepts
revolutionized quantum field theory. Subsequent developments can be found
in [Ar99, Schr99, BGL02, Su05, Lo08, LW11, LL15, JM18, Mo18, MMTS21].

The condition that the modular group and conjugation of some local al-
gebras correspond to geometric transformations, is also known as the condi-
tion of Geometric Modular Action (GMA). In AQFT it serves as a selection
principle for physical vacuum states, connecting Tomita—Takesaki theory to
spacetime symmetries ([Bo93, Bo00], [Su96|, [BFS99], [BDFS00], [BMS01],
[SWO03], [BS05], [LMaR09]).

The interplay between AQFT and spacetime symmetries led to renewed
interest in causal symmetric spaces in relation with representation theory.
Here causal symmetric spaces are considered as analogs of spacetime man-
ifolds, where the causal cones C,, C T,,(M) need not be Lorentzian. The
irreducible Lorentzian symmetric spaces are de Sitter space ds (spacelike
positively curved), anti-de Sitter space AdS? (spacelike positively curved),
and flat Minkowski space R»¥~1. Products of these manifolds with Rieman-
nian symmetric spaces, such as spheres S* and hyperbolic spaces, lead to
natural Lorentzian causal symmetric spaces. This perspective allows to study
various aspects of AQFT in a highly symmetric context without the need of
an invariant Lorentzian form. For the classification of irreducible (non-flat)
causal symmetric spaces we refer to the monograph [HO97] which builds
on Olafsson’s classification [0191]. Note that there are also interesting ho-
mogeneous Lorentzian manifolds that are not symmetric, such as the Godel
Universe (cf. [Be24], [HN93]).
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Another interesting class of causal manifolds has been studied by Mack and
de Riese in [MdRO7], the simple spacetime manifolds. These are the simply

connected coverings M of the conformal compactifications M of simple eu-
clidean Jordan algebras (see [Ne26], [Be96] and the appendix to Section 3.4).
The classical example is the FEinstein universe M=Rx S4=1, as the sim-
ply connected covering of the conformal completion (S! x S4=1)/{£1} of
Minkowski space R14=1 (cf. [Ba25], [MNO26b]). The same class of manifolds
has been studied by Giinaydin in [Gu93] (see also the much earlier reference
[Gu75]), where they are called Jordan spacetimes. The particular case of 4-
dimensional Minkowski space, where M = Uy(C) carries a group structure,
appears already in the work of Irving Segal [Se71, Se76]. The compact causal
manifolds M can also be characterized as those flag manifolds G/P of a sim-
ple Lie group G that carry a causal structure ([Ne26] and Theorem 3.25).
In this context, the theory of open orbits of symmetric subgroups of G in
these spaces, so called causal Makarevic spaces ([Be96, Be98]), lead to natu-
ral “compactifications” of causal symmetric spaces ([Ne26]), and these are a
key ingredient in holographic models (see [dB01], [St01], [BCW25], and also
[Wo24] for a recent popular article relating to quantum cosmology).

An important link between QFT and geometry is the the Euler Element
Theorem 2.3 ([MN24]) which implies that generators of modular groups,
arising from local nets on causal homogeneous spaces by the Bisognano—
Wichmann property, are Euler elements, and this answers our question (Q2).
In the Lorentzian context, this means that they generate Lorentz boosts in
suitable coordinates. This fact motivated the revision of the classification of
causal symmetric spaces from the perspective of Euler elements in [MNC)23].
It also suggested an abstract approach to modular pairs (4, J) from a purely
Lie theoretic perspective (cf. Definition 2.19), that was started in [MN21] and
exploited in the context of pairs of Euler nets and Spin—Statistics results in
[MNO26a, MNO26b], building on [GL95].

At this point it is clear that there is a natural rich supply of causal homo-
geneous space on which one would like to understand local nets satisfying the
Bisognano—Wichmann condition (BW). To understand the underlying geom-
etry, one needs a good descriptions of the wedge regions, i.e., the connected
components of the positivity regions W (h) of Euler elements (cf. (1)). For
compactly causal symmetric spaces, this was done in [NO23a], and in [NO23b]
for non-compactly causal ones, for which the results were later refined to a
classification of modular geodesics in [MNO24]. For causal Makarevi¢ spaces
we refer to [Ne26] and for causal flag manifolds to [MN26]. These results
answer Question (Q3).

Progress concerning question (Q4), which representations of the group G
permit nets of real subspaces satisfying (Iso), (Cov), (RS) and (BW), was
achieved rather stepwise. For the case where M = G is a hermitian Lie
groups and unitary highest weight representations, nets were constructed as
in (4) in [NOQl] and it also turned out that this construction can be used
for causal flag manifolds ([MN26]). A major step was the unexpected insight,
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that for any connected simple Lie group G and any antiunitary representation
(U,H) of G,,, many nets with the above four properties can be constructed
on the associated non-compactly causal symmetric spaces (see [FNO25a],
and [FNO25b] and [BEMYS] for more more specific information concerning
de Sitter space). For non-semisimple Lie groups, the results are still equite
incomplete, but see [BN25] and [Oeh22a, Oeh23] for natural strategies.

How to read these notes? Each of the five sections has a main part and
appendices. The appendices contain more details and discussion of related
issues. So they can be skipped on first reading.

The following list of notations will be used throughout, if not specified
otherwise.

Notation

e Ny=1{0,1,2,3,...}.

e 7 denotes a complex Hilbert space. The scalar product (-, -) on H is linear
in the second and antilinear in the first argument.

e Strips in the complex plane:

Sg={2€C:0<Imz<f} and Sig={z€C:|Imz| <}

e The neutral element of a Lie group G is denoted e, and G, is the identity
component.

o Left and right multiplications on G are denoted by A\, (z) = gz and py(x) =
xg.

e The Lie algebra of a Lie group G is denoted L(G) or g.

e For an involutive automorphism o of G, we write G7 = {g € G: 0(g) = g}
for the subgroup of fixed points and G, := G x {idg, o} for the corre-
sponding group extension.

e AU(H) is the group of unitary or antiunitary operators on a complex
Hilbert space H.

e An antiunitary representation of G, is a homomorphism U: G, — AU(H)
with U(G) C U(H) for which the involution J := U(0) is antiunitary, i.e.,
a conjugation. We denote representations as pairs (U, H).

e If G is a group acting on a set M and W C M a subset, then the stabilizer
subgroup of W in G is denoted Gy := {g € G: g W = W}, and the
compression semigroup by Sy :={g € G: gW C W}.

e If g is a Lie algebra and h € g, then gx(h) = ker(adh — A1) is the I\
eigenspace of ad h and g*(h) = |J, ker(ad h — A1)* is the generalized \-
eigenspace.

e An element x of a Lie algebra g is called

o hyperbolic, if ad x is diagonalizable over R.
o elliptic or compact, if adx is semisimple with purely imaginary spec-
trum, i.e., eR2d= is a compact subgroup of Aut(g).
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e Tor a Lie subalgebra s C g, we write Inng(s) = (e4®) C Aut(g) for the
subgroup generated by e25. We call s compactly embedded if the group
Inng(s) has compact closure.

o We write £(g) for the set of Euler elements h € g, i.e., adh is non-zero
and diagonalizable with Spec(ad h) C {—1,0,1}.

o We call h symmetric if —h € Op, := Inn(g)h. We write 75 := e
Aut(g) for the involution of g specified by h.

o A causal G-space is a smooth G-space M, endowed with a G-invariant
causal structure, i.e., a field (C,)men of pointed generating closed convex
cones Cy,, C Ty (M).

e For a unitary representation (U, H) of G we write:

wiadh c

o OU(x) = %| +—oU (exptx) for the infinitesimal generator of the unitary
one-parameter group (U(exptx))icr in the sense of Stone’s Theorem.

o dU: g — End(H™) for the representation of the Lie algebra g on the
space H of smooth vectors. Then U (z) = dU(z) (operator closure)
for z € g.

e For a x-algebra M C B(H), we write M;, = {A € M: A* = A} for
the real subspace of hermitian elements, and for 2 € H, we put Vo :=
Mp$2.

e For a, possibly unbounded, operator T: D(T) — H, we write R(T) :=
T(H) for its range and N (T) := ker(T) for its kernel.
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1 Nets of operator algebras and AQFT

In this section we discuss standard subspaces and their connections with von
Neumann algebras. This provides the background for the translation between
nets of local algebras and the corresponding nets of standard subspaces.
These axioms can be discussed on two levels: the level of operator algebras
and the level of standard subspaces. We start in Section 1.1 with the concept
of a standard subspace V of a complex Hilbert space H. In particular we show
that they can be parametrized by pairs (4, J), where A > 0 is a selfadjoint
operator and J is a conjugation (an antilinear isometric involution) satisfying
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the modular relation JAJ = A~!. This is the key data that appears in the
modular theory of operator algebras (Tomita—Takesaki Theorem 1.22). Sec-
tion 1.2 discusses some finer tools, including the “dual” standard subspace V’
and criteria for equality of standard subspaces. Many examples of standard
subspaces have natural descriptions as graphs of closed operators. This per-
spective is explored further in Section 1.3. In Section 1.4 we then turn to
the level of operator algebras. We take a closer look at the Tomita—Takesaki
Theorem and some key examples. Section 1.5 contains a sufficient criterion
for the equality of two von Neumann subalgebras A7, N3 C M in terms of
the corresponding real subspaces. Such tools are important for translating
between the order structure on real subspaces and von Neumann algebras.
After these preparations, we turn in Section 1.6 to nets of local algebras and
of real subspaces, providing more background and context. At this point we
know how to pass from nets of local algebras to nets of real subspaces, but
there are also various natural constructions in the opposite direction. Since
we shall not need this below, we only briefly explain the simplest one of these,
related to the symmetric/bosonic Fock space in Section 1.7. We conclude this
section with some appendices in Section 1.8. These appendices provide back-
ground information that is not used in the main text, but may provide some
illuminating background on the constructions in the following sections.

1.1 Standard subspaces of Hilbert spaces

In this subsection, we introduce the key concept of a standard subspace V
of a complex Hilbert space H. Standard subspaces are “slanted” real forms
in the sense that V + iV is dense in H and VNV = {0}. As we shall see
below, they are parametrized by pairs (4, J), where A > 0 is a selfadjoint
operator and J is a conjugation (an antilinear isometric involution) satisfying
the modular relation JAJ = A~!. Standard subspaces appear naturally in
the modular theory of operator algebras (Tomita—Takesaki Theorem 1.22)
and also in antiunitary representations of Lie groups, where they correspond
to antiunitary representations of the one-dimensional multiplicative group

R* &R x {+1}.

This establishes an important link between operator algebras and antiunitary
representations.

Definition 1.1 (a) A closed real subspace V C H is called

e separating if VNV = {0},
e cyclic if V+ iV is dense in H,
e standard if it is cyclic and separating.

We write Stand(#) for the set of standard subspaces of H.
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(b) For a separating subspace V, we define the antilinear Tomita involution

Ty:V+iV—oH, Ty(v+iw)=v—iw for v,weV.

(¢) We write v(v, w) := Im(v, w) for the canonical symplectic form on #. For
a real subspace V C H, we define its symplectic orthogonal space by

V=V = {w e H: Im{v,w) =0} =iVt

where V1# is the real orthogonal space of V with respect to the real-valued
scalar product Re(v, w). Note that (V,V') C R.

Lemma 1.2 IfV is standard, then Ty is closed and densely defined.

Proof AsV is cyclic, the operator Ty is densely defined. To see that the graph
of Ty is closed, suppose that &, = a, + ib, is a sequence in D(Ty) = V + iV
with ay,, b, € V, such that (£, Ty&,) = (an + by, an —iby) — (£,m) in H X H.
As V is closed,

1 1 1
an = 5 (an + by + (an — b)) = 3 (€ + Tun) > 5(E+1) = a €V,
and

by = = (an + by — (@n — ibn)) = (60 — Tyén) — 2%_(5 —p)=bev.

"2 2i
Therefore £ = a + ib € D(1Ty) satisfies Ty = a — ib = 7. This means that Ty
is closed. ]

Definition 1.3 We have seen in Lemma 1.2 that, for every standard subspace
V C H, the Tomita operator

Ty: D(Ty) i =V +1iV — H, Ty(v + iw) = v —iw

is closed, hence has a polar decomposition ([Sch12, Thm. 7.2], [SZ79, Thm. 9.29]?),
ie.,
AV = TJTV

is a positive selfadjoint operator, and there exists an antilinear isometry Jy
such that
TV == JvA\ll/z

2 To obtain the polar decomposition of a closed operator T, the main step is to
show that the operator T*T is selfadjoint. Then the unique positive square root
|T| := VT*T satisfies || |T|¢|| = || T¢|| for all £ € D(T'), which easily leads to a partial
isometry U from the range R(|T|) = N(|T|)* = N(T)* of |T| to the range R(T) of
T with T = U|T)|.
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The isometry Jy is defined on all of H because Ay has dense range, which in
turn follows from R(Ay)t = ker(Ay) = ker(Ty) = {0}. The relation

R =Ty =Ty = AP0 = Iy (A 2oy

and the uniqueness of the polar decomposition now imply JZ = 1 and the
modular relation
JVAVJV = Av_l (7)

The unitary one-parameter group (Ad);cg is called the modular group of
V. It has the important property that it preserves V (Remark 1.4(b)) and its
true importance is revealed in the Tomita—Takesaki Theorem 1.22.

Remark 1.4 (a) The modular group A¥ commutes with the antiunitary con-
jugation Jy. In fact, the antilinearity of Jy implies that

NA Ty = A7 for zeC.

In view of [NOlE), Prop. 3.1], a unitary one-parameter group (U; = e®H);cp
commutes with some conjugation J if and only if H is symmetric in the sense
that there exists a unitary involution S satisfying SHS™! = —H.

(b) The fact that the operators A commute with Jy implies that they also
commute with Ty, hence leave V invariant.

Definition 1.5 We write Stand(#) for the set of standard subspaces of the
complex Hilbert space 1 and Mod(#) for the set of all pairs (A, .J), where
J is a conjugation and A > 0 a positive selfadjoint operator satisfying the
modular relation JAJ = AL

Proposition 1.6 The map
Mod(#) — Stand(H), (A, J) — Fix(JAY?)
is a bijection. Its inverse is given by V— (Ay, Jy).

Proof ([Lo08, Prop. 3.2]) To see that we obtain a bijection, suppose that
(A, J) is a pair of modular objects, i.e., a positive operator and a conjugation,
satisfying the modular relation (7). Then T := JAY? is a closed, densely
defined antilinear involution and

Vi=Fix(T) == {¢ € D(T): TE = &} = {€ € D(AY?) =D(T): AV%¢ = J¢}

is a standard subspace with Jy = J and Ay = A. Here closedness of T
follows from the closedness of the selfadjoint operator A'/2, and this implies
the closedness of the subspace Fix(T) = {v € D(T): Tv = v} of fixed points
of T. O
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1.2 More background on standard subspaces

In this subsection we collect some observations concerning standard subspaces
that we shall use later on.

Lemma 1.7 The map V — V' has the following properties:

(a) V' =v.

(b) Vs cyclic if and only if V' is separating.

(c) Vs standard if and only if V' is standard.

(d) Ty =Ty, ie, DIy) =V +iV and (Tyv€,n) = (&, Tyn) for E € V4V
andn € V 4 V.

(e) Av/ = Av_l and Jv/ = Jv.

(f) JvV = VI,

(g) VvNV =Fix(Ay) NV =TFix(Jy) NV.

Proofla) follows immediately from the Hahn-Banach Theorem. Alterna-
tively, we can use that V' = iV* and that multiplication with 4 is isometric,
to obtain V" = i?(Vi®)tz =y,

(b) The subspace (V4 iV)" = V' N4V’ vanishes if and only if V' is separating if
and only if V is cyclic.

(c) If Vis standard, then (b) implies that V’ is separating. That V' is also cyclic
follows from (b) and (V')’ = V being separating. Hence V' is standard if V
has this property. If V' is standard, then we now see with (a) that v =v”
is also standard.

(d) First we show that Ty C Ty. In fact, for a,b € V' and v,w € V, we derive
from (V, V') C R that

(Ty (a +ib),v + iw) = (a — ib,v + iw) = {(a,v) — (b,w) + i((b,v) + {a,w))
= (a+ib,v —iw) = (a +ib, Ty(v + iw)) = (Ty (a + ib), v + iw).

Next we observe that, for & € V and n € D(Ty), we have

(&, Tyn) = (Tvé,n) = (&,m)-

From the equality of real and imaginary part, we derive that

Tyn—neve =4 and Tyn+neV.

Therefore nn € V' + iV = D(Ty), and hence Ty = Ty'.
(e) From (d) we derive with Exercise 1.56 that

1.56

Ty = (Ty)* = (R AY?)* AT = AV = Ay YR

Thus (e) follows from the uniqueness of the polar decomposition.
(f) If v €V, then

TV’ JvU = JvA;1/2va = A‘ll/Q’U = va
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shows that JyV C V. Likewise JyV' = Jy V' C V”/ =V, so that V' C JyV,
and thus V' = JyV.

(g) For v € V we have A\l,/Qv = Jyv. If Ayv = v, then A\l,/zv = v by functional
calculus, so that Jyv = v as well, and this implies with (f) that v € VNV,
If, conversely, v € VNV, then (d) shows that Ayv = Ty Tyv = Tyv = v,
and Jyv = v follows as above. O

Lemma 1.8 ([Lo08, Prop. 3.11]) Let U; = ™4 be a unitary one-parameter
group on H, and f: R — C a locally bounded Borel measurable function. If
D C D(f(A)) is a U-invariant linear subspace dense in H, then it is a core
for f(A), i.e., the graph of f(A) is the closure of its restriction to D.

Proof We factorize f = fof1 with fo(R) € T and f; > 0, so that
f(A) = fo(A)f1(A). Then fy(A) is bounded and D C D(f(A)) = D(f1(A)).
It therefore suffices to show that D is a core for B := f;1(A), resp., that the
graph I'(By) of By := B|p is dense in the graph of B. This is equivalent to
By being essentially selfadjoint.

Replacing By by its closure, whose domain is also U-invariant, we may as-
sume that By is closed and we have to show that By = B. As B is selfadjoint,
it suffices to verify that R(Bg + il1) is dense in H. So let v € R(Bg + i1)= .
We have to show that v = 0.

The closed subspace I'(By) C H? is invariant under the diagonal action of
the operators (Uy)ser, hence also under the operators U(yp) = [, ¢(t)U; dt for
¢ € L*(R). In view of the relation U(p) = p(A), these include the operators
P(A), v € S(R,R) (Schwartz functions). For all w € D and ¢ € S(R,R), we
thus have

vL(Bo +iL)$(A)D = (fi(A) +iL)(A)D.

If ¢ has compact support, then the operator f1(A)y¥(A) is bounded because
f1 is locally bounded, hence bounded on the compact subset supp(¢). So the
density of D in H implies that v L (B + 1)y (A)H. This in turn implies that

Y(A)w € R(B +i1)* = {0}.

Choosing 1), in such a way that 0 <+, <1 and ||y ») = 1, then we see
that the relation 0 = v, (A)v — v entails that v = 0. O

Lemma 1.9 (Equality Lemma) Let Hy C V C Hy be closed real subspaces
such that V is standard, Hy is cyclic and Ho separating. If A‘i,tHj = H; holds
for allt € R, then H; =V = Hs.

Proof ([Lo08, Prop. 3.10]) Our assumptions imply that H; and Hy are both
standard because H; inherits from V that it is separating, and Hy that it is
cyclic. So Hy +iH; = D(Tw,) = ’D(Aa/f) is a dense subspace of #, invariant
under the modular group U; = A¥ t € R. This subspace is contained in
V+iV=D(Ty) = D(A&ﬂ), hence a core of A‘l,/Q by Lemma 1.8, and therefore
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also a core of Ty. Since Ty is an extension of Ty, , the closedness of Ty, implies
that Ty, = Ty, so that H; = V.

To deal with Hg, we note that Hy, C V' is cyclic by Lemma 1.7(b). Our
assumption now implies that the cyclic subspace HY is invariant under the
modular group of V', and the first part of the proof thus entails H, = V'
Finally, Hy = H) = V/ =V (Lemma 1.7). O

Proposition 1.10 Let Vy and Vy be two standard subspaces with Ay, = Ay, .
If Vi NVy is cyclic, then V1 = V.

Proof The subspace V := Vi N Vg is invariant under the modular group
AP = AJF. Hence the assertion follows from the Equality Lemma. O

Lemma 1.11 For a standard subspace V. C H, the following are equivalent:

(a) v=V.
(b) Ay=1.
(c) vVCV.

Proof (a) = (b): From Lemma 1.7(e) we know that Ay = Ay'. Therefore
V =V implies Ay = Ay 1 so that Ay = 1 follows from the Spectral Theorem.
(b) = (a): If Ay =1, then Ty = Jy implies V' = JV = TyV = V (Lemma 1.7).
(¢) & (a): We have to show that V C V' implies equality. If 3V =V C V',
then applying Jy = Jy implies V' = JyV C JyV/ =V C V', hence equality. O

1.3 Standard subspaces and graphs

In many situations standard subspaces are naturally described in terms of
graphs. We briefly introduce this perspective in this subsection. This provides
in particular natural realizations of the dense complex subspace V+ iV of H.
We also relate this perspective to the geometry of the strip, the complex
upper half plane and the unit disc in C.

Let V C H be a standard subspace and recall that V + iV = D(A'/2). The
natural Hilbert space structure on this dense subspace of H is obtained from
the isomorphism with the graph

[(AY?) = {(0,A1%0): v e D(AY?)} CHBH,

which is a closed subspace.

Proposition 1.12 Let ‘H be a complex Hilbert space. Consider the complex
structure on H®?, defined by I(v,w) := (iv, —iw) and a densely defined op-
erator

A:D(A) —H  with closed graph V:= I'(A) C HP2

Then the following assertions hold:
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a)  The graph V is separating if and only if A is injective.

b)  The graph V is cyclic if and only if A has dense range.

¢) The graph V is standard if and only if A is injective with dense range.

d) If V is standard, then its Tomita operator is given by Ty(v,w) =
(A~ w, Av), and if A = U|A| is the polar decomposition of A, then

Ay=A"Aa (AHYA™Y and  Jy(v,w) = (U 'w, Uv).

(e) If A > 0 is strictly positive, then its graph V. C H®? is a standard
subspace with

Ay=A>D A% and  Jy(v,w) = (w,v).
Proof (a) We first observe that
IV = {(iv, —iAv): v € D(A)} = {(v, —Av): v € D(A)} = I'(—A),

and thus
VNIV=T(A)NI'(—A) =ker(A) @ {0}. (8)

Therefore V is separating if and only if A is injective.
(b) Next we observe that

D(A)*= = {(-A%v,v): v € D(A*)} = masp [(— A*) =: TP (—A4%),

arises by applying the flip involution 7(v,w) = (w, v) to the graph of —A*.
So

(VA IV = = vriengvte = piie( A nrriie(—A) = PUr(— A%y n v 47)

is trivial if and only if A* is injective, which is equivalent to R(A) = AD(A)
being dense.

(c) follows from (a) and (b).

(d) To identify the corresponding modular objects, we claim that

V4 IV=D(A) &D(A™).
Clearly, I'(£A) C D(A) @ R(A) = D(A) @ D(A™1), so that “C” holds. For
the converse, let v € D(A), w € D(A™!) and put u := A~ w. Then

(v,w) = (v, Au) = (U;U,AU;U> + (Ugu,fAUgu) EV+IV.

The domain of the modular operator Ty is V+ IV = D(A) ® D(A™1). On
this domain the prescription

T(v,w) := (A" w, Av)
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defines an I-antilinear involution with Fix(T') = I'(A) = V. This implies that
T =Ty is the Tomita operator of the standard subspace V.
It is easy to see that the adjoint operator is given by

T*(v,w) = (A*w, (A~')*v)  with domain R(A*) @ D(A%).
We thus obtain
Ay(v,w) = (T*T)(v,w) = T* (A  w, Av) = (A* Av, (A"1)* A~ w),
and therefore Ay = |A]? @ |A71|2. Finally, we obtain
(v, w) = Tedy 2 (0,w) = (A e, |47 w)
= (A AT T, A|A] T ) = (U w, Uv).
(e) is a special case of (d). O

Example 1.13 Let V C #H be a standard subspace. Then V + iV = D(A'/?)
and the embedding

Ve = I(AY?),  (v,w) — (v 4+ iw, AY?(v + iw))

identifies V¢ with a standard subspace of H®2, endowed with the complex
structure (v, w) = (iv, —iw). Its modular operator takes the form

Ay, = Ay A

Example 1.14 (Standard subspaces for the translation representation) We
consider H = L2(R), 3 > 0, and the standard subspace V C L%(R), specified
by

Jf=F and (AT f)(z)= f(x+1t), =z,teR.

if iB+R

. R
0
ar(z) =z+t

Figure 1: The translation flow on the strip Sg.

Then D(A!/?) consists of the space of boundary values of elements of the
Hardy space

H2(S5) = {F € 0(Sp): swp IF(- +iy)]l2 < o0 }
y<p

0<
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(cf. [Go69, Prop 5.1]). For f € D(AY?) we then have (almost everywhere in
the sense of L2-functions)

(AYV2f)(z) = f(z+1iB)

(the upper boundary values on R + i), so that f is fixed by JA'Y? if and
only if f# = f, where

fﬁ(x) Izm for z€eR.

This shows that
v={feD(AY?): ff=f}. (9)
Endowed with the graph topology, we have D(AY?) = I'(AY/?), and this
further leads to
r(AY?) = H*(Sp) € L*(R)®?,
where we identify H?(Sg) via the boundary value map F +— (F|r, F|rtis)
with a closed subspace of L?(R)®2.

In this picture, the Tomita involution Ty corresponds to the involution on
H?(85), given by

ffz)=f(Bi+z) for z€Sg (10)
and the lower boundary value map thus induces an isometry
H*(Sp)f = {f € H*(Sp): fP=f} =V, fr fla (11)

(cf. [NO17, Ex. 3.16]). On the pairs (fi,f2) = (f,AY2f) € I'(AY?) C
L?(R)®?2 of boundary values of elements of H?(Ss), the involution f then
takes the form

(f1, f2)* = (f2. 1)

Example 1.15 (Standard subspaces for the dilation representation)
On H = L*(Ry) we consider the standard subspace V C L?(R.), specified
by
Jf:=F and (AT#?7f)(z) = e/2f(elx), x,teR.
Then D(A'/?) consists of the space of boundary values of elements of the

Hardy space

H2(Cy) = {F € O(Cy): sup |[F(+iy)|s < oo}.
o<y<p

This can be derived from the corresponding statement on the strip S, (Ex-
ample 1.14) by using the fact that the exponential map S, — C;,z — €” is
biholomorphic, which implies that

I': HX(C,) = H%(S:), I'(F)(z):=e*/?F(e?)
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defines a unitary map (cf. [ANS25, §2]). It satisfies
et/2F(F)(etz) — e(z+t)/2F(€z+t) — F(F)(Z + t),

hence intertwines the operators A~"/27 with the translations on H?(S,). We
further have

T(F)(2) = T(F)(ri + 2) = e*/> % F(—e2) = I'(F*)(2)

for

F¥(2) := —iF(-%).

This shows that V C L?(R, ) is the real subspace of boundary values of

H*(C,)*={F e H*(C,): F(-%) = iF(2)}.

o

0
ai(z) = etz

Figure 2: The dilation flow on the upper half plane C, .

Example 1.16 (Standard subspaces for the hyperbolic flow on the disc)
We now consider L?(S!) and the hyperbolic flow on S!, the boundary of the
complex unit disc D = {z € C: |z| < 1}, given by

(2) = cosh(t/2)z + sinh(¢/2)
ale) = sinh(t/2)z + cosh(t/2)"

It fixes +1 and acts on D as shown the Figure 3 below.

D

_ cosh(t/2)z+sinh(t/2
-1 1 Oét(Z) - Sionh((t//Z)zqtcoshgt?Q%

Figure 3: The hyperbolic flow on the unit disc.
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In particular, we have a;(0) = tanh(¢/2), and the orbit map a°(t) =
tanh(t/2), considered as a map on the horizontal line R + % C Sy, extends
to a biholomorphic map

P: Sy =D, =z~ tanh (%(zf%)> = tanh (%7@)7

and this map yields a unitary operator

I: B D) —» H*(Sx), T(F)(2) = V¥'(2)F((2)))

(cf. [ANS25, §2]).

The map ¥ maps R C 0S, to the lower half circle St C 0D, hence also
induces a unitary operator I'_: L?(S') — L?(R). It also satisfies 1 (z +
t) = aup(2), hence intertwines the translation action of R on H?(S,) with a
unitary one-parameter group (A~*%/?7),cp on L?(S'). Accordingly, D(A'/?)
can naturally be identified with the space of boundary values of elements of
the Hardy space H?(D) on the lower half-circle St .

By analytic continuation it follows easily that ¥(Z+ i) = ¢(z) for z € S,
so that

Fi(z) = F(3)

is a conjugation on H?(DD) which is intertwined by I" with the corresponding
involution on H?(S;). This shows that V. C L?(S!) is the real subspace of
boundary values of

H*D)f = {F € H*(D): F(z) = F(2)}.

1.4 Modular theory and the Tomita—Takesaki Theorem

The correspondence between modular objects and standard subspaces is the
core of the modular theory of operator algebras. It is the key structure in the
Tomita—Takesaki Theorem discussed below.

In the modular theory of operator algebras one studies pairs (M, {2), con-
sisting of a von Neumann algebra M C B(H) and a cyclic separating unit
vector {2 € H. The Tomita—Takesaki Theorem (Theorem 1.22) then leads to
a positive selfadjoint operator A and an antiunitary involution J satisfying
the JMJ = M’ and ay(M) := A M A~ defines automorphisms of M (see
[BR&T7], [Su87], [Su05], [B106]). Modular operators and their spectra are the
key tool in the classification of factors (=simple von Neumann algebras) and
in the characterization of von Neumann algebras by their natural cones by
A. Connes [Co73, Co74, Co75, CST8].

In the context of nets of local algebra M(QO), whenever (2 is cyclic and
separating for M(Q), we obtain corresponding modular objects (Ap, Jo).
This connection between the Araki-Haag—Kastler theory of local observables
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([Ha96], [Ar99]) and modular theory leads naturally to antiunitary group
representations and the perspective explored in Section 4.

Definition 1.17 For a subset S C B(H), we write
S":={Ae B(H): (VM € S)AM = M A}

for its commutant. It is a closed subalgebra and *-invariant if S has this
property.

A von Neumann algebra is a *-invariant complex subalgebra M C B(H),
satisfying M = M”'. For a von Neumann algebra M, a unit vector 2 € H is
called

e cyclic, if M {2 is dense in H.
e separating, if the orbit map M — H, M — M {2 is injective,
e standard, if it is cyclic and separating.

Lemma 1.18 2 € H is cyclic for M if and only if it is separating for M’.

Proof Suppose first that {2 is cyclic for M. For A € M’ with A2 = 0, we
then obtain AMQ = MAQ = {0}, and since M{2 is dense in H, it follows
that A = 0. So {2 is separating for M’.

Suppose, conversely, that {2 is separating for M’. Let P: H — H be the
orthogonal projection onto MS2. Then P € M’ and (1 — P)f2 = 0 imply
1 = P, so that {2 is cyclic for M. O

Definition 1.19 For 2 € H and M C B(#), we consider the closed real
subspace

Vi=Vpm o =Mp2CH, (12)

where M, := {M € M: M* = M} is the real subspace of hermitian elements
in M.

Lemma 1.20 The following assertions hold for a von Neumann algebra M C
B(H) and a unit vector 2 € H.

(a)  Vaqn is cyclic if and only if 2 is cyclic for M.

(b) V.o is separating if and only if £2 is separating for the restriction
of M to the cyclic subspace M2, i.e., for A € M the relation Af2 =0
implies AMS2 = {0}.

(¢) Ve is standard if and only if (2 is a standard vector for M.

(d) Vamre € (Vame).

(e) ZM)n2 CVaro N (Vae)

Note that Vaq, being separating only contains information on the rep-
resentation of M on the cyclic subspace K := MJS2 C H, but not on the
representation of M on K+. If # = C2, M = C? is the subalgebra of diag-
onal operators, and {2 = e, then Vo o = Re; is separating, but (2 is not
separating for M. This subtlety does not play a role for (c) because we also
assume cyclicity.
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Proof (a) follows immediately from the definitions.

(b) Let K := MJ2. Suppose first that (2 is separating for the von Neumann
algebra My := (M|x)”. Then (2 is cyclic for the commutant M} C B(K)
of M|k (Lemma 1.18). We have for A € My » and B € My ;, the relation

(A, BQ) = (2, ABR) = (2, BAQ) = (B, AR),

so that
<VM7Q,VM;C7_Q> C R. (13)

We conclude that
Vo NiVare C Vi o NK = (M)t nK = {0},

i.e., Vaq, 0 is separating.

Now we assume, conversely, that Vo is separating. We show that 2 is
separating for M. So let A € My with A2 = 0. For B € My, we then
have

A*B2 = (A*B+ B*A)2 € Vp 0,

so that A* M (2 C Vg is a complex linear subspace, hence trivial because
V.0 is separating. Thus A*KC = {0}, and this implies that A = 0. Therefore
{2 is separating for Mg.

(c) follows from (a) and (b).

(d) follows directly from (13).

(e) follows from Z(M) C M N M’ and (d). O

Remark 1.21 (a) Cyclic vectors play an important role in representation the-
ory because every *-representation on a Hilbert space is a direct sum of cyclic
representations. Moreover, representations with cyclic unit vector {2 can be
reconstructed completely from the corresponding state

wM—=C, wM):=(2,M02).

The map ¢t: H — M*,1(v)(M) := (2, Mv) is injective and intertwines the
representation on H with the right translation representation on M*, defined
by

(AN (M) := A(MA).

The Hilbert space structure on «(#), for which ¢ is isometric, is given by
(((M2),(N£2)) = w(M"N),

exhibiting «(H) as a reproducing kernel Hilbert space of linear functionals
f € M*, satisfying

fIM)=(M*02,f) for MeM,feiH)

(cf. [Ne00, Ch. T]).
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(b) If §2 is standard, then the orbit map 7: M — H, M ~ M {2 is a dense
linear embedding of M into H, so that we may consider H as the completion
of M with respect to the scalar product (M, N) := w(M*N).

That {2 is separating corresponds to the property of the state w that
w(M*M) = 0 implies M = 0 (w is faithful). One can show that all normal
faithful states on a von Neumann algebra (cf. Appendix 7.1) lead to equiv-
alent GNS representations, called the standard form representation ([B106,
Thm. I11.2.6.7]). For more details on these issues, see also the discussion of
symmetric form representations in [NO17], [B106], [BGN20, §3.1] and Re-
mark 7.4.

Theorem 1.22 (Tomita—Takesaki Theorem; Tomita, 1967; Takesaki, 1970)
Let M C B(H) be a von Neumann algebra and 2 € H be a standard vector
for M. Then V :=Vpq o 1= Mp{2 is a standard subspace. The corresponding
modular objects (A, J) satisfy

(a) JMJIT =M and ATMA™H = M fort € R.

(b) JR =02, AQ =0 and A"Q = Q fort € R.

(¢c) For M € Z(M) := M N M, the center of M, we have JMJ = M*
and ATMA~* = M fort € R.

It follows in particular, that
ai(A) = ATAATH (14)

defines a one-parameter group of automorphisms of M, called the modular
automorphism group associated to {2.

Proof By Lemma 1.20(c), V is a standard subspace. The standard subspace
V already provides A and J. The main work consists in the verification of
(a), for which we refer to [BR87, Thm. 2.5.14]. We only sketch how to obtain
(b) and (c).
(b) From (2, M,2) C R, it follows that 2 € VNV, so that Lemma 1.7(g)
implies that J and A fix £2. Now (b) follows from functional calculus.
(c) Let Z := M N M’ denote the center of M and M’. It suffices to show
that any hermitian Z € Z commutes with .J and A% for ¢ € R. In view of
(a), JZJ € Z, and

JZIJNR=JZ0 =71

follows from Z§2 € vN V' C Fix(J) (Lemma 1.7(g) and Lemma 1.20(e)).
Using that (2 is separating for M, we obtain JZJ = Z. We likewise have
AZA" € M by (a) and A®Q = 2 and A®ZQ = Z2 by Lemma 1.7(g).
Therefore

AYZATED = A Z0 = Z0,

and 2 being separating yields A¥ZA~ = Z. O
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An approach to the Tomita—Takesaki Theorem through bounded operators
can be found in [RvD77]. For a rather general approach to modular operators
for pairs of subspaces of real Hilbert spaces, we refer to [NZ24].

The passage to the commutant of an algebra translates easily into the
symplectic orthogonal space V' (cf. Definition 1.1).

Lemma 1.23 For a standard vector 2 of M, we have (Va.0) =V 0.

Proof Let J = Ja, and V:i= Vg . In view of J2 = 2 and JMJ = M’
(Theorem 1.22), Lemma 1.7(f) yields

v Y V= JML0 = M0 = MG =V,
and this implies the assertion. O

Examples 1.24 (a) Let H = L*(X,8,pu) for a o-finite measure space
(X,6,u) and M = L*(X, 6, 1), acting on H by multiplication operators.
Then the normal states of M (cf. Appendix 7.1) are of the form

wn(f) = /X fhp,

where 0 < h satisfies fX hdu = 1. Such a state is faithful if and only if h # 0
holds p-almost everywhere. Then £2 := vh € H is a corresponding standard
unit vector. Let V = Vpq » be the corresponding standard subspace. As it
consists of real-valued functions, we obtain Ty(f) = f, which is isometric and
therefore Ty = J and Ay = 1.

(b) Let H = Bs(K) be the space of Hilbert—Schmidt operators on the complex
separable Hilbert space K and consider the von Neumann algebra M = B(K),
acting on H by left multiplications. Then M’ 2 B(K)°P, the opposite algebra,
acting by right multiplications. Normal states of M are of the form

ws(A) =tr(AS), where 0<S with trS=1.

Such a state is faithful if and only if ker S = {0} (which requires K to be
separable), and then 2 := V'S € H is a cyclic separating unit vector. Then
Ty(MS2) = M*2 = (2M)* implies that

JA=A" and A(A) = 22A02=SAS"' for A€ By(K).

(c) The prototypical pair (A, J) of a modular operator and a modular con-
jugation arises from the regular representation of a locally compact group G
on the Hilbert space H = L%(G, pug) with respect to a left Haar measure yg.
Here the modular operator is given by the multiplication

Af:AG'fv
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where Ag: G — R} is the modular function of G (cf. (188)), and the modular
conjugation is given by

(TF)(g) = Ac(g) 2 flg ).
Accordingly, we have for T = JAY?:

(TF)(g) = Aclg)" flg=h) = f*(9).

The corresponding von Neumann algebra is the algebra M C B(L?(G, ug)),
generated by the left regular representation. If Myh = f * h is the left convo-
lution with f € C.(G), then the value of the corresponding normal weight w
on M (Remark 7.4) is given by w(My) = f(e), so that w corresponds to eval-
uation in e, which is defined on the weakly dense subalgebra of M, coming
from the representation of the convolution algebra (C.(G), *).

Remark 1.25 Theorem 1.22(c) asserts that the modular group and J commute
with all central projections, and this entails that the whole structure adapts
to the canonical central disintegration

M = /X® M du(x)

of M, for which Z(M) = LS (X, &, u) are the scalar decomposable operators
on a locally finite measure space (X, &, i), and almost every von Neumann
algebra M, is a factor, i.e., Z(M,) = C1 (cf. Examples 7.2(b) and [MN24,
§5.4] for more details).

So the modular groups are “direct integrals” of modular groups of factors.
For factors, the modular operators and their spectra are a key tool in Connes’
classification of factors and in the characterization of von Neumann algebras
in terms of their natural cones by A. Connes [Co73, Co74, CoT75] (see also
[NO17, §4.4] and [BRS7]).

1.5 Pairs of von Neumann algebras

Proposition 1.26 ([Lo08, Prop. 3.24]) Let M C B(H) be a von Neumann
algebra with standard vector {2.

(a) If Ni,Na C M are von Neumann algebras with Vs, o C V.0, then
N1 C N,

(b)  If N is a von Neumann algebra commuting with M and Vy o = V’Mﬂ,
then N = M.

Proof (a) Let A € N; be selfadjoint. As N7 2 C N5 (2, there exists a
sequence of hermitian elements A,, € Ny with 4,2 — Af2. Then A, A2 —
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AA’ 2 for every A’ € M’. Thus A,, — A strongly on the dense subspace M'{2.
Since the hermitian operators A, and A are bounded, and (2 is separating,
hence cyclic for M’, the dense subspace M’{2 is a common core for all of
them. With [RS73, Thm. VIIL.25] it now follows that A, — A holds in the
strong resolvent sense, i.e., that (il + A4,)~! — (i1 + A)~! in the strong
operator topology. This implies that (i1 + A)~! € N5, which entails A € N5.
(b) From N C M" and Vi o = Vs o = Va2 (Lemma 1.23) we derive with
(a) that N' = M. O

Corollary 1.27 Let M C B(H) be a von Neumann algebra and 2 € H
separating for M. To every von Neumann subalgebra N C M we associate
the closed real subspace Vpr := Np Q2. Then Vp, = Vy, implies N1 = Ny for

Ni, Ny C M.

Note that the subspace Vs is standard in A/£2. It is also standard in H if
12 is cyclic for N.

1.6 The axioms for nets of local observables

States of quantum mechanical systems are represented by one-dimensional
subspaces C{2 of a complex Hilbert space H and selfadjoint elements A €
B(H) represent observables. The evaluation of an observable in a state [2] :=
CS2 corresponds to the evaluation of the corresponding state
(02, A0)
“W="00
For some systems, the observables are restricted to selfadjoint elements of
a proper von Neumann subalgebra M C B(H). We refer to Varadarajan
[Va85] and Mackey [Ma78] for more details on this perspective on quantum
mechanics.
In Algebraic Quantum Field Theory (AQFT) one starts with a “spacetime
manifold” M, which, in the simplest case is Minkowski space M = RM¥~1,
We write its elements as pairs

xr = (l'o,X) = (anxlv v 7l‘d—1)
and define the Lorentzian form by
B(z,y) = zoyo — Xy = ToYo — T1Yy1 — *** — Td—1Yd—1- (15)

We call z € RY41 timelike if B(z, ) > 0, lightlike if 3(x, z) = 0, and spacelike
if 8(z,x) < 0. The open convex cone

V= {z e RN ag > 0, B(x, ) > 0}
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is called the positive light cone. Positive timelike vectors are possible tangent
vectors 7/ (t) to worldlines v: R — M of massive particles and positive light-
like vectors are tangent vectors to light-rays (moving with the speed of light).
Causal curves are specified by 7/(t) € V. for every t, i.e., they correspond to
movements not faster than light.

Examples 1.28 (see also Example 3.11 for these examples)
(a) There are also curved homogeneous spacetimes, such as de Sitter space

ds? = {(z0,x) € RY4: 2 —x? =1}

It describes a model of a spherical (positively curved) expanding universe.
It is a hypersurface in the (d + 1)-dimensional Minkowski space R?. For
x € dS?, the tangent space Tz(de) can be identified with the hyperplane

wt = {y e RM: B(z,y) = 0}.

Since x is spacelike, the restriction of 5 as in (15) to this hyperplane is
Lorentzian, and this specifies a Lorentzian metric on dS?. The causal struc-
ture on dS? is specified by

C, = Vi NT,(dS?).
(b) Anti-de Sitter space is the hypersurface
AdS? = {(x1,29,x) € RZL: 22 4 22 —x% =1}
in R%9-1 endowed with the symmetric bilinear form
Y(z,y) = 2191 + x2y2 — Xy for = (21,79,X) € RZ4-1 (16)

Again, for z € AdS?, the tangent space T}, (Ade) can be identified with the
hyperplane
zt = {y e R**': y(z,y) = 0}

Since y(z,x) = 1, the restriction of 7 to this hyperplane is Lorentzian, and
it is easy to verify that AdS? is time-orientable (there exists a continuous
selection of “positive” light cones) (cf. [NO23a, §11]). In fact, we can use the
matrix D € s02 4—1(R) defined by

D(Il,SCQ,. .o ,IZ?d+1) = (7I2,Z‘1,0, e ,0)

It generates the subgroup SO2(R), acting on span{e;,es}, and for every
z € AdS?, the corresponding vector Dz € T, (AdS®) is non-zero timelike,
hence defines a causal orientation. We conclude that there exists a causal
structure on AdS?, for which

Co, = {(0,22,%): 25 > Vx2}.
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~

One can also argue by the connectedness of the stabilizer group (SO, 4—1(R),)®* =
SO;.4_1(R), to see that it leaves both light cones in Ty, (AdS?) invariant.

For a family of von Neumann algebras M(O) C B(H) and a unitary
representation (U, H) of a Lie group G on H, acting also on M, we consider
the following axioms:

(Iso) Isotony: O C Oy implies M(O1) C M(O,).
(RS) Reeh—Schlieder property: There exists a unit vector {2 € H that is
cyclic for M(0), O # ).

(Cov) Covariance: U,M(O)U, = M(gO) for g € G.

(Vac) Invariance of the vacuum: U(g)f2 = {2 for g € G.

(BW) Bisognano—Wichmann property: There exists a Lie algebra element
h € g and a connected open subset W C M (called a wedge region), such
that 2 is cyclic and separating for M (W), and the corresponding modular
operator A = Apqwy,p is given by

A=V e ATHPT —U(expth) for teR.

(Loc) Locality: There exists an open non-empty G-invariant subset Djo. € M X
M (the locality domain) such that O; x Oy C Dy, implies M(O;) C
M(O5).

(Add) Additivity: The von Neumann algebra M(UJ; O;) is generated by the
algebras M(0;),j € J (cf. [SW8T]).

Remark 1.29 These axioms are an abstract form of the axioms imposed on
nets of local algebras on Minkowski space M = RY9~! and the Poincaré

group
G = Rl’dil X Sol,d—l(R)e;

acting by affine isometries. We now explain the differences, resp., the specifics
of the Minkowski case.
(a) Here h is a generator of a Lorentz boost:

h.(xo,x1,...,24-1) = (z1,20,0,...,0), (17)
and the corresponding wedge region is the Rindler wedge
Wg = {z e RV 2y > |0}, (18)

the set of all points x, where the linear vector field x +— h.z is positive
timelike. The corresponding one-parameter group of G consists of Lorentz

boosts
th _ (cosht sinht
e = (sinht cosht @ 1pa—2.

(b) The physical interpretation of the Reeh—Schlieder condition is that every
state can be measured with arbitrary precision in any laboratory O.



Title Suppressed Due to Excessive Length 33

(¢) In AQFT one sometimes assumes, in addition to (Vac), the “irreducibil-
ity condition” that the fixed point space HE of G is one-dimensional, i.e.,
HE = C1. We refer to [MN24, §5.4] for results concerning direct integral
decompositions reducing to this case.
(d) For Minkowski space, the subset Dj,c € M x M is the set of spacelike
pairs

{(z,y) € RM7I x RV Bz — y, 0 — y) < 0}

for the Lorentzian form S(z,y) = xoyo —xy. These are the pairs of spacetime
events that cannot “exchange” information traveling not faster than light:

Dloc = G{(‘T’O) T € RLdil,ﬂ(xﬂr) < O} - G'(R>Oel X {0})

As a consequence, observables in O and O3 are not subject to an uncertaintly
relation if
Ol X OQ g Dloc~

To make this more precise, we recall that, for two selfadjoint operators A; and
As, commuting is equivalent to the non-existence of uncertainties in common
measurements (Exercise 1.55). Then there exists a spectral measure P on R?
with

A1:/ x1dP(z) and Azz/ o dP(z).
R? R?

As a consequence, states can be localized simultaneously with respect to A;
and A with arbitrary precision.

The monographs of Varadarajan [Va85] and Mackey [Ma78] are excellent
references for the connection between observables in Quantum Physics and
selfadjoint operators. We also recommend the recent paper [Ba24] by J. Baez
on Jordan and Lie structures related to classical and quantum observables.

We would like to understand the configurations specified by the G-action
on M, the geometry of M, the unitary representation U: G — U(H) and
the von Neumann algebras M(Q), satisfying these axioms. As the algebra
structure of the local algebras M(Q) only enters through the modular groups,
it makes sense to strip it off to simplify the situation, with the hope that we
arrive at more tractable structures.

So we consider the family

H(O) = Vam(0),0 = M(O)2 CH (19)

of closed real subspaces. If 2 is standard for M(O), then H(O) is standard
(Lemma 1.20(c)), and the corresponding modular objects can be recovered
from H(O) (Definition 1.3). So we do not lose any information on them.

The axioms for the algebras M(O) thus turn into the following axioms for
the net H(O) of real subspaces:

(Iso) Isotony: O; C O, implies H(O;1) C H(O5)
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(RS) Reeh—Schlieder property: H(O) is cyclic if O # (.

(Cov) Covariance: U,H(O) = H(gO) for g € G.

(BW) Bisognano—Wichmann property: There exists a Lie algebra element
h € g and an open connected subset W C M, such that H(W) is standard
and the corresponding modular operator is

Anowy = 20U e A;Z%?w =Ul(expth),t € R.

(Loc) Locality: There exists an open non-empty G-invariant subset Djo. C M x
M such that O x Oz C Dy, implies H(O71) C H(Os)'.

(Add) Additivity: H(Uj 0;) = ZjeJ H(O;).

Remark 1.30 (a) The covariance condition (Cov) for real subspaces follows

from the G-invariance of £2 and the covariance condition U, M(O)U; ' =

M(g0O).

(b) The subspace H(M) is G-invariant by (Cov) and cyclic by (RS). If it

is also separating, hence standard, then its modular operator Ay and

the conjugation Jys := Jycy commute with U(G). If (BW) holds, then

the Equality Lemma 1.9 implies H(W) = H(M), and thus h is central in g,

provided ker U is discrete. This shows that H(M) cannot be standard if the

net is not very degenerate.

Remark 1.31 (Localization in wedge regions) The Equality Lemma 1.9 also
has the interesting consequence, that, whenever O C W is a non-empty open
subset invariant under exp(Rh), and H(O) is cyclic (for example if (RS) is
satisfied), then H(O) = H(W). This applies in particular to any flow-invariant
neighborhood of a given flow line exp(Rh).py C W.

In the context of operator algebras, this fact is closely related to the in-
terpretation of any such flow line as the worldline of an “observer”. For
Minkowski space (Example 3.9) this is literally true because these flow lines
in the Rindler wedge correspond to uniformly accelerated observers.

1.7 Operator algebras on the symmetric Fock spaces

The passage from a net of algebras M(O) to a net of real subspace H(O)
(which is similar to a forgetful functor) can be “inverted” (in the spirit of
an adjoint functor) by procedures of second quantization assigning operator
algebras I'(H) to real subspaces H C H (see also [Ar63] and [NO17]). There-
fore any result on nets of real subspaces can be transformed into a result
on nets of local algebras obtained by second quantization (see also [NOI?,
Rem. 4.10]). We note, however, that most second quantization procedures
(such as the bosonic and fermionic one) are “free” in the sense that they
do not take interaction between particles into account. For further reading
on Fock spaces (bosonic and fermionic) and second quantization, we refer to
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[SiB74], [Nel0], [Ot95, §3], [BR87], [BSZ92], [Os73]. For a recent systematic
construction of twisted second quantization functors, we refer to [CSL23]. In
any case, the requirements on G, the G-action on M, and the antiu-
nitary representation of GG, are the same for the existence of nets
of real subspaces and nets of von Neumann algebras.

As far as the symmetries and the modular groups are concerned, the alge-
bra axioms are faithfully represented by the axioms for their associated real
subspaces. Even inclusions are rather well-behaved (cf. Proposition 1.26).

1.7.1 Weyl operators on the symmetric Fock space

In this subsection, we consider the symmetric (bosonic) Fock space

S(H) = @IZOS’“(H)

of the complex Hilbert space H. Here consider S*(H) C H®" as the subspace
of fixed points for the permutation representation (p, H®") of the symmet-
ric group S,, on the Hilbert space tensor product H®", in which the scalar
product is determined by

(V1 ®: @ Up, w1 @+ @wp) = (vi,w1) ** (Vn, W)

‘We write

n n 1
Py H® — S™(H), Pp:= ] Z p(o)
ocES,

for the orthogonal projection and define the symmetric product by
v v = Py @0 @ vp).
The inner products of such elements are given by

<v1...vn,w1...wn> = <P+(U1®®vn)’P+(w1®®wn)>
— <P+(v1®~~~®vn),w1®~~®wn>

1
= E Z <'Uo-(1)7 'LU1> IO <’Ua.(n), wn> (20)
‘oeSn

Lemma 1.32 (Bases of S™(H)) Let (ej)jes be an ONB in H. Form € Né‘l),
the set of finitely supported functions J — Ng,j — m;, considered as multi-
indices. We put |m|:= 3. ;m;. Then the elements

em::ezjlu'ezz““ for {jeJ:m;#0}={j1,....5k}

with |[m| = n form an orthogonal basis of S™(H) satisfying
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!
le™|? = % for ml!:= Hmj!.

jeJ

Proof Expanding products v1 V -+ Vv, € S™(H) with respect to the or-
thonormal basis (e;);e.s, we see that the finite products

ejl\/"’\/ejna ]17--~7jn€Ja

form a total subset of S™(#H). This proves that the e™, |m| = n, form a total
subset of S™(H). Next we observe that, for

em=¢'V..-Ve,* and e"=e€ ' V.--Ve

J1 Jk J1 Je

to have a non-zero scalar product we need that m; = n; for every j € J.
Therefore the family (€™ )m|=y is orthogonal in S™(#). From (20) we further

obtain that | | |
msi!---m; ! ml

<em7em> — J1 Jk — ,
n! n!

which complete the proof of the lemma. O

We want to define natural unitary operators on S(#), called the Weyl
operators. They will form a unitary representation of the Heisenberg group
(cf. (25) below). We start by observing that, for every v € H, the series

o0

Exp(v) := Z %v” , (21)

n=0

defines an element in S(#H) and that by
(" ) = nlo,w)"  and [o"]] = Vallo|"

(INO17, §6.1]), the scalar product of two exponentials is given by

[ee]

(Exp(v), Exp(w)) = 3

n=0

n!

g ) = e

Lemma 1.33 Exp(H) is total in S(H), i.e., it spans a dense subspace.

Proof Let K C S(H) be the closed subspace generated by Exp(#H). We
consider the unitary representation of the circle group T C C* on S(H) by

U(n V- Vo) =2"(n1V---Vo,) for neNyv;eH.
In particular we have

U,Exp(v) = Exp(zv) for zeT,veH. (22)
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The decomposition S(H) = @,,cy,S"(H) is the eigenspace decomposition
with respect to the operators U, and it is easy to see that the action of
T on S(H) has continuous orbit maps (Exercise 1.46). For ¢ € S(H) with
E=3"0& and &, € S™(H), we have U£ = )7 ( 2"&,, so that

1

T or

2
&n / e 2mINT L £ dt
0
(observe the analogy with Fourier coefficients). It follows that, for £ € I, the
existence of the above Riemann integral in the closed subspace K, which is
invariant under (U, ).er by (22), implies &, € K. We conclude that v™ € K
for v € H and n € Ny. Therefore it suffices to observe that the subset
{v™: v € H} is total in S"(H) (Exercise 1.54). O

For v,z € H we have

(Exp(v + ), Exp(w + z)) = eUFewte) = efvwd glowrr gl o)+ g

so that there exists a well-defined and uniquely determined unitary operator
U(z) on S(H) satisfying

U(z)Exp(v) = e~ (@)~ =] Exp(v+x) for z,veH (23)

(Exercise 1.52; the surjectivity of U(x) follows from the totality of Exp(#)).
A direct calculation then shows that

U@)U(y) = e "™ENT(x +y)  for  z,y € H. (24)

In fact, for v € H, we have

2
Lyl

U(z)U(y) Exp(v) = U(z)e” "~ "2~ Exp(v + y)

—(yo) =12 (g gy Lzl
=e W 2 e \® 2~ Exp(v+y+ )

lyl? _ l=12

— e—<ﬂf+yﬂ))e—T—T—<$ay> EXp(’U +y+ .’L‘)

and

lz+yl?

U(x +y) Bxp(v) = e~ H 0757 Bxp(u +y + )
— o (@tyv)— 5=~ 5= —Re(z,y) Exp(v+y+x)

The relation (24) shows that the map U: (H,+) — U(S(H)) is not a group
homomorphism. Instead, we have to replace the additive group (H,+) by the
Heisenberg group

Heis(H) ;=T x H with (z,0)(,v/) := (z2/e ™)y 4+ 0/)  (25)
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to obtain a unitary representation

~ ~

U: Heis(H) = U(S(H)) by Ul(z,v):=2zU(v).

The operators

W(v) :=U(iv/V2), veEH,
are called Weyl operators. They satisfy the Weyl relations

W)W (w) = e 0207 (y ) for v, w € H. (26)

They are an exponentiated form of the “canonical commutation relations”
for the corresponding infinitesimal generators.
The Weyl algebra

W(H) :=C*({W(w): veH}) CB(S(H))

is the C*-subalgebra of B(S(H)) generated by the Weyl operators. It plays
an important role in Quantum (Statistical) Mechanics and Quantum Field
Theory. This is partly due to the fact that it is a simple C*-algebra (all
ideals are trivial), which implies in particular that all its representations are
faithful. Closely related is its universal property: If A is a unital C*-algebra
and ¢: H — U(A) a map satisfying the Weyl relations in the form

o()p(w) = e MWW 2050) L) for v, w e H, (27)

then there exists a unique homomorphism &: W(H) — A of unital C*-
algebras with @o W = . An excellent discussion of the Weyl algebra and its
properties can be found in the monograph [BR96] which also describes the
physical applications in great detail.

1.7.2 From real subspaces to von Neumann algebras

In this subsection, we describe a mechanism that associates to real subspaces
of a Hilbert space H von Neumann algebras on the symmetric Fock space
S(H). This construction plays an important role in recent developments in
Algebraic Quantum Field Theory (AQFT) because it provides natural links
between the geometric structure of spacetime and operator algebras (see in
particular [Ar99, Lo08, Lel5]). It has also been of great interest for the classi-
fication of von Neumann factors because it provides very controlled construc-
tions of factors whose type can be determined in some detail ([AW63, AWG68]).
We write
y(v,w) :=Im{v,w) for v,weH
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and observe that ~ is skew-symmetric and non-degenerate, so that the under-
lying real Hilbert space H® carries the structure of a symplectic vector space
(H¥,7).

Using the Weyl operators, we associate to every real linear subspace V. C H
a von Neumann subalgebra

R(V) = W(V)' = {W(v): v eV} C B(S(H)). (28)

Lemma 1.34 We have

(i) R(V)CR(WY) if and only if VC W'.

(i) R(V) is commutative if and only if V C V.

(i) R(H) = B(S(H)), i.e., the representation of Heis(H) on S(H) is irre-
ducible.

iv) R(V)=R(V).

(v) £2=Exp(0) € S(H) is cyclic for R(V) if and only if V +1iV is dense
in H.

(vi) 2 =Exp(0) € S(H) is separating for R(V') if and only if ViV = {0}.

Proof (i) follows directly from the Weyl relations (26).

(ii) follows from (i).

(iil) follows from [BR96, Prop. 5.2.4(3)].

(iv) follows from the fact that H — B(S(H)),v — W, is strongly continuous
and R(V) is closed in the weak operator topology.

(v) Let K := V +4V. Then R(V)£2 C S(K), so that {2 cannot be cyclic if
K#H.

Suppose, conversely, that X = H and that f € (R(V)£2):. Then the

holomorphic function f(v) = (f,Exp(v)) on H vanishes on iV, hence also
on V 4+ iV, and since this subspace is dense in H, we obtain f = 0 because
Exp(H) is total in S(H).
(vi) In view of (iv), we may assume that V is closed. Let 0 # w € K := VNiV.
To see that {2 is not separating for R(V), it suffices to show that, for the
one-dimensional Hilbert space Ho := Cw, the vector {2 is not separat-
ing for R(Cw) = B(S(Cw)) (see (iii)). This is obviously the case because
dim S(Cw) > 1.

Suppose, conversely, that £ = {0}. As K = V"' n V") = (V' +iV'),
it follows that V' 4 4V’ is dense in H. By (v), §2 is cyclic for R(V”’) which
commutes with R(V'). Therefore {2 is separating for R(V) (Lemma 1.18). O

Theorem 1.35 ([Ar63]) (Araki’s Duality Theorem) For closed real subspaces
V,W,V; of H, the following assertions hold:

(i) R(V)CR(W) if and only if V C W.

(ii) R(ﬂ‘e./ VJ) = ﬂjeJR(Vj)'

(i) RV =RV’ (Dudlity).

(iv) Z(R(V))=RVNV') and R(V) is a factor if and only if VNV’ = {0}.
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Proof We only comment on some of these statements:

(i) That V' C W implies R(V) C R(W) is clear, but the converse is non-
trivial. It can be derived from the duality property (iii), which is the main
result of [Ar63].

(ii) here “C” is obvious.

(iii) is a deep theorem.

(iv) follows from (ii) and (iii) via R(VNV') =R(V)NR(V) = Z(R(V)).O

The preceding theorem asserts in particular that

e R(V) is a factor if and only if V' NV’ = {0}. This means that the form
Y|y xv is non-degenerate, i.e., that (V,~) is a symplectic vector space.

Subspaces with this property are easy to construct. In [Ar64b] many results
on the types of the so-obtained factors can be found. In particular, it is shown
that factors of type II do not occur, and [Ar64] provides an explicit criterion
for R(V') to be of type I. “Generically”, the so-obtained factors are of type
III. We refer to [Sa71] for more on types of von Neumann algebras.

1.8 Appendices to Section 1

The appendices to this section provide complementary information that is not
used in the arguments in the main text, but which concerns issues providing
more background on our constructions.

1.8.1 Endomorphisms of standard subspaces and von Neumann
algebras

In this appendix we briefly discuss the difference between unitary endomor-
phisms of von Neumann algebras and the corresponding endomorphisms of
associated standard subspaces. Concretely, let 2 € H be a standard vector
for the von Neumann algebra M, let V. = Va4 o be the corresponding stan-
dard subspace, and let G C U(H) be a subgroup. Then the following example
shows that the inclusion

Smao={9€G:gMg ' C M, g2 =0} C Syo=1{9€G: gV CV,gN =0}
may be proper.

Examples 1.36 ® (a) We consider the Hilbert space H := M, (C) of matri-
ces, endowed with the Hilbert—Schmidt scalar product (A, B) := tr(A*B). By
matrix multiplications from the left, we obtain a von Neumann subalgebra
M C B(H), isomorphic to M,,(C), and its commutant M’ consists of right

3 We thank Yoh Tanimoto for the discussion that led to this example.
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multiplications (cf. Example 1.24(b)). The unit vector {2 := ﬁln is cyclic
and separating, and the corresponding standard subspaces for M and M’
coincide with

Vv =V = Hermn((C)

of hermitian matrices. Now §(A) := AT defines a unitary operator on H,
preserving {2 and the standard subspace V4 = Va4, and satisfying O MO~! =
M. For G = U(H), we therefore have Sy o # Si 0.

(b) In the situation above, when M is given, the G-orbit of M in the space of
von Neumann subalgebras of B(H) can be identified with the homogeneous
space G/G p, where Gy = {g € G: gMg~! = M} is the stabilizer of M.
Similarly, we obtain with the stabilizer group Gy = {g € G: gV = V} and
embedding

G/GV — Stand(?—[), gGv — gV.

The discrepancy between both spaces comes from the fact that the von Neu-
mann algebra M need not be invariant under the stabilizer group Gy of V.

Related questions have been analyzed by Y. Tanimoto in [Tal0]. He refines
the picture by considering the closed convex cone

Vi ={M2:0<M=M*eM}CVy,
which leads to the inclusions
Sm.0 — SVLVQ ={geq: ng\_/t - Vj\_/[,gQ =0} C SV, 0-

The semigroup SVL,Q appears to be much closer to Spq,» than Sy . From
[Tal0, Thm. 2.10] it follows in particular that, if M is purely infinite, then
SVL o = Sm,. Note that the examples under Examples 1.36(a) are of finite
type.

Let M., denote the predual of the von Neumann algebra M (the space
of normal linear functionals) and M the convex cone of positive normal
functionals. In this context, it is also interesting to note that the map

Vig = M5, & e, we(M) = (&, M¢)

is bijective by [Ko80, Thm. 1.2]. Accordingly, every element g € Svp induces

a continuous map on the convex cone M. We refer to [Tal0] and [Co74] for
more details and to [Da96] for some interesting results on endomorphisms of
von Neumann algebras.

1.8.2 Positive definite functions on R satisfying a KMS condition

This subsection has only illustrative character. It explains how the KMS con-
dition that classically appears in the context of KMS states for C*-algebraic
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dynamical systems ([Kub7], [MS59], [HHW67], [BB94], [AA+20], [Ku02],
[PW78], [Str08], [Ni23]),* can be formulated independently of C*-algebras
as a condition for functions on R with values in spaces of bilinear forms.

Definition 1.37 Let V be a real vector space and Bil(V') be the space of real
bilinear maps V x V' — C. A function ¢: R — Bil(V) is said to be positive
definite if the kernel ¢)(t — s)(v, w) on R x V is positive definite. We say that
a positive definite function ¥: R — Bil(V') satisfies the KMS condition for
B > 0 if ¢ extends to a function Sz — Bil(V') which is pointwise continuous
and pointwise holomorphic on the interior Sg, and satisfies

Y(if+1t) =(t) for teR. (29)

The central idea in the classification of positive definite functions satisfying
a KMS condition is to relate them to standard subspaces. A key result is
the following characterization of the KMS condition in terms of standard
subspaces ([NO19, Thm. 2.6]). Here we write Bil* (V) C Bil(V') for the convex
cone of all those bilinear forms f for which the sesquilinear extension to
Ve x Vi is positive semidefinite.

Theorem 1.38 (Characterization of the KMS condition) Let V' be a real
vector space and ¥: R — Bil(V) be a pointwise continuous positive definite
function. Then the following are equivalent:

(i) ¥ satisfies the KMS condition for § > 0.
(ii) There exists a standard real subspace V in a Hilbert space H and a linear
map j: V — V such that

Y(t)(v,w) = (j(v), AP j(w))  for teR,v,weV. (30)

(iii) There exists a Bil™(V)-valued regular Borel measure p on R satisfying
Y(t) = / e du(N),  where  du(—\) = e PAdE(N).
R

If these conditions are satisfied, then the function v: Sg — Bil(V) is point-
wise bounded.

The equivalence of (i) and (ii) in the preceding theorem describes the tight
connection between the KMS condition and the modular objects associated
to a standard real subspace. Part (iii) provides an integral representation that
can be viewed as a classification result.

Corollary 1.39 For a standard subspace V.C H and the modular operator
Ay, the function

4 The fundamental KMS equilibrium condition originated in the context of analytic
properties of Green’s functions in [Ku57] and [MS59] and was formulated in the
present form by Haag, Hugenholtz and Winnink in [HHW67].
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PR = Bil(V), $(t)(v,w) = (v, A7 w)
satisfies the KMS condition for B = 2m.

Remark 1.40 (KMS states of C*-algebras) Important special cases arise from
C*-dynamical systems (A,R,«), where A is a C*-algebra and o: R —
Aut(A) defines a strongly continuous R-action on A. Let

Vi=A, ={AcA: A" = A}

and consider an a-invariant state w on A. Such a state is a S-KMS state if
and only if
¥: R = Bil(Ag), ¥(t)(A4, B) := w(Aas(B))

satisfies the KMS condition for 8 > 0 (cf. [NO15, Prop. 5.2], [RvD77,
Thm. 4.10], [BRI6)). If (m,,, U¥, H., 2) is the corresponding covariant GNS
representation of (A, R), then

w(A) = (2,1,(A)2) for AeA and U= for tekR
For A, B € Ay, we thus obtain

P(t)(A, B) = w(Aay(B)) = (2, 7,(Ac(B))$2)
(2, 1o (AU 70 (B)UZ,2) = (1, (A) 2, Um0 (B)12)

The corresponding standard real subspace of H,, is V4,0 = 7, (Ap)2. Here
we use that the KMS condition implies that (2 is a separating vector for the
von Neumann algebra m,,(A)" (cf. [Si23] and [BR87]).

1.8.3 KMS vectors for 1-parameter groups

In this subsection, we collect some general tools concerning holomorphic ex-
tensions of orbit maps of one-parameter groups on locally convex spaces to
strips in the complex plane. They are instrumental in formulating Kubo—
Martin—Schwinger (KMS) boundary conditions that are related to the con-
struction of standard subspaces (see Definition 1.37).

Definition 1.41 Let (U;)ier be a one-parameter subgroup of GL(Y) for a
topological vector space ) and J an antilinear operator on ), commuting
with (Ug)ier. We write Ykms for the subspace of those y € ), whose orbit
map

U R— YV, t— U

extends to a continuous map on S, := R+i[0, 7], holomorphic on the interior
8., such that®

5 By equivariance, it actually suffices that U? (wi) = Jv.
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U(mi+t) =JU"(t) =JUw for teR. (31)
We call the elements of this space KMS vectors (with respect to U and J).

To connect with standard subspaces, we first derive a characterization of
the elements of a standard subspace V specified by the pair (A, J) as the space

Hwwms for the unitary one-parameter group (A%Zf)teR and the conjugation J.

Proposition 1.42 Let V. C H be a standard subspace with modular objects
(A,J). For & € H, we consider the orbit map af: R — H,t — AT?/27¢,
Then the following are equivalent:

(a) £ eV.

(b) € € D(AY?) with AV/2¢ = J¢.

(¢) The orbit map a: R — H extends to a continuous map Sy — H which is
holomorphic on S, and satisfies af(mi) = J¢.

(d) There exists an element 1 € H? whose orbit map o extends to a contin-
uous map Sir/o — H which is holomorphic on the interior and satisfies

al(—mif2) = €.

Proof The equivalence of (a) and (b) follows from the definition of A and
J.
(b) = (c): If £ € D(AY/?), then ¢ € D(A?) for 0 < Rez < 1/2, so that the

map

JSr oM, f(2) = A5
is defined. Let P denote the spectral measure of the selfadjoint operator

1
2

H:= logA andlet P = (€ P(-)€)

denote the corresponding positive measure on R defined by { € H. Then
[NO18, Lemma A.2.5] shows that

£(PS)(2r) = / e APS() = [|le” e |2 = AV < ox.
R
This implies that the kernel

i(z—w)

(f(w), f(2)) = (A™ 3¢, A757€) = (€, A™ )
= {6.cC7Me) = £(P)(Z57)

7

is continuous on Sy x S; by the Dominated Convergence Theorem, holomor-
phic in z, and antiholomorphic in w on the interior ([Ne00, Prop. V.4.6]).
This implies (c) because it shows that f is holomorphic on S, ([Ne00,
Lemma A.IT1.1]) and continuous on S, (Exercise 1.46).

(c) = (d): For af: S, — H as in (c), we have
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Jab(z) = o (mi + %) (32)

by analytic continuation, so that
— (i J i (%) = af ﬂ
n:=a%(mi/2) e H' with a'(z)=0a(z+ 5 )

(d) = (b): We abbreviate S := S1r /5. The kernel K (z,w) := (a(w), a"(2))
is continuous on S x S and holomorphic in z and antiholomorphic in w on
S. It also satisfies K(z +t,w) = K(z,w —t) for t € R. Hence there exists a
continuous function ¢ on S, holomorphic on S, such that

K(z,w) = <p(z —w).
2
For t € R, we then have o(t) = (n,a”1(2t)) = [ €} dP"()), so that [NO18,
Lemma A.2.5] yields £(P")(£7) < oo and n € D(A*!/4). This implies that
a(z) = A=%/2my for z € S.
From ¢ = a"(—7i/2) = A~'/*;) we derive that
m

£ — A7 0ty —iz/27 <
as(z) a(z 2) A ¢ for zeS,.

Further, Jn = n implies

Jat(z) = Ja" (z - %) =a' (E+ %2) = o (mi + 2).

For z = 0, we obtain in particular J¢ = af(7i) = A/2¢. O

In [BN24] we study for an antiunitary representation (U, H) of G, the
space Hy s = (H™°)xms of KMS distribution vectors (see Appendix 7.5 for
details), on which we have the one-parameter group U~ >°(expth) generated
by the Euler element h and the action of the conjugation J—°° = U~°(73).

Our general results imply in particular the following theorem, which is a
key tool to verify that nets of real subspaces satisfy the Bisognano—Wichmann
property H(W) C V.

Theorem 1.43 Let (U, H) be an antiunitary representation of G, and V C
H the standard subspace specified by Ay = e2™OUM) and Jy = U(ry,). Then
the following assertions hold:

(a)  Hgms == (H™°)kms is a weak-+ closed subspace of H™>°.

(b) HgpmsNH=V.

(c) V is weak-+ dense in Hyyps-

Proof (a)-(c) follow from [BN24, Thm. 6.2], [BN24, Thm. 6.4], and [BN24,
Thm. 6.5], respectively. O
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1.8.4 Boundary values for one-parameter groups

In this section, we collect some useful facts on boundary values of analytically
extended orbit maps of unitary one-parameter groups (Uy):cr and a conjuga-
tion J, commuting with U. The main point is to identify the subspace Hy g
of distribution vectors, satisfying the KMS condition (cf. Definition 1.41)
with elements of the real subspace ’H,;’emp, specified in terms of the spectral
measure P of U.

Let P be the uniquely determined spectral measure on R for which

U, = / e dP(x), resp. Uy=e" teR, with A= /de(p).
R R

For ¢ € H, we thus obtain finite positive measures P¢ := (£, P(-)¢), and we
define

/ngcmp ={ee N e™dP5(p) temp.} = {£ € H: e ™ dPS(p) temp.}.
(33)
The equality of both spaces on the right follows from the symmetry of the
measures P¢, which is a consequence of J& = £. For the positive selfadjoint
operator A := e~ 2™ we have JAJ = A~', so that JD(AY*) = D(A~'/4)
implies that

DAYHNH! = DAV HnH = {g cH: /
R

C Hiop- (34)

e dP%(p) < oo}

Theorem 1.44 ([FNO25b, Thm. 6.1]) For & € H’ N (cp /o (™), the
following are equivalent:

() €€ Hifmp-
(b)  The limits B*(€) := limy_, 47 /2 e tAE exist in H™°(U).

(c)  There exist C, N > 0 such that |e**A¢|? < C (% — |t\)7N for |t| < m/2.

Proof (a) < (b): From [FNO25a, Prop. 4], we recall that the temperedness of
the measure v, given by dvg(p) := ™ dP%(p), is equivalent to the existence
of C; N > 0 with

/ TP gPE(p)y < Ct™N  for 0<t <
R

Further, [N(515, Lemma 10.7] shows that this condition is equivalent to the
function e™/2 to define a distribution vector for the canonical multiplica-
tion representation on L2?(R, P®). This representation is equivalent to the
subrepresentation of (U, H), generated by &, where the constant function 1
corresponds to &.
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(b) = (c): If lim; /o '€ exist in #~°°(U), then [NO15, Lemma 10.7],
applied to the cyclic subrepresentation generated by &, implies that the mea-
sure v¢ is tempered. Then the argument from above implies the existence of
C,N > 0 with

-N
HetA£||2 _ / o2t dPg(LU) < C(g — ‘t|) for |t| < 7T/2. (35)
R

If limy /o etA¢ also exists in H~°°(U), then the same argument applies
again and we obtain (c).

(¢) = (a): With the leftmost equality in (35), we see that (c) implies that the
measures dve(z) := e*™ dP¢(zx) are tempered ([FNO25a, Prop. 4]). Here we
use that the measure P¢ is symmetric because J¢ = €. ]

Proposition 1.45 The map 3" defines a bijection 37 : Hg]emp — Hi -

Proof (a) Let £ € M., First we show that 57 (&) € Hyqyg. To this end,
note that, for a real-valued test function ¢ € C°(R,R), we have JU(p) =
U(p)J. For & € H{,,,, we therefore have n := U(p)& € Hip,-

For £ € H we also note that the spectral integral U, = [, e"? dP(p)
representation yields with

ﬂm:/ww@ﬁ
R
the relation

Ute) = [ etidi= [ o(o) [ e apwyae= [ o) [ e aeap)

- /R ( /R gp(t)e”pdt) dP(p) = /R &(p) dP(p).

Therefore
dP"(z) = |§(x)|*dP* (),

where $ is a Schwartz function. The temperedness of P¢ hence implies that
the measure
€™ AP () = €™ |3 ()2 AP ()

is finite, and thus n € D(A1/4) N#H’. This implies with Proposition 1.42 that
U™(p)B*(€) = BH(U(p)§) = B (n) = AVt e . (36)

Next we claim that
Hins ={a e H™: (Vo e C°(R,R)) U™ (p)a € V}. (37)

In fact, if o € H™>° satisfies U>°(p)a € V for all ¢ € C*(R,R), we apply
this to a d-sequence ¢ = &, (cf. Definition 7.23) to obtain
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a= lim U ®(,)acV" "

by the weak-* closedness of Hy g (Theorem 1.44). Conversely, o € Hypis
implies
U (p)ae HNHgys =V,

again by the closedness and U(R)-invariance of Hyyis. With (36) we thus
obtain that 87 (£) € Hiyrs-

(b) To see that 57 is injective, we assume that S+ (£) = 0. Then the above ar-
gument implies that U(p)¢ € H/ N'D(A'*) vanishes for every ¢ € C®(R, R)
because A4 is injective. Using an approximate identity in this space, £ = 0
follows.

(c) To see that % is surjective, let v € Hyrjs- Replacing H by the cyclic
subrepresentation generated by «, resp., the subspace U~*(C>(R,C))y C
H, we may w.l.o.g. assume that H = L?(R,v) for a positive Borel measure,
where the constant function 1 corresponds to . Hence the measure v on R
is tempered ([NO15, Lemma 10.7]). Then, for z = 2 + iy € S, the analytic
continuation of the orbit map of v = 1 takes the form

U: Sy — L*(R,v)™>, U"(2)(p) = P = ' ™Pe™VP,

Therefore all measures e ¥? dv(p),0 < y < 7, are tempered. It follows in
particular that they are actually finite for 0 < y < p. Hence &(p) := e~ ™P/2 g
an L2-function, and & = U”(7i/2) implies that J¢ = £. As a consequence, the
measure dP¢(p) = e~ dv(p) is finite and €™ dP%(p) = dv(p) is tempered,
so that & € H{,,,- Therefore 31 (£) = 1 shows that ST is surjective. O

For &,n € 'Ht‘]emp, we consider the complex-valued measure
PS(E) = (&, P(E)n), ECR.

Then

PEn(E) = (&, P(E)n) = (n, P(E)¢) = P™*(E) (38)
and the relation JP(E)J = P(—FE) implies that
PSI(E) = (J€, P(E)Jn) = (J¢, JP(~E)n)
= (P(=E)n,€) = P"*(~E) = P&1(=E). (39)

In particular, the measures P$¢ are symmetric and positive.
We obtain on the strip S+, the holomorphic function

PN(z) o= PEn(z) = / ¢ dPEN (),
R

and the temperedness of the measures e d P (p) implies that this function
has boundary values that are tempered distributions on +7i + R. For ¢t € R,
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we have ¢&"(t) = (¢, Usn). Hence

P (—t) = pEn(t) = (Upn, &) = (UpJn, JE) = (JUsn, JE) = (£, Usm) = o*"(1),
and therefore
©SN(2) = 8 (=%) = ()  for 2 € Sin. (40)
For o := B%(£) and v := 7 (n) the distribution

Do (&) :=~(U"7(§)a)

can be represented by the boundary values of a holomorphic function
Don(z) = lm (Uged€ etn) = lim [ e@=i0P gpén(p)
t—m/2 t—=7m/2 Jr

= o (—mi — x) = " (i + ).

1.9 Exercises for Section 1

Exercise 1.46 Let X be a topological space, H be a Hilbert space and v: X — H
be a map. Show that - is continuous if and only if the corresponding kernel function

K:XxX—=C, K(z,y) = (y(),7(y))
is continuous.

Exercise 1.47 Let (U; = e**4),cr be a unitary one-parameter group on the complex
Hilbert space H and consider on the complex Hilbert space H :=H D H the unitary
one-parameter group ~

Ut = Ut o) Ut.
Show that the flip involution j(v,w) := (w,v) and the positive operator A=t @
e~ form a modular pair of a standard subspace V C H (cf. Proposition 1.12).

Exercise 1.48 If V C H is a standard subspace, we consider the antiunitary repre-
sentation of R*, defined by

wle') = A, w(=1):=J.

Show that we thus obtain a bijection between the set Stand(?{) of standard sub-
spaces of H and the set of antiunitary (strongly continuous) representations v: R* —

AU(H).

Exercise 1.49 (Holomorphic extensions of orbit maps) Let H be a Hilbert space, let
A be a selfadjoint operator and let U; = e**4 be the corresponding one-parameter

group.
(a) Show that the orbit map U? : R — H, t +— Urv extends to a holomorphic map

S+p:={z€C||Im(z)| < B} = H
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if and only if v € D(et4), for all |t| < 8. Hint: Consider the kernel
K" :RxR—=C, (s,t)—(U"(s),U"()).

(b) Suppose v € D(et#), for all |t| < 8. Show that v € D(e*#4) if and only if the map
U" : S4+3 — H has continuous boundary values on R % ¢f.

Exercise 1.50 Let M C B(H) be a von Neumann algebra. For two unit vectors
(21,822 € H, the states wp, and wgq, coincide if and only if there exists an M-
equivariant isometry

U: M2y — M2 with U2y, = $25.

Conclude further that, if M # B(H), then there exist linearly independent unit
vectors {21 and (22, defining the same state on M. Hint: M # B(#H) is equivalent to
M’ being non-trivial.

Exercise 1.51 (The Brunetti-Guido—Longo (BGL) construction, [BGL02]) Let G be
a Lie group, o € Aut(G) be an involution and G, := G x {1,0} the corresponding
semidirect product. We consider an antiunitary representation U: G, — AU(H), i.e.,
U(G) C U(H) and U(o) antilinear.
We consider the set
G(Gy) :={(x,7) € g x Go : Ad(T)x =2,7% = e}.
Show that:

(a) Each (z,7) defines a morphism
v:RX = Go,  v(eh) :=exp(tz), v(=1):=7.
(b)  For each pair (z,7) there exists a unique standard subspace V C H with
Jy=U(r) and Ay= e2mi-0U ()

Exercise 1.52 Let H1 and H2 be Hilbert space, X be a set and v;: X — Hj,
7 = 1,2, be maps with total range. Then the following are equivalent:

(a) There exists a unitary operator U: H1 — Hz with U o y1 = 2.
(b)  (v2(2),72()) = (1 (2),11(y)) for all z,y € X.

Exercise 1.53 (Polarization) Let V and W be K-vector spaces, 3: V"™ — W be a
symmetric n-linear map and ~y(v) := B(v,--- ,v). Show that g8 is completely deter-
mined by the values on the diagonal (v, ...,v), v € V.

Hint: Consider

n!

Yot b)) =Y e L
may!l---my!

myi+...4+m,=n

and recover B(v1,...,vy) as a suitable partial derivative. Alternatively, one can verify
the following explicit formula:

1
Bv1,...,vn) = o Z €1 eny(E1vr + -+ Envn). (41)

Exercise 1.54 Let V be K-vector space and S™(V) := (V®")S» be the nth sym-
metric power of V. Show that
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S™(V) = span{v®": v € V}.
Hint: Use the same technique as in Exercise 1.53.

Exercise 1.55 (Abstract uncertainty principle) Let A and B be bounded selfadjoint
operator on ‘H and {2 € H a unit vector. Then {2 defines a state whose expectation
values for the observable A is given by

ca =wqn(A) = (2, AR).
The variance of the observable A in the state wy, is given by the expectation value
o4 =wo((A—cal)®>)/2 =||(A—-cal)|.

It vanishes if and only if Af2 = ca (2, i.e., if £2 is an eigenvector of A.
Verify the abstract uncertainty principle ([Ro29]):

oacn > (2[4, BIO). (42)

Exercise 1.56 Let A: D(A) — H and B: D(B) — H be densely defined unbounded
operators on the real Hilbert space H, so that their adjoints

A*: D(A*) > H, B*:DB*)—>H
are also defined by
(A*v,w) = (v, Aw) for w € D(A),v € D(A").

The product AB is defined on D(AB) = B~1D(A) C D(B) by composition. Show
that:

(a) If D(AB) is dense, then (AB)* is an extension of B* A*.
(b) If A is invertible, then (AB)* = B*A*.

Exercise 1.57 Let V C H be a standard subspace and U € AU(H) be a unitary or
an antiunitary operator. Show that UV is also standard and UAyU~! = Ayy and
UJU—! = Jyy.

2 FEuler elements

We have seen in Section 1 how nets of real subspaces arise from nets of
algebras of local observables. In this section we turn to the underlying Lie
algebraic structures. In the list of questions from the introduction, we shall
answer question (Q2), asking which elements h € g appear in the Bisognano—
Wichmann (BW) condition. This question has a surprisingly simple answer:
h has to be central or an Euler element, i.e., ad h is diagonalizable with
Spec(ad h) C {—1,0,1}. In the physical context of the Lorentz and Poincaré
group, these are suitably normalized generators of Lorentz boosts. This is a
consequence of the Euler Element Theorem 2.3 that we discuss in Section 2.1.
The rest of this section is devoted to the exploration of the set £(g) of Euler
elements in a finite-dimensional Lie algebra g. We present some key examples
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in Section 2.2, before we turn in Section 2.3 to the classification of (adjoint
orbits of) Euler elements in simple Lie algebras. Their classification in non-
simple Lie algebras can, to a large extent, be reduced to the simple case
(Section 2.4).

Many phenomena concerning Euler elements alreay appear in the 3-
dimensional Lie algebra sl3(R), so that it is relevant to know when an Euler
element is contained in a subalgebra isomorphic to slz(R) or gly(R), which is
characterized in Section 2.5.

We conclude this section by a discussion of an abstract Lie theoretic con-
struction that reflects some key features of modular pairs (A, J): the space
Gr of Euler couples of a Lie group of the form G, = G x {e, c}. This provides
the context for a general construction, due to Brunett—Guido-Longo (BGL),
that attaches to every antiunitary representation of G, a G-covariant family
of standard subspaces (cf. [BGL02, MN21]).

2.1 The Euler Element Theorem

Definition 2.1 Let g be a finite-dimensional Lie algebra. We call h € g
an Euler element if ad h is non-zero and diagonalizable with Spec(ad h) C
{-1,0,1}, i.e., if

g=g1(h) Dgo(h) ©g_1(h).

Then 75, := €™ 24" ¢ Aut(g) is an involutive automorphism of g. We write
E(g) for the set of Euler elements in g. An Euler element h is called symmetric
(with respect to g) if —h € O}, := Inn(g)h, where Inn(g) = (€24 9) is the group
of inner automorphisms of g.

Remark 2.2 We observe that £(g)+3(g) = £(g), where 3(g) = {z € g: [z,9] =
{0}} is the center of g.

The following theorem ([MN24, Thm. 3.1]) provides a very satisfying an-
swer to question (Q2).

Theorem 2.3 (Euler Element Theorem) Let G be a connected finite-dimensional
Lie group with Lie algebra g and h € g. Let (U, H) be a unitary representa-
tion of G with discrete kernel. Suppose that V.C H is a standard subspace
and N C G an identity neighborhood such that

a)  Ulexp(th)) = Ay "/* fort € R, i.e., Ay = > 0UM) gnd
(a)  U(exp( v
(b) VN :=yen Ulg)V is cyclic.

Then h is an Fuler element or central, and the conjugation Jy satisfies

JU(expa)Jy = Ulexpr(x))  for 1, =™ 1 cg. (43)
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Corollary 2.4 If H{O)ocm is a net of real subspaces on open subsets of M
satisfying (Iso), (Cov), (RS) and (BW), and U has discrete kernel, then h € g
is an Euler element or central.

Proof Let O C W be a non-empty open, relatively compact subset. Then O
is a compact subset of the open set W, so that

N:={geG:gtOCW}
is an open e-neighborhood in G. For every g € N we have by (Cov) and (Iso),

g LH(O) = H(g~L.0) c HW) 2y,
This implies that H(O) C Vy, and (RS) entails that H(O) is cyclic. Now the
assertion follows from Theorem 2.3. O

Remark 2.5 (a) The relation (43) implies that, for the representations we are
dealing with, we may replace G by its simply connected covering group G or
by the quotient group G/ ker(U) to ensure that the involution 77 = e™iad"
on g integrates to an involution 75, on G, so that we can form the semidirect

product
GTh =G X {idg,Th}.

Then (43) ensures that U extends to an antiunitary representation of G,, by
U(my) == J.

(b) If V;y = V holds in the Euler Element Theorem, then U(g)V 2 V for all
g € N, hence U(g)V =V for all g € NN N~ If G is connected, this implies
that U(G) fixes V and hence that h is central in g.

(c) Suppose that h is central in g and that Ay = >V Then all
standard subspaces U,V have the same modular group. If there exists an
e-neighborhood N C G for which Vy is cyclic, then we may assume
that N = N~! and this subspace is invariant under the modular group
AR = U(exp(Rh)). The Equality Lemma 1.9 thus shows that Vy = V. Hence
UgV 2 V for all g € N, and the symmetry of N now implies that U,V =V,
so that U, commutes with Jy. If G is connected, hence generated by N, it
follows that Jy € U(G)'.

Problem 2.6 In view of the preceding discussion, the following question is
fundamental: Suppose that h € g is an Euler element, G is a corresponding
connected Lie group, for which G, exists, and M = G/H a homogeneous
space. When does there exist an antiunitary representation (U, H) of G, , a
connected open subset W C M and a net H(O)ocar on open subsets of M,
satisfying (Iso), (Cov), (RS) and (BW)?

Below we shall see that this is the case if G is reductive and M is the non-
compactly causal symmetric space associated to G and h (cf. Theorem 4.31).
If G is solvable, the corresponding question is open (cf. [BN25]). In this
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context it is also interesting to consider Theorem 5.19 that connects the
existence of nets to a regularity condition.

2.2 First examples of Euler elements

Before we descend deeper into structures related to Euler elements, let us
discuss some key examples.

Example 2.7 If F is a finite-dimensional vector space and 0 # D € End(FE)
a diagonal endomorphism with eigenvalues contained in {1,0,—1}, then we
form the solvable Lie algebra g := E xp R. Here h := (0,1) is an Euler
element of g.

Examples 2.8 (a) In g = sl3(R) the diagonal matrix

=35 5) (44

is an Euler element. Conversely, every Euler element i’ € sly(R) must be
diagonalizable on R? (Exercise 2.21) and the difference between its eigenval-
ues must be 1. In view of tr(h’) = 0, it is conjugate to h. The set of Euler
elements in sly(R) is

C

E(s(R)) = {x € sh(R): det() = 1} = { (a ba> o be e i}

and Inn(g) = SO;2(R). acts transitively on this set. In the following, we
shall also use the Euler element

k:é(%) (45)

The element

1701 .
=g (_1 0) = [h,k] satisfies [z¢, h] = —Fk,

so that we have
e~ oadzey — —[ze,h] =k and etmadzen — _p, (46)

(b) If A is a real unital associative algebra, then h = 1 diag(1,—1) is also
Euler in the Lie algebra gly(A) = (M2(A),[,]), of (2 x 2)-matrices with
entries in A, with respect to the commutator bracket. If o € Aut(A) is an
involutive automorphism, then o extends by
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ab) (o(a)o(b)
7 <c d) a (U(c) a(d)>
to a Lie algebra automorphism of gl,(A), and g = gl,(.A)? contains the Euler
element h with g;(h) = A°. For the involution 7 := o7, we also find a Lie
algebra with g;(h) = A7°.

This construction provides a rich supply of Lie algebras with Euler ele-
ments. It even works for Jordan algebras A (cf. [JvNW34]), hence in partic-
ular also for alternative algebras. We refer to [KSTT19], [dG18] and [Be25]
for recent classification results in small dimensions.

Examples 2.9 (a) In the simple Lie algebra g := sl,(R), we write n x n-
matrices as block 2 x 2-matrices according to the partition n = k + (n — k).

Then " )
T n—k 1k 0
hy = - ( 0 —klnk> (47)
is diagonalizable with the two eigenvalues ”?’k =1- % and —%. Therefore

hi is an Euler element (Exercise 2.21) whose 3-grading is given by
0
o) = { (§17) 0 € o). € gt (R, ta) + ) =0},

o (h) = (8 Mk,n6k(R)> . go1(h) (Mn_g,k(R) 8) :

It is easy to see that hq,...,h,_1 represent all conjugacy classes of Euler
elements in sl,(R), whose restricted root system is of type A,_1, cf. the
general Classification Theorem 2.12 below.

The Euler element hy is symmetric, i.e., —h; € Inn(g)hy, if and only if
n = 2k. In fact, if hj is symmetric, then its eigenvalues have to be symmetric,
which is equivalent to n = 2k. That this condition is sufficient follows by
embedding hj into an sly(R)-subalgebra of block matrices with entries in
My (R) and using Example 2.8.

(b) In the reductive Lie algebra gl,(R), we infer from (a) that all conjugacy
classes of Euler elements are represented by elements of the form

h=XA+hp, k=1,...,n—1.

Then h is symmetric if and only if A = 0 and n = 2k.
These elements are also Euler in the semidirect sum g := R" x gl,,(R) if

and only if A = % or A= % — 1, which leads to the two Euler elements

! ]-kO " o__ O 0
h _<O 0> and  h _(0_1nk).

In the first case,
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g1 ZR*OMy 1 (R), go = ol (R)DR" *xgl,_4(R)) and g1 = M, x(R),
whereas in the second case

01 % My k(). g0 = (R¥gh, (R))@gl, 4(B) and g_ = R &M, g x(R).
None of these Euler elements is symmetric because A # 0.

Examples 2.10 (a) In the Poincaré Lie algebra g = R? x 501 4(R), every
Euler element h is conjugate to the generator i € s0q 4(R) of a Lorentz boost:

h.egy=ei;, he =e and he; =0 for j>1

and 3(g) = {0}; see also Remark 1.29. In fact, Lemma 2.15 below reduces the
assertion to the simple Lie algebra so; 4(R), and in this case the assertion
follows from the Classification Theorem 2.12.

(b) (cf. [BN25]) The 4-dimensional split oscillator group is

G := Heis(R?) x, R with oy =€, h= ((1) 01) ;

so that
g = heis(R?) x Rh

and h is an Euler element in g. We choose a basis p, ¢, z € heis(R?) with
lg.p] =2 [hal =1, [hp]=—-1, [h2]=0.
The corresponding involution satisfies
™h(z,¢:p,t) = (2, —¢, =p, 1)

The Euler element h is not symmetric, and all Euler elements of g are, up
to sign, conjugate to elements of the form

hy = Az + h.

This Lie algebra can be realized as a subalgebra of sl3(R), where

L (100 010 000 001
h=3z(0-20], g=[000), p=[001], ==[000
001 000 000 000

Note that h is an Euler element of sl3(R), i.e., V := R is a 2-graded g-module
(cf. Example 2.9(a)):

V=Vi®V_ys3, Viz=Rer+Re;; V_y3=Res.

Remark 2.11 (a) If V' is a non-trivial irreducible sly(R)-module and
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heg:=V xslh(R)

an Euler element, then the semisimple element h is conjugate to an element
of sl3(R) (Lemma 2.15 and 3(g) = {0}), so that we may assume that h =
1 diag(1, —1) (Example 2.8(a)). This leaves only the possibility that dim V =
3 is the adjoint module.

We obtain more freedom if we replace slz(R) by gly(R). Then Exam-
ple 2.9(b) also provides Euler elements in R?x gl (R) (cf. [MN22, Lemma 2.15)
or Proposition 2.18). We may also consider non-trivial 1-dimensional repre-
sentations of gly(R), for which

R % gly(R) 2 (R x R1) @ sly(R).

This example shows already how restrictive the existence of a 3-grading is
for semidirect sums.

(b) If h € g is an Euler element contained in a subalgebra s = sly(R), then
all simple s-submodules of g must be 1 or 3-dimensional. If & is contained in
a subalgebra [ 2 gl,(R), then also 2-dimensional irreducible submodules may
occur (cf. Proposition 2.18 below).

2.3 Euler elements in simple Lie algebras

We now present a classification of Euler elements in simple real Lie algebras,
following [MN21] (see also [Mo25]). As they correspond to 3-gradings, it can
also be derived from [KA88]. We also reproduce the list of the 18 types from
[Kan98, p. 600] and Kaneyuki’s lecture notes [Kan00].

Let g be a real semisimple Lie algebra. An involutive automorphism 6 €
Aut(g) is called a Cartan involution if its eigenspaces

t=g'={zecg:0x)=2} and p:=gf={zecg: bx)=—z}

have the property that they are orthogonal with respect to the Cartan—Killing
form
k(z,y) = tr(ad z ad y),

which is negative definite on £ and positive definite on p. This implies that
k(z,0x) <0 for ax#0. (48)
Then
g=top (49)

is called a Cartan decomposition. Cartan involutions always exist and two
such involutions are conjugate under the group Inn(g) of inner automor-
phism, so they produce isomorphic decompositions ([HN12, Thm. 13.2.11)).
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The subalgebra £ is maximal compactly embedded. ° An element = € g is
elliptic if and only if its adjoint orbit O, = Inn(g)x intersects ¢, and x € g is
hyperbolic if and only if O, Np # 0.

For the finer structure theory, we start with a Cartan involution 6 and fix
a maximal abelian subspace a C p. As a is abelian, ad a is a commuting set
of diagonalizable operators, hence simultaneously diagonalizable. For a linear
functional 0 # « € a*, the simultaneous eigenspaces

0o = 0a(0) :={y € g: (Vz € 0a) [2,y] = a(r)y}

are called root spaces and

Y :=X(g,a):={aeca"\{0}: go #0}

is called the set of restricted roots (see also (171) in the appendix).
From now on we assume that g is simple. Then X' is an irreducible
root system, hence of one of the following types:

Ana Bna Cn; Dn; E6aE77E8a F47 G2 or BCnan 2 1 (50)

(cf. [Bou90]).

The adjoint orbit of an Euler element in g contains a unique h € IT*.
For any Euler element h € IT*, we have a(h) € {0,1} for a € IT because
the values of the roots on h are the eigenvalues of ad h. If such an element
exists, then the irreducible root system X must be reduced. Otherwise, for
any root « with 2« € ¥, we must have a(h) = 0 because ad z has only three
eigenvalues. As the set of such roots generates the same linear space as X,
this leads to h = 0. This excludes the non-reduced irreducible root systems
of type BC,,.

To see how many possibilities we have for Euler elements in a, we recall
that IT is a linear basis of a*, so that, for each j € {1,...,n}, there exists a
uniquely determined element

hj € a, satisfying ax(h;) = 6. (51)

The following theorem lists for each irreducible root system X' the possible
Euler elements in the positive chamber IT*. Since every adjoint orbit in £(g)
has a unique representative in IT*, this classifies the Inn(g)-orbits in £(g)
for any non-compact simple real Lie algebra. For semisimple Lie algebras
g=9g1D - DY, an element x = (21,...,xx) is an Euler element if and only
if its non-zero components z; € g; are Euler elements, and its orbit is

Op =04, X+ X Oy,.

6 We call a subalgebra ¢ C g compactly embedded if the closure of the subgroup
generated by e*d ¢ in Aut(g) is compact.
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Therefore it suffices to consider simple Lie algebras, and for these the root
system X is irreducible. As every complex simple Lie algebra g is also a real
simple Lie algebra, our discussion also covers complex Lie algebras.

Theorem 2.12 Suppose that g is a non-compact simple real Lie algebra, with
restricted root system X C a* of type X, as in (50). We follow the conven-
tions of the tables in [Bou90] for the classification of irreducible root systems
and the enumeration of the simple roots aq,...,a,. Then every Euler ele-
ment h € a on which II is non-negative is one of h1,...,h,, and for every
irreducible root system, the Euler elements among the h; are the following:

Apihyy oo hy, B, : hy, Ch : hy, Dyt hiyhp—1, by,
EG : h17 h6, E7 : h7. (52)
For the root systems BC,,, Es, Fy and Ga no Euler element exists (they have

no 3-grading). The Euler elements which are symmetric in the sense that
—h € O, = Inn(g)h, are

Aop_1: hp, By, @ hi, Chp: Ry Doy b, hon—1, han, D2n+1 thy,

E72h7. (53)
A,,“nzl:.—FH’ Bn,TLZQIO—F*—m
11 11 1 2 2 2 2
1
Ch, >3 : oo e —ote D,, n>4 : e
2 2 2 21 1 2 22 1
E67: E77: ESa:
12 3 21 2 3 4 3 21 2 46 5 4 3 2
F4):..:>:.. GQ,:m
2 3 4 2 2 3

Figure 4: Dynkin diagrams with the coeflicients of the highest root.

Proof Writing the highest root in X' with respect to the simple system IT as
Qmax = Z;-L:l cjaj, we have ¢j € Zsq for each j. These are the labels in the
Dynkin diagrams above. If h € IT* is an Euler element, then IT(h) C {0, 1},
and 1 = amax(h) = Z?:1 ¢;joj(h) implies that at most one value «;(h) can be
1, and then the others are 0, i.e., h = h; for some j € {1,...,n}. Conversely,
h; is an Euler element if and only if ¢; = 1. Consulting the tables on the
irreducible root systems in [Bou90], we obtain the Euler elements listed in
(52).

To determine the symmetric ones, let wg € W be the element of the Weyl
group, which is uniquely determined by w§Il = —II for the dual action of
W on a*. Then h} := wo(—h;) is the Euler element in the positive chamber
representing the orbit O_j ;. Therefore h; is symmetric if and only if —h; €

Wh;, which is equivalent to h; = h;. Using the description of wy and the
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root systems in [Bou90], now leads to

Apy W =hnj, Bp:hy=hi, Cpy:hy,=hy, (54)
hp—1 1 dd,
Dn . hll _ hl,h;l _ { 1 orn o (55)
hnp, for n even,
E6 : hll = h6, E7 . h{7 = h7. (56)
Hence the symmetric Euler elements are those listed in (53). O

There are many types of simple 3-graded Lie algebras that are neither com-
plex nor hermitian (cf. Proposition 2.13 below); for instance the Lorentzian
algebras s07 ,(R). We refer to [Kan98, p. 600] or [Kan00]. for the list of all
18 types which is reproduced below in a different order. We identify so*(4n)
with the Lie algebra us,(H, 2) of the isometry group of the non-degenerate

skew-hermitian form on H?" defined by the matrix 2 = <_01 (1))
g E(ga Cl) h g1 (h‘>
Complex Lie algebras
1 5[n((C) An—l hj, 1< ] <n-1 Mj,n_j((C)
3a 502n+1(C) B, h1 c2n—1
3b|s02,(C) D, hi C2n—2
4 502n((c) -Dn hnflahn Altn((c)
5 26(6) EG hl = h/6 Ml)g((O))([j
6 87((C) E7 h7 Herm3 (@)C
Hermitian tube type Lie algebras
7 |suy n(C) C, hy, Herm,,(C)
8 |sp,y, (R) Cp hn, Sym,, (R)
9a|s02 4(R) Cy (2 <d)|hy R14-1
10{s0* (4n) = uq,.(H, 2) Ch hn Herm,, (H)
11 67(_25) 03 h3 Herm3(©)
Non-hermitian split forms
12 5[n<R) An,1 hj, 1 S j S n—1 M],nf_](R)
9b|s0,, nt1(R) B, hy R27-1
13|50, »(R) D, hp—1,hpn Alt, (R)
14(e6(R) Eg hi = hg M; 2(Osprit)
15]e7(R) E; hy Herms(Ogpiit)
Non-hermitian non-split forms
16 5[n<H) An,1 hj, 1< j <n-1 M],nf‘](H)
17wy, ., (H) Cp I Aherm,, (H)
9c|s0,q(R),2#p#q—1 B, (p < q)|h RPFa-2
Dy, (p=4q)
18]e6(—26) Az hy M 2(0)

Table 1: Simple 3-graded Lie algebras
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In our context, hermitian simple Lie algebras (cf. Appendix 7.2.3) are of
particular interest. We collect some properties of hermitian Lie algebras in
the the following proposition.

Proposition 2.13 For a simple real Lie algebra, the following assertions
hold:

(a) g is hermitian if and only if it contains a non-trivial closed convex Inn(g)-
invariant cone Cy.

(b) A simple hermitian Lie algebra contains an Euler element if and only if it
is of tube type, and in this case Inn(g) acts transitively on E(g).

Proof (a) is a consequence of the Kostant-Vinberg Theorem (cf. [HO97,
Lem. 2.5.1]).

(b) Since the restricted root system of a hermitian simple Lie algebra is of
type C,. or BC,. (see [MNO23, §3.1] or Table 2 below), and the first case char-
acterizes the algebras of tube type, the assertion follows from Theorem 2.12
because the root system C,. only permits one class of Euler elements. (]

Remark 2.1/ As h € a implies 8(h) = —h, the Cartan involution 6 always
maps h into —h, but this only implies that h is symmetric if § € Inn(g). This
is the case if g is hermitian, so that in these Lie algebras all Euler elements
are symmetric (cf. Proposition 2.13).

The classification of Euler elements requires some interpretation. So let us
first see what it says about complex simple Lie algebras g. In (52) we see that,
only if g is not of type Fg, Fy or G, the Lie algebra g contains an Euler ele-
ment. Euler elements correspond to 3-gradings of the root system and these
in turn to hermitian real forms g°, where ih; € 3(£°) generates the center of a
maximal compactly embedded subalgebra ¢° ([Ne00, Thm. A.V.1]). We thus
obtain the following possibilities. In Table 2, we write g° for the hermitian
real form, g for the complex Lie algebra, X for its restricted root system, and
h; for the corresponding Euler element.

| 9° (hermitian)  [X(g°,a°) lg = (¢°)c| X (g, a) [Euler element||
5up,q((c)a 1<p<gq BCp(p <q), Cp(p =q) 5[p+q((c) Aptqg-1 hy,

502,d(R),d > 2 Cy 502+d((C) B%, d odd |hq

D1+%v d even

san (R) CTL 5p2n ((C) Cn hn

50%(2n) BC|z|(n odd), Cz(n even)|s0s,(C) |Dp hn—1,hn
C6(—14) BCy e6 Es hy = hg
e7(—25) Cs e7 Er h7

Table 2: Simple hermitian Lie algebras g° (g as in (1)-(6) in Table 1).

They are pairwise distinct except for the exceptional isomorphisms ([HN12,

§17)):
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A1 =B =C IE[Q(R) = 50172(R) = 5U171(C) = 5p2(R)

Dy =A1UA;: 50272(R) = E[Q(R) @5[2(R),50*(4) = E[Q(R) @ﬁﬁg(R)
By = Cy : 502 3(R) = spy(R).

A3 = Dg 2502,4(R) = SHQ’Q((C), and 50*(6) = 5Ll1’3((C)

Dy : 50*(8) = s056(C).

In the correspondence of Euler elements in simplex complex Lie algebras
and their hermitian real forms, those real forms corresponding to symmetric
Euler elements are of particular interest. Comparing with the list of hermitian
simple Lie algebras of tube type (Table 3), we see that they correspond pre-
cisely to 3-gradings specified by symmetric Euler elements, as listed in (53).
Since the Euler elements h,_; and h, for the root system of type D, are
conjugate under a diagram automorphism, they correspond to isomorphic
hermitian real forms.

[ 9° (hermitian) [X(g°, a°)[g = (g°)c |2(g, ) |symm. Euler element h|
s, »(C) C, 5lo, (C) Aop_1 ha,
502,d(R), d>2 |[Cy 502+d((C) B%, d odd hi
D1+%, d even
5p2n(R) C’ﬂ 5p2n ((C) Cn hn
50*(4n) Cn 504, (C)  |D2n hon—1, han
e7(—25) Cs3 e7 Er h7

Table 3: Simple hermitian Lie algebras g° of tube type ((7)-(11) in Table 1)

2.4 Euler elements in general Lie algebras

To analyze Euler elements in general Lie algebra, it is instructive to consider
abelian subalgebras a C g which are maximal with respect to the property
that ada is diagonalizable. It follows from [KN96, Thm. III.3], applied to
the symmetric Lie algebra (g®2, i), that they are conjugate under Inn(g).
Moreover, there always exists an ad a-invariant Levi complement s ([KN96,
Prop. 1.2]), so that

a=a.Pa;, for g=trxs a =aNrt, a;=aNs.

Then [a,,s] C tNs = {0}. As g is a nilpotent module of the ideal [g,t], it
further follows that

a. N g, 0] =ang,t] C3(g)NIg, 0l

so that
a=3(g) ®al ® as, (57)

where a$ C a, is a complement of 3(g) in a,.
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Lemma 2.15 For an Euler element h € g, the following assertions hold:

(a) Oy intersects a, hence also 3(g)+!, where [ = a$®s is a reductive subalgebra
of g. Moreover, Oy, Na =W.h, where W :=W(s,as) is the Weyl group of
the restricted root system X(s, as).

(b) If h € [g, 9] is an Euler element contained in the commutator algebra, then
Oy, + 3(g) intersects every Levi complement.

Proof (a) That Op Na = W.h follows from [KN96, Thms. IIL.3, III.10],
applied to the symmetric Lie algebra (g®2, 7ip). The rest of (a) now follows
from (57) and the fact that [a.,s] = {0}.

(b) In view of (a), we may assume that h € a. Then h € an[g, g] C 3(g)+as C
3(g) + s implies (b). Now the assertion follows from the fact that O, + 3(g)
is invariant under Inn(g) and that any two Levi complements are conjugate
under this group. O

For refinements of the following proposition we refer to [MNOQGa, §2.1].
Proposition 2.16 ([MN21, Prop. 3.2]) The following assertions hold:

(i) An Euler element h € g is symmetric if and only if h is contained in a
Levi complement s and h is a symmetric Euler element in s.
(ii) Let g =t X s be a Levi decomposition.

(a) If h € g is a symmetric Euler element, then
Oh = Oq(h) = Inn(g) (Oh N 5)7

where q: g — s is the projection along t.
(b) Two symmetric Euler elements are conjugate under Inn(g) if and only
if their images in s are conjugate under Inn(s).

Proof (i) As Oy, C h+]g, g] follows from the invariance of the affine subspace
h + [g,g] under Inn(g), the relation —h € Oy, implies h € [g,g]. In view of
Lemma 2.15(b), there exists a Levi complement s with i € 3(g) + s. Then
v and s are ad h-invariant, so that the ad h-eigenspaces of the restrictions
satisfy

t=rty(h) +vo(h) +rv_1(h) and s=s1(h)+so(h)+s_1(h),

and define 3-gradings of v and s. Further g+1(h) C [h,g] C [g,9] and s =
[s,s] C [g,9] imply that g = vo(h) + [g,g]. The fact that [g,g] is an ideal
and to(h) is a subalgebra of g entails that the subgroup Inng([g, g]) of Inn(g)
is normal, and that Inn(g) = Inng([g, g]) Inn(ce(h)). As Inn(vo(h)) fixes h,
this in turn shows that O = Inng([g, g])h = Inng([g,t]) Inng(s)h. Writing
h = h, + hs with h, € 3(g) and hy, € &(s), we thus find = € [g,t] and
s € Inngy(s) such that *

7 Here we use that the ideal [g, t] is nilpotent, so that the exponential function of the
corresponding group Inng([g, t]) is surjective, see [HN12, Cor. 11.2.7].
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—h, —hy=—h=¢e1%s.h = h, + e %s.h,. (58)

Applying the Lie algebra homomorphism ¢: g — s to both sides, we derive
from q(h,) = 0 and q o € = q that —h, = s.h,, and therefore by (58)

e Th, = hy + 2h,.

We conclude that the unipotent linear map ¢4 preserves the plane Rh, +
Rh., and this implies that ad x = log(e®?®) also has this property. We thus
arrive at

[h,z] = [hs, 2] C Rhs +Rh, C go(h),

so that = € go(h) = go(hs), which in turn leads to 0 = e**h, — h, = 2h,,
i.e., h=hs €s.
To prove the second assertion of (i), we observe that the projection ¢: g —
§ & g/v satisfies
q(0z) = Oy, for zeg. (59)

Writing Egym(g) for the set of symmetric Euler elements in g, we obtain
q(Esym(9)) C Esym(s). If, conversely, h € Eym(s), then we clearly have —h €
Inng(s)h C Inn(g)h, so that h € Eym(g).

(ii)(a) As Oy, intersects s by (i), ¢(On) N Op, # 0, and since Inn(s) acts
transitively on ¢(Oy) by (59), we obtain ¢(O},) C O, and thus ¢(O},) = OpNs.
This further leads to

O, = Inn(g)(Or N's) = Inn(g)g(Or) = Inn(g) Oy 1) = Oy(n)-
(ii)(b) follows immediately from (a). O

Proposition 2.16 reduces, for a given Lie algebra g, the description of
symmetric Euler elements up to conjugation by inner automorphisms to the
case of simple Lie algebras.

It would be nice to have a classification of Euler elements in any Lie alge-
bra g, but, due to the complexity of Levi decompositions g = t x s, this is not
a well-posed problem. If g is reductive, then the classification of Euler ele-
ments in g follows immediately from the case of simple Lie algebras, which is
described in Theorem 2.12. For symmetric Euler elements h, Proposition 2.16
reduces the classification to the semisimple case, but then one has to describe
the module structure of the radical. ®

Example 2.17 (An example from symplectic geometry) A particularly in-
teresting Lie algebra which is neither semisimple nor solvable is the conformal
Jacobi-Lie algebra

8 The role of the symmetry of h for the existence of nets of real subspaces is still
not completely understood. It certainly plays an important role in specifying locality
conditions (cf. Section 6.2). If h is not symmetric, one may be forced to also take non-
connected causal manifolds M into consideration, resp., to replace G by a suitable
non-connected group.
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g = besp(V,w) := bheis(V,w) 3 esp(V,w),

where (V,w) is a symplectic vector space, heis(V,w) = R @ V is the corre-
sponding Heisenberg algebra with the bracket [(z,v), (2/,v")] = (w(v,v"),0),
and

csp(V,w) :=sp(V,w) & Ridy

is the conformal symplectic Lie algebra of (V,w). The hyperplane ideal
j = heis(V,w) x sp(V,w)

(the Jacobi-Lie algebra) can be identified by the linear isomorphism

i Polaa(V),  g(0,2)(6) = 2 +w(0,€) + Jwl(eE6), E€V

with the Lie algebra of polynomials Pol<s(V') of degree < 2 on V, endowed
with the Poisson bracket ([Ne0O, Prop. A.IV.15]). The set

Cy :={f €Pol<a(V): f >0}

is a pointed generating invariant cone in j. The element hg := idy defines a
derivation on j by (ad ho)(z,v,x) = (22,v,0) for z € R,v € V,z € sp(V,w).
Any involution 7, on V satisfying m{;w = —w defines by

Tv(z,v,2) = (—z,—1v (v), Ty ZTV) (60)
an involution on g with 7y (hg) = ho, and —7y (Cy) = Cy follows from

o(Tv(z,v,2)) = —p(z,v,2) o Ty
Considering hg := %TV as an element of sp(V,w), the element
h:=hs + Lidy € csp(V,w) (61)

is Euler in g. Writing V' = V; & V_; for the 7y -eigenspace decomposition, we
have

g1 =000@sp(V,w)—1, go=00V_1®sp(V,w)o = V_1 xgl(V_1),
g1 =RoVi®sp(V,w);.

Note that '
Thzeﬂ—zadh:?v. (62)

Here gy can be identified with the space Pol<2(V_1) of polynomials of degree
<2on V_; and

Cy = Cg Nngr = {f € P01§2<V_1): f> 0}
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~

This cone is invariant under the natural action of the affine group Gy =
Aff(V_1)o =2 V_1 x GL(V_1)o whose Lie algebra is gg. We also note that

g_1 =Polp(Vi) and C_=-Cyng_1={fecPola(V1): f <0},

so that C_ is also pointed and generating.

The Euler element A is not symmetric because dim gy # dimg_;.

We also claim that the Lie algebra hsp(V,w) contains no Euler element.
In fact, as it is perfect,” and heis(V,w) x sp(V,w) is a Levi decomposition,
it suffices by Lemma 2.15 to show that no Euler element of g is contained in
R ® {0} ® sp(V,w). Since all Euler elements h in the hermitian Lie algebra
sp(V,w) are conjugate (Proposition 2.13), it suffices to consider h = hs +
(A,0,0),A € R. As

Spec(ad h) = Spec(ad hs) = {£1,+3,0},

h is not Euler in heis(V,w) x sp(V,w).

2.5 Euler elements in low-dimensional subalgebras

Many phenomena concerning Euler elements alreay appear in the 3-dimensional
Lie algebra sly(R), so that it is relevant to know when an Euler element is
contained in a subalgebra isomorphic to sly(R) or gly(R). The following result
characterizes this property.

Proposition 2.18 Let g be a finite-dimensional Lie algebra and h € £(g) an
Euler element. If h is not contained in the solvable radical rad(g), then there
exists a Lie subalgebra b C g containing h such that

(a) b =sl(R) if and only if h is symmetric, and

b) b2 gl (R) if h is not symmetric.

c) If h is symmetric, then Inng(b) = PSLy(R).

d) If h is not symmetric and g is simple, then Inng([b, b]) = SLa(R).

Proof (a) If h € b 2 sl5(R), then A is symmetric because all Euler elements
in slp(R) are symmetric by Example 2.8. If, conversely, h is symmetric, then
Proposition 2.16 implies that h is contained in a Levi complement s. Therefore
[MN21, Thm. 3.13] implies that h is contained in an sly-subalgebra.

(b) Suppose that h is not symmetric and pick a maximal abelian hyperbolic
subspace a C g containing h. With [KN96, Prop. 1.2] we find an a-invariant
Levi complement s C g. Then as := aN s is maximal hyperbolic in s and
a = as+34(s5). As h is not contained in rad(g), there exists a root oo € A(s, a)

9 A Lie algebra g is called perfect if g = [g, g], i.e., each element is a sum of commu-
tators.
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with a(h) = 1 and root vectors z, € §4 and Yo € §_o With hy := [Ta, Ya) # 0
(see Lemma 7.9). We stress that z, € s1(h). Now

by := Rz, + Ry, + Rh, 2 slh(R)

and [h, b,] C b,. Hence b := Rh + b, is a Lie subalgebra of g. As h is not
symmetric, h & by, and therefore b 2 gl,(R).

(c) If h is symmetric and b = [b, b] = sl3(R) as in (a), then the fact that b
contains an Euler element of g implies that all simple b-submodules of g are
either trivial of isomorphic to the adjoint representation of sla(R) (consider
eigenspaces of ad h). This implies that Inng(b) = PSLy(R).

(d) Suppose that g is simple. If h is not symmetric, then the Weyl group
reflection s, corresponding to the root a from above satisfies

sa(h) =h—a(h)a” =h—a".

As h is not contained in Ra¥ C b,, we have s, (h) € Rh.
The simplicity of g ensures that the root system A = A(g, a) is irreducible
and 3-graded by h € a. Therefore

Ay :={a € A: a(h) =0}

spans a hyperplane in a*, which coincides with A+, and thus Rh = Ag by
duality. Since s, (h) is not contained in Rh, there exists a § € Ay with
B(sa(h)) # 0. Now S(h) = 0 implies

0# B(sa(h) = —p(a”).

As s4(h) is an Euler element, we obtain |3(a")| = 1. Therefore the cen-
tral element e™ade’ of Inng(b,) acts non-trivially, and this implies that
Inng(b,) = SLy(R) because it is a linear Lie group with non-trivial center
([AN12, Ex. 9.5.18]). O

2.6 Abstract Euler couples and the BGL net

We conclude Section 2 with a construction that generalizes the algebraic
construction of free fields for AQFT models presented in [BGL02]. It is based
on an abstract Lie theoretic construction that reflects some key features of
modular pairs (A, J): the space Gg of Euler couples of a Lie group of the
form G, = G x {e,o}. This provides the context for a general construction,
assigning to every antiunitary representation of G, a G-covariant family of
standard subspaces indexed by Gg. We refer to [MN21] and [MNO26b] for
details; see also Exercise 1.51.
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Definition 2.19 For an involution o € Aut(G), we write G, := G x {idg, 0}
for the corresponding group extension and Go = G x {o} for the G-coset of

the involution o.
The set

G:=G(Gy) :={(h,7) €gx Go : 7% =e,Ad(T)h = h}

is called the abstract wedge space of G,. An element (h,7) € G is called an
Euler couple if h € £(g) and

Ad(1) = 7. (63)

In this case 7 is called an Euler involution on G. We write Gg C G for the
subset of Euler couples.

(a) Consider the homomorphism e: G, — {%1}, defined by kere = G. On g
we consider the twisted adjoint action of G, which changes the sign on odd
group elements:

Ad®: G, — Aut(g), Ad®(g) :=e(g) Ad(g). (64)
It extends to an action of G, on G by
g-(h,7) := (Ad*(g)h, grg™"). (65)

(b) (Duality operation) The notion of a “causal complement” is defined on
the abstract wedge space as follows: For W = (h,7) € G, we define the dual
wedge by

W' :=(=h,7)=17.W.

Note that (W) = W and (¢W)" = gW' for g € G by (65). This relation fits
the geometric interpretation in the context of wedge domains in spacetime
manifolds (see also Section 6.2).

Definition 2.20 If (U,H) is an antiunitary representation of G, then we
obtain a standard subspace Hy (W), determined for W = (h,7) € G by the
couple of operators (cf. Proposition 1.6):

JHU(W) = U(T) and AHU(W) = €2m'aU(h), (66)

and thus a G-equivariant map Hy: G — Stand(#H) (cf. Exercise 1.57). This
is the so-called Brunetti-Guido—Longo (BGL) net

HBECL: G(G,) — Stand(H).

For a detailed discussion of the properties of this net and the structures on
G, we refer to [MN21] and [MNO26a].
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The BGL construction provides an abstract perspective on families of mod-
ular pairs (A, J) in terms of Lie theoretic data. This is rather close in spirit
to the approach to nets of local algebras in the context of Geometric Mod-
ular Action (GMA), where concrete wedge regions in a spacetime manifold
are replaced by abstract index sets for families of algebras of local observ-
ables. In this context it is natural to try to recover as much as possible of the
spacetime geometry from this data. In [SWO03] this is done for the action of
the Poincaré group on 3-dimensional Minkowski space. The underlying idea
is to consider the family of modular conjugations, which in the group theo-
retic context corresponds to the conjugacy class of the involution (e, o), also
denoted o in the extended group G,:

My :={(g.€)(e,0)(g,e) " : g€ G} ={(99",0): g€ G}, g* =go(g)".

This set consists of involutions and carries a natural structure of a symmetric
space G/G° (Exercise 3.59, [NO17, §5.1]). It generates G, as a group if and
only if the identity component

Gf ={g¢*: g€ G} oftheset GF={geG: gt =g}

generates G. To see when this is the case, we write

g

g=bhdq with bh=g° and q=g~

Then § is a Lie subalgebra, [h,q] C q, and [q, q] C b, and M, generates G, if
and only if

[9,a] = b,
which is equivalent to the subspace q to generate g as a Lie algebra ([HN12,
Thm. 9.6.1]). If this condition is satisfied, then the group G, is generated
by M,, and one can relate geometric properties to relations that can be
expressed in terms of products of involutions.

2.7 Exercises for Section 2

Exercise 2.21 Let h € sl,(R). Show that h is an Euler element if and only if A is
diagonalizable with 2 eigenvalues A, u satisfying A — p = 1.

Exercise 2.22 Describe the conjugacy classes of Euler elements in the Lie algebras
g = sl,(R), gl,,(R) and s01,,(R) up to conjugation.
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3 Causal homogeneous spaces and wedge regions

The Euler Element Theorem 2.3 provides us with the information that Euler
elements are the natural candidates for the Lie algebra elements h arising in
the Bisognano—Wichmann property (BW), but it provides no information on
how to find appropriate regions W C M.

Motivated by the Bisognano-Wichmann property (BW) in AQFT, the
modular flow o}V (m) = exp(th).m on W C M should, in a suitable sense,
correspond to the “flow of time” on the spacetime region W. This is based
on the interpretation of the modular group in the context of the Tomita—
Takesaki Theorem as the dynamics of the corresponding quantum system,
the thermal time hypothesis, a point of view advocated by A. Connes and
C. Rovelli (cf. [CR94]). References for the AQFT perspective on this issue are
[BB99, BY99, BMS01, Bo98, SW03, Bo09], [CLRR22, §3]. For a perspective
from non-commutative geometry, see [KG09], [Kot19] and [He25].

To formulate what it means that a vector field generates on an open do-
main W C M a flow that qualifies as a “flow of time” requires a causal
structure on the manifold M, i.e., in each tangent space T, (M), we specify
a pointed, generating, closed convex cone C,,, C T;,(M). ' We think of
elements in the interior C, as positive timelike, i.e., tangent vectors to curves
describing the dynamics on a region in M (following the “flow of time”).

Assumption: Unless otherwise specified, we assume in these notes that M
is a homogeneous space, i.e., M = G/H for a closed subgroup H C G with
Lie algebra b (cf. also Remark 3.6). Then the tangent space T (M) in the
base point identifies naturally with the quotient space q := g/h. Hence the
existence of a G-invariant causal structure on M is equivalent to the existence
of an Adq(H)-invariant pointed generating cone Cyq C q (cf. [Ne91], [HN93],
[HO97], [Se71, Se76]). Then

Cyg :=9.Ceg = 9.Cqy for geG,
is the corresponding causal structure on M = G/H, where we write
GxTM —TM, (g,v)—gv="T(cq)v, 0g4(m)=g.m,

for the induced action of G on the tangent bundle TM of M.

10 A closed convex cone C' in a finite-dimensional vector space V is called pointed if
C N —C = {0}, and generating if C — C =V, i.e., if C has interior points.
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3.1 Causal structures and wedge regions

Coming back to the question of how to find W, let us fix an Euler element
h € g. Then we call

d
XM (m) = — th). 67
Mm) = 5| exp(th)m (67)
the corresponding modular vector field. In view of the Thermal Time Hypoth-
esis, the subset W should be contained in the positivity region

Wi (h) = {me M: X}M(m) € C3,}, (68)

which is the largest open subset on which the flow is “future-directed”, i.e.,
timelike in the Lorentzian context. For m = gH € M = G/H and the linear
projection pq: g — q = g/b = Te (M), we have

d d B B
x) (gH) = —| _ exp(th).gH = —|  gg~" exp(th).gH = g.ps(Ad(g)" ).

T dt =
(69)
By G-invariance of the causal structure, this calculation shows that X é\/f (gH) €
Cgpr is equivalent to pq(Ad(g)~'h) € C°, so that we obtain the Lie algebraic
description

Wi (h) = {gH € G/H: Ad(g)~"h € pg'(C°)} (70)

of the positivity region.

Definition 3.1 A wedge region W for h on the causal homogeneous space M
is a connected component of the positivity region Wy (h).

At this point it is not clear why to focus on connected components and
not the whole positivity region. As the concrete examples, where W, (h) is
not connected, show, the inclusions H(W) C H(W,;(h)) are often proper
for nets on M (see Theorem 5.33 for concrete situations). If this is the case
and H(W) = V, then the subspace H(W;;(h)) cannot be separating by the
Equality Lemma 1.9. Therefore the connected components turn out to be the
natural choice for wedge regions. In this context, Theorem 5.19 shows that
small open exp(Rh)-invariant subsets may already satisfy (BW).

Example 3.2 In Minkowski space M = RY¥~! (Remark 1.29), the causal
structure is given by the constant cone field C,, = C for x € M and

C ={zx R 1: 2y > Vx2}.
Here M is a homogeneous space of the Poincaré group

G = Rl’dil X SOlyd,l(]R)e
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with base point 0, whose stabilizer is the Lorentz group SOq g—1(R).. For
the Lorentz boost h(x) = (21, 0,0, - ,0), the corresponding vector field is
linear, i.e.,

X' (x) = h(),

and its values are positive timelike, i.e., contained in C° if and only if
x1 > |wo|, which specifies the Rindler wedge Wx = {(z0,%): 1 > |xo|}-

Figure 5: 2-dimensional Minkowski
space with Rindler wedge Wpgr and
trajectories of the boost (positive
timelike in Wpg).

‘.

Lemma 3.3 Any wedge region W C W]JVFI(h) is tnvariant under the identity
component G of the centralizer

G":={geG: Ad(g)h=h}
of the Euler element h, hence in particular under exp(Rh).

The following proposition provides a sufficient criterion for the positivity
region W7 (h) on M being non-empty. The condition h € b is equivalent to
the base point being fixed under the modular flow.

Proposition 3.4 (Sufficient conditions for the existence of wedge regions)
For M = G/H and an Euler element h € Yy, suppose that 7, € Aut(G) fizes
H and induces an anti-causal map 7™ on M, i.e., TM(Cy,) = —Crar(y for
m € M. Then W, (h) # 0.

Proof For the action of the one-parameter group e®2d* on q := g/h, we

write q;, j = 1,0, —1, for the corresponding ad h-eigenspace and 1

11 For the linear vector field defined by h on q, the positivity region is WJ (h) =
CQ 4+ qo + C° (cf. (72) below). This is why we consider these two cones.
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Cy =£CNqer-

In view of (70), it suffices to show that, for 41 € C9, there exists ¢ > 0 such
that

gt = exp(tx_1) exp(txq)

satisfies Ad(g;)~*h € p; ' (C°). With Lemma 3.7 below, we see that —7,(C') =
C implies that
C; -C2=(Cyp-C)°ccee.

For t > 0 we then have e '®%-1h = h — t[z_y,h] = h — tz_; because
(adz_1)%h € g_a(h) = {0}. We thus obtain

Ad(g) " th = e tdmertadeny — p=tader(py gy ) = b4 tay — te P20

=h+4t(x —x_q)—tle % 1)z,

As pq(h) = 0, this element is contained in p; ' (C°) if and only if this is the
case for
Tl —T_q1 — (etad“171 —1)z_;.

For ¢t — 0, this expression tends to 1 —xz_1 € C°, so that, for some ¢t > 0,
we have g.H € W} (h) by (70). O

Remark 3.5 If we start with a homogeneous space M = G/H and an Euler
element h € g, the space M carries a G-invariant causal structure for which
the positivity region Wﬁ(h) is non-empty if there exists an open subset
O C G such that pq(Ad(HO)h) C q is contained in a pointed open convex
cone. In fact, the minimal cone C' with this property is Adq(H)-invariant,
and if it is also generating, it defines a G-invariant causal structure on M for
which (70) implies that ga (O~1) C Wi (h).

This condition depends very much on the geometry of the adjoint orbit
Oy, the H-action on this orbit and its position with respect to h = ker p,.

Remark 3.6 In these notes we consider only homogeneous spaces, which cor-
responds to the fact that the unitary representations of G we study typically
live on the “one-particle space” in QFT. However, this does not cover all
geometric contexts encountered in Physics, in particular when it comes to
interactions and “n-point functions”. For instance, if M is a homogeneous
causal G-space, then M™, the space of n-tuples (mq,...,my,) of points in M
carries a natural diagonal G-action and a natural causal structure given by

n
C((ml,...,mn) = le X X Omn c T(ml,...,m,,L)(Mn) = H ij (M)
j=1

The G-action on M™ has no open orbits for large n, it is easy to see that the
positivity region of h in M™ is

Wi (h) = Wi (h)".
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To understand how wedge regions look like, we first discuss some simple
classes of examples.

3.1.1 One-parameter groups on affine causal spaces

To develop the key facts on modular flows on causal homogeneous spaces, we
start in this subsection with the case of causal affine spaces, i.e., pairs (E, C),
where F is a finite-dimensional vector space and C' C F a pointed generating
closed convex cone.

Specifically, we consider the following data (cf. [NO®21]):

(A1) FEis a finite-dimensional real vector space.

(A2) h € End(F) is diagonalizable with eigenvalues {—1,0,1} and 75, :=
7ih
emh,

(A3) C C FE is a pointed, generating closed convex cone, invariant under
the one-parameter group e®” and the involution —7.
Writing Ey = E\(h) := ker(h — A1) for the h-eigenspaces and E* :=
ker(r, F 1) for the 7j,-eigenspaces, (A2) implies

E = El (&) EO (&) E_l, E = E1 @E_l, and E+ == Eo. (71)

We put C4. := £C N E4y. For ¢ € E, we write £ = x1 + g + z_1 for the
decomposition into h-eigenvectors.

Lemma 3.7 For the projections
pr1:EF—>FEiy,e—211, and p E—>FE®F 1 =E ,x—x1+2_1,

the following assertions hold:

(i) p+1(C) ==xCx and p11(C°) = +£C3 # 0.
i) p(C)=CNE-=Cy®—-C_andp (C°)=C°NE- =C?d-C°.
(i) CCCidEy®—-C_.

Proof (i) From +Cy C C, we get £Cy C p11(C). Using the et’-invariance
of C and writing « = x, + x¢ + x_; as before, e"z = elx; + xg + e ta_1.
Now take the limit ¢ — oo to see that

Coetet’e =ay+etog+e a1 a1 as t— oo.

We likewise get 1 = limy_, o etethz € C. It follows that x4 € +C4, so
that py1(C) = £Cy. As py; are projections and C° # 0, it follows that
p+1(C°) € £C2. To obtain equality, it suffices to observe that C'? & —C° C
(E~NC)° C C° follows from —71,(C) = C.

(ii) The two leftmost equalities follow from —7,(C) = C, and the second two
rightmost equalities from (i) and p~ = p; + p_1.

(iii) follows from (ii). O
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As the linear vector field on E corresponding to h is given by X (x) =
x1—x_1, Lemma 3.7(ii) implies that its positivity domain is the wedge region

Wihh) =CL@Ey®C>  for Cyp==xCNEy. (72)

In particular, it is not empty. Here —7,(C') = C in (A3) ensures that C°
intersects E~ = im(h). Otherwise we would include cones of the form C' =
C1+ Cy+ C_; with C; C E;. Any such cone is invariant under e®" but for
such cones 0 ¢ C§ implies that C° N (Ey1 + E_1) = 0, so that W (h) = 0.

Example 3.8 (The affine group on R) We endow M = R with the canonical
causal structure given by C; = R>g for x € R. Then the connected affine

group
G = Aff(R). = R x R,

is 2-dimensional. Its elements are denoted (b,a), and they act by the affine,
orientation preserving maps (b,a)xr = ax + b on the real line.

Here h = (0,1) € g is an Euler element whose flow is given by a;(z) = e'x,
generated by the vector field X} (z) = z. Its positivity region is

Wi(h)={zeR:2>0} =R,

and the corresponding reflection is 7, () = —zx.

All other Euler elements in g are of the form b’ = (x,+1), where O), =
R x {1} and O_j, = R x {—1}. The corresponding positivity regions are the
proper unbounded open intervals in R.

The first example refers also to an affine causal space, but now we enlarge
the linear part of the automorphism group.

Example 3.9 (Poincaré group and Rindler wedges) (see also Example 3.2)
The example arising most prominently in physics is the connected Poincaré

group
G = P(d)} :=RY1 %S0 4-1(R)..

It acts on d-dimensional Minkowski space R¥~1 as an isometry group of the
Lorentzian metric given by 3(x,y) = oy — Xy for = (z9,x) € R1471. The
G-action preserves the constant cone field defined by the closed future light
cone

C = {(z0,x) € RV1: 2 > Vx2}.

The generator
h(xo,xl,l‘g, v ,Jid_l) = (331,.730, 0, ey 0)

of the Lorentz boost in the (z¢, z1)-plane is an Euler element in so1 4—1(R),
and e™" acts by the reflection

Th(x) = (_x07 —X1,T2,... 7.’17d71),
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for which —7,(C) = C. In view of the Classification Theorem 2.12, the
fact that the restricted root system of 501 4_1(R) is of type A; implies that
there exists only one conjugacy class of Euler elements in s01 41 (R). With
Lemma 2.15 it follows that the same holds for the Poincaré—Lie algebra g be-
cause its center is trivial. So Euler elements in this Lie algebra are precisely
the Lorentz boosts in different affine coordinate systems.

By (72), the positivity region of h is

Wi (h) =R, (eg+e1)—R, (eg—e;)+span{es,...,eq_1} = {z € RN 0| < 2}

It is called the standard right wedge or Rindler wedge Wg and plays a key
role in AQFT as a localization region for a uniformly accelerated observer,
represented by an orbit of the modular flow in Wx ([BGL02, LL15]; see also
Remark 1.29).

Rindler wedge Wg

Figure 7: R%? with Rindler wege
Figure 6: RY? with modular flow

3.1.2 More examples of wedge regions

The following example is the smallest compact one. It is a causal flag mani-
fold. We refer to Section 3.4 for more on this class of examples.

Example 3.10 (The action of PSLy(R) on S') The group G := SLy(R) acts
on the one-point compactification M = R, = RU {cc} = S! of R by

ar +b ab
gr = for g—(cd)GSLQ(R), z €R,

and the Lie algebra element Y = (Z Z) corresponds on R to the vector field

X¥(x)=b+ (a — d)x — cz®.
The subgroup SO»(R) acts transitively by

B e cos(t/2) sin(t/2) _cos(t/2)-x +sin(t/2)  x+tan(t/2)
plt)w = ( sin(t/2) COS(t/2)) . —sin(t/2) -z +cos(t/2) 1—tan(t/2) -z’




Title Suppressed Due to Excessive Length 7

generated by the everywhere positive vector field (identified with a function
on R CRy)

X&' (2) = %(1 +a?) for = % (_01 é) € s05(R) C g.
As the period of this flow is 27, it induces a diffeomorphism R/277Z — R.
This shows that the natural causal structure on R extends to M in a G-
invariant fashion.

In g = sl5(R) we consider the Euler element h = 1 diag(1,—1) (cf. Exam-
ple 2.8). The flow it generates on R, is given by a;(z) = e'z, fixing 0 and
00. Accordingly,

Wi (h) = R4 C Ry

0 00 ai(x) = e'w

Figure 8: The hyperbolic flow on the circle Ry, = S*; W (h) in blue.

As G acts transitively on the set Op, = E(sl2(R)) of Euler elements in sl3(R)
(Example 2.8), and the positivity regions satisfy the equivariance relation
Wk (Ad(g)h) = g.Wgi (h), their positivity regions in S' are precisely the non-
dense open intervals.

The Cayley transform

ifx_lJrix

Ry .= : =1 = =
C —S {z€C: |z }, C(x) Tt 1 ia

is a homeomorphism, identifying R, with the unit circle in C. Its inverse is

17
Cl:S' SRy, CMz)=i—o
142

(cf. Exercise 3.54). It maps the upper semicircle S} = {z € §*: Imz > 0}
to the positive half-line R;. The Cayley transform intertwines the action of
SLy(R) with the action of SU; 1(C) on the circle St C C by fractional linear
transformations. This action preserves the causal structure on S!, specified
by C, = iR>oz C T.(S') = iRz for z € S*.

Example 3.11 (cf. also Examples 1.28) The Lie group G := SLy(R) has
three classes of causal homogeneous spaces. In Example 3.10 we have already
seen its action on the 1-dimensional circle S!, which is the flag manifold
P(R?) of 1-dimensional linear subspaces of R?, endowed with the natural
action of SLy(R).
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Observing that Ad(SL2(R)) = SO; 2(R). (Exercise 3.58), we obtain two
other examples:

e Two-dimensional de Sitter space
ds? = {(wo, z1,72) € RM: 22 — 22 — 22 = -1}

carries an SOq 2 (R).-invariant causal structure with the positive cone in
the base point e; given by

Cel = {(330, 0, 3?2)2 Ty > |l’2|} - Te1 (dSQ) = Reg + Res.

The inversion —1 on dS? is an anti-causal map. For the Euler element
defined by h(zo, z1,z2) = (21, 0, 0), we obtain the connected wedge region

W+

2 (h) = {(w0, w1, 2) € dS?: w1 > |zol}.

The wedge region W := VV;‘S2

are displayed in Figure 9.

Figure 9:
2-dimensional de Sitter space dS?.

Red lines are specified by zo =
1 and arrows indicate the modu-
lar flow. The blue ones are gosi—
tively causal and lie in WS (h).
The green ones are either negative
timelike or spacelike, and the red
ones lightlike.

(h) and the orbits of the modular flow in W

e Two-dimensional anti-de Sitter space
AdS? = {(z1, 20, 23) € RZ: 22 4+ 22 — 22 =1}

carries an SOg 1 (R)-invariant causal structure with the positive cone in
the base point ey given by

Ce2 = {(1’1,0,1’3)2 T, > |(E3‘} - TEQ(AdSQ) S Rel + ]Reg.
It is uniquely determined by the vector field

2
X295 (@1, 2, 23) = (22, —21,0)
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being everywhere positive timelike. The inverQSion —1 on AdS? is a causal
map. For the Euler element defined by X295 (21, 29, 73) = (23,0, 71), we
obtain the positivity region

W+

gz () = {(z1,72,23) € AdS?: zox3 > 0, |21| < |z3]}.

It has two connected components, specified by the sign of zg ([NOQBa,
Lem. 11.3]). In view of 23 — 1 = 25 — 2%, the relation |z1| < |z3|, which
is equivalent to X}‘L\dsr“ (z) being timelike, is equivalent to |x2| > 1. This
region has four connected components, and xzx3 > 0 selects the two on
which it is positive timelike. These two components of W ., (h) are ex-

i - AdS?
changed by the inversion —1.

Figure 10: 2-dimensional anti-de
Sitter space AdS>.

Red lines are specified by zo2 = 1
and arrows indicate the modular
flow. The blue ones are positively
causal and lie in one component of
Wﬁdsz (h). The green ones are either
negative timelike or spacelike, and
the red ones lightlike.

As homogeneous spaces, AdS? and dS? can be identified with the adjoint
orbit O, = G/G" = £(sl5(R)), where h = 1 diag(1,—1) is an Euler ele-
ment in sl (R) (cf. Example 2.8). However, both carry non-isomorphic causal
structures, where AdS? admits closed causal curves and dS? does not.

3.2 The compression semigroup of a wedge region

Let M = G/H be a causal homogeneous space with causal structure given

by the cone field (Cy,)menrr. Writing X (m) = %|t=0 exp(ty).m € Tp (M),
for y € g, the set
69 _
O = {y € g: (vm € M)XM(m) € Cu} € () Adlglp ' (©) (1)
geG

of those Lie algebra elements whose vector fields on M are everywhere positive
is a closed convex Ad(G)-invariant cone in g. If G acts effectively on M, i.e.,
any g # e acts non-trivially on M, then it is also pointed because elements
in C'yy N—C)s correspond to vanishing vector fields. This cone is a geometric
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analog of the positive cone Cp; of a unitary representation of G (see (151)).?
The following observation shows that it behaves in many respects similarly
(cf. [Ne22]).

Examples 3.12 We consider the action of G = SLy(R) on S', dS? and AdS?
and recall that every non-trivial invariant cone C' C sl3(R) either contains z¢
or —z (cf. (174) in Appendix 7.2.4). For S! and AdS?, the flow generated by
zp € 503(R) is everywhere positive timelike, so that the invariant cones Cg:
and Cpgq2 in sly(R) are non-trivial, containing z¢. On de Sitter space dS?,
the flow generated by z¢ is spacelike, so that Cyg2 = {0}.

As any connected component W C W3, (k) C M is invariant under G* D
exp(RA),'* the same holds for the closed convex cone

Cw:={yecg: (YmeW) Xé\/[(m) €Cp} 2 Cu. (74)

Below we show that this cone determines the tangent wedge of the compres-
sion semigroup Sy of W.

Proposition 3.13 For a connected component W C W;[(h), 1ts compression
Semigroup
Sw:={g€G: gWCW}

is a closed subsemigroup of G with Gy := Sy N Sa,l DG and
L(Sw) = {J,‘ €g: eXp(R+.’L‘) - Sw} = go(h) + CW7+ + CW7_,

with
Cw,i =xCw N gﬂ(h).

In particular, the convex cone L(Sw) has interior points if Chy does.

Proof As W C M is an open subset, its complement W€ := M\ W is closed,
and thus
Sw={gecG: gt WeC W}

is a closed subsemigroup of G, so that its tangent wedge L(Sw ) is a closed
convex cone in g ([HHL89], [HN93, §1.4]).

Let m = gH € W, so that pq(Ad(g)~*h) € C°. For = € g41(h) we then
derive from gio(h) = {0} that

e Th =h+[2,h] =hFa

This leads to

12 Note that the existence of a pointed generating invariant cone in a Lie algebra g
has strong structural implications (cf. [Ne00]). If, f.i., g is simple, then it must be
hermitian.

13 Recall that G* = {g € G: Ad(g)h = h}.
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pq(Ad(exp(z)g) " h) = pq(Ad(g) '™ *1*h) = pq(Ad(g) "' (h £ x))
= pq(Ad(g)~'h) £ pg(Ad(g)~'x).

For z € Cw,+, we have pg(+ Ad(g)~'z) € C, so that ps(Ad(exp(z)g) *h) €
C°, which in turn implies that exp(z).m € W for m € W. So exp(Cw,+) C
Sw, and thus Cyw,+ C L(Sw). The invariance of W under the identity com-
ponent G" of the centralizer of h further entails go(h) C L(Sw ), so that

Cw,+ + go(h) + Cw,— € L(Sw). (75)

We now prove the converse inclusion. Let = € gi(h). If XM (m) ¢ C,, for
m = gH, i.e., p;(Ad(g)~'z) & C, then there exists a to > 0 with

pq(Ad(g)ilh) +to 'pq(Ad(g)ilx) ¢cC
([Ne00, Prop. V.1.6]), so that exp(toz).m ¢ W. We conclude that

L(Sw) n gl(h) = CW7+.

Further, the invariance of the closed convex cone L(Sy ) under e® 8" implies
that, for
r=z_1+z0+21 €L(Sw) and z; € g;(h),
we have
Ty = tli}m e tettadhy € L(Sw)Ngsi(h) = Cw,
(o]

which implies the other inclusion L(Sw) C Cw.+ + go(h) + Cw,—, hence
equality by (75).
Let p+: g — g+1(h) denote the projection along the other eigenspaces of
ad h. Then
Cw,+ 2 Cryt = F+Cy Ng1i(h) = £p+(Cur)

also follows from Lemma 3.7. Therefore C%,; # () implies Cy g # (), and this
is equivalent to L(Sw)° # 0. O

Remark 8.14 In many situations, such as the action of PSLa(R) on the circle
St = Py (R) (Example 3.10), the cones Cy+ 2 Cp 4 coincide, and we believe
that this is probably always the case. If x € Cy 4, then the positivity region

2, :={me M: XM(m) e C,}
contains W (by definition). With the notation
ng(Rz) = {y € g: [y, 2] C R},

we see that it is also invariant under the identity component N, = (exp ng(Rx))
of the normalizer N, = {g € G: Ad(g)z € Ra} of Rz, so that
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2, 2N, WD U exp(—tz). W. (76)
t>0

Clearly, 2, = M follows if N,.W is dense in M, and we are not aware of
examples, for which this is not the case.

The Rindler wedge in Minkowski space. Let G = P(d). be the identity
component of the Poincaré group

P(d) =R % 0y 4-1(R),

acting on Minkowski space M = RY¢ and h € g the Euler element corre-
sponding to the Lorentz boost in the (eq, e1)-plane with wedge region

W=Wgr={x¢€ RL4-1. x1 > |xol}

(Example 3.9). The corresponding reflection is 7, = diag(—1,—1,1,...,1).
Then Lemma 3.15 below asserts that

Sw =T x (SO4_1(R) x SO1 1 (R)"),

so that
Cw.+ =L(Sw)Ngi(h) =Ry(+ey +e1)

consists of constant vector fields, and thus Cy,+ = Cj,+ holds in this case.
For the constant vector field z = eg +e; € Cyy 4, the domain W —R, x is an
open half space, hence in particular not dense in M, but N,.W O W+R%4 =
RLA .

Lemma 3.15 The stabilizer group of Wg is
GWR = (ER X SOd,Q(R)) X SOl,l(R)e, (77)

where Er x SO4—2(R) denotes the connected group of proper euclidean mo-
tions on the edge

ER :=span{es, ..., e4 1} = RI2

of Wg, and SO1,1(R) acts on span{eg,e1}. The compression semigroup of
Wg is

SWR = {g € P(d) gWR - WR} = WR X Ol,d—l(R)WR-

Proof The stabilizer group P(d)w, contains the translation group corre-
sponding to the edge Fr, and gWgr = Wg implies ¢g(0) € Eg, so that

P(d)WR = ER X Ol’dfl(R)WR.
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Further, each g € O14-1(R) preserving Er also preserves its orthogonal
complement, so that

01,4-1(R)wy = O1,1(R)w, x Og—2(R) = (SO1,1(R)c{1,71}) X Og—2(R),

where m = diag(1,-1,1,...,1).
Next we use Lemma 7.32 in Appendix 7.7 to see that

Sw, =Wgr x{g €801 4 1(R).: gWr C Wg}.

Any g € SOy 4-1(R)e with gWgr C Wg satisfies gEr = Epr because g is
injective and dim Fr < oco. This in turn implies that g commutes with 73, =
diag(—1,—-1,1,...,1), so that g = g1 ® g2 with g1 € O1,1(R) preserving the
wedge region W122 C RV = span{eg, e }. As gy W122 is a quarter plane bounded
by light rays, it cannot be strictly smaller than W3, hence g; W3 = W3, and
finally gWgr = Wg. This completes the proof. O

3.3 Causal Lie groups

This this subsection, we discuss the most structured examples of causal ho-
mogeneous spaces, i.e., causal groups with a biinvariant causal structure.

Let G be a connected Lie group and C; C g be a pointed generating
closed convex cone. Then C, := g.Cy C T,(G) defines on G a left-invariant
causal structure. Here the notation g.z = T'(A\y)x refers to the canonical left
translation action of G on T'G. We likewise write v.g € T(G) for the right
translation of a tangent vector v by g. '*

These structures become more interesting if Cy is invariant under Ad(G),
so that the action of G x G by (g1,92).9 = glgggl preserves the causal
structure. °

If ho € g is an Euler element, then h := (hg, ho) € g@? is Euler as well. It
generates the flow

at(g) = exp(tho)gexp(—thg).

The corresponding vector field is

d _
XF(g) = pri P exp(tho)gexp(—thg) = ho.g — g.ho = g.(Ad(g) ™ ho — hy),

so that

14 Note that T'(G) actually carries a Lie group structure, and that the map (g, +) X aq
G — T(G), (z,g9) — g.x is an isomorphism of Lie groups. Here T.(G) = (g,+) is an
abelian nornal subgroup and the O-section is a subgroup isomorphic to G.

15 That a G action on M preserves the causal structure (Crm)mem means that
g.Cm =Cy.;m for ge G,m € M.



84 Karl-Hermann Neeb

Wa(h) ={g€G: Ad(g) *ho —ho € Cot={9€G: Ad(g)ho — ho € —Cy}.

(78)
Here the second equality follows from the invariance of the open cone Cg
under Ad(G). We also note that W2 (h) is an open subsemigroup of G, con-
tained in the closed subsemigroup

S(ho,cg) = {g cG: ho — Ad(g)ho S Cg} (79)

The semigroup property follows from the fact that Ad(g;) ™ ho — ho € Cy for
7 = 1,2 implies that

Ad(g1g2) " ho — ho = Ad(g2) " (Ad(g1) " ho — ho) + Ad(g2) " ho — ho
€eCy+Cq C (.
For the G-invariant order structure on g, defined by
r<c, ¥ if y—x¢cCy,

we have
S(ho,Cy) = {g € G: Ad(g)ho <c, hot-

We likewise have for the strict order, defined by
r<c,y if y—xzedly

that
Wa“(h) ={g € G: Ad(g)ho <c, ho}-

To describe this domain, we need the two pointed generating Ad(G"0)-
invariant cones

Ci = +Cy N gas (80)

(cf. Lemma 3.7).
We claim that, if —7,(Cy) = Cy, then

exp(C3)G" exp(C°) € W (ho). (81)
By passing to the closure, this implies
exp(C1)G" exp(C-) C S(ho, Cy). (82)

As the centralizer G" of hg is obviously contained in S(hg, Cy) and exp(C)G" =
G"exp(C4), it suffices to show that exp(C%)exp(C°) C W (hg). For
x4+ € C%, this follows from
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eadz+eadm_h0 —ho = e+ (ho + [Z‘_,ho]) —hy= e+ (ho+2_-) — ho
= [z4,ho] + e = —x 4Ty =T (p_ — 1))

€ -+ (Cy - C°) C —Cy

(cf. the proof of Proposition 3.4). Here we used —7,,(Cy) = Cjy for the inclu-
sion C¢ — C? C Cg (Lemma 3.7(ii)).

Complex Olshanski semigroups. To motivate the general concept of a
complex Olshanski semigroup, introduced below, we note that, if C; has
interior points, then the open convex cone

g+iCq Cgc

is a tube domain in the complex vector space gc. Replacing gc by a corre-
sponding complex Lie group G¢, containing a connected subgroup G with
Lie algebra g, a natural “non-commutative” variant of a tube domain is the
subset

G exp(iCy),

which is always open. It turns out that, under mild conditions on G, the
subset S := G exp(iCy) is a closed subsemigroup of G¢ with tangent wedge

L(S)={z € gc: exp(Ryz) C S} =g+ iC,.
A concrete example is the subsemigroup
S = {g € GL,(C): |lg]l < 1} = U, (C) exp({X € Herm, (C): X < 0})
of invertible contractions on C". Here is the formal definition.

Definition 3.16 (Complex Olshanski semigroups) Let Cy C g be a pointed
generating closed convex Ad(G)-invariant cone. If G is simply connected and
ng: G — Gc its universal complexification, then ng(G) exp(iCy) is a closed
subsemigroup of G¢ for which the polar mapp

na(G) x Cy — na(G) exp(iCy), (g,z) — gexp(iz)

is a homeomorphism and a diffeomorphism from ng(G) x Cg onto the interior.
We refer to [Ne00, §IX.1] or [HN93, 3.20] for proofs and details on such
semigroups. We then define the complex Olshanski semigroup S (iCy) as the
simply connected covering of ng(G) exp(iCy).
If G is not simply connected and g : G — Gits simply connected covering
group, then we put
Sa(iCy) = S5(iCq) /T,

where I' C Z(G) is the discrete kernel of the covering map g¢, which acts by
multiplication on Sz (iCy).
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By restricting the exponential function gc — G¢, we obtain by lifting to
S5(iCy) an exponential map

Exp: g+ 1Cy = S (iCy),

corresponding in this context to the exponential function, even if S (iCy)
is not contained in any Lie group. It may be a covering or a quotient of a
subsemigroup of a Lie group. In all cases the map

G x Cyg = Sc(iCy), (g,z) — gExp(ix)
is a homeomorphism and a diffeomorphism on the interior.

Definition 3.17 (The semigroups of KMS points) Assume that 7, = gmtadh
integrates to an automorphism 7, of G and that —72(Cy) = Cy. Using the
complex Olshanski semigroup Sg(iCy), we define the subsemigroup

Gkms € G

of KMS points in G as the set of those elements g € G for which the orbit
map
ad:R—= G, a9(t) = ag)

extends analytically to a map S, — S(iCy) on the closed strip, such that
ad(8y) C S(iCy)  and  of(mi) = Th(g).

We refer to [Ne22, §2.4] for a detailed discussion and to Definition 3.49 be-
low for a generalization. This concept is inspired by the KMS vectors from
Definition 1.41.

Theorem 3.18 If G is simply connected, h € g an Euler element, and Cyq C g
a pointed closed convex invariant cone with —7; (Cy) = Cy, then

S(h,Cy) = exp(C1)G" exp(C_) = GMexp(Cy + C_), (83)
the positivity domain
WE(h) = exp(C2)G" exp(C2) = S(h, C)*
is a subsemigroup, and
Grus = exp(CS)G exp(C°) = G exp(CS + C°) = S(h, Cy)2
is a connected component of W (h).

Proof The first two equalities in (83) are the Decomposition Theorem [Ne22,
Thm. 2.16]. Further [Ne22, Thm. 2.21] shows that S(h, Cy) coincides with the
set of all g € G for which o extends to a map Sy — S(iCy).
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Next we show that the additional requirement that a9(S,) C S(iCy) spec-
ifies the open subset G" exp(CS +C°) = S(h,Cy)°. For g = go exp(z1 +z_1)
with z41 € Cx, we have

af(z) = go Exp(e®z1 + e "z 1).
For z = a +ib with 0 < b < m, we have for x4, € C%
Im(e*z1 + e *x_1) =sin(b)(x1 —xz_1) € (Cx — C_)°.
This shows that
Gl exp(CS + C°) = S(h, Cy)2 = exp(C3)GE exp(C°) C Gxus.
Here we used that, for g = gp exp(x1 + z_1), we have

h(9) = Th(g0) exp(7y} (1 + 2 -1)) = Th(go) exp(—x1 — 1),

so that we find for Gkus the additional condition that gy € G™ = G (cf.
[Ne22, Cor. 2.22]).
If, conversely, z+1 € Cx and af(mi/2) = go Exp(i(z1 — z-1)) € S(iCy),
then
1 —T_1 € Cg ﬂgi‘rh’ = Cj_ — Ci

(Lemma 3.7). O

Remark 3.19 For the antiholomorphic extension 7, of 7, to the complex semi-
group S(iCy), the fixed point set

S(iCy)™ = G™ Exp(iC; ™) = G™ Exp(i(Cy — C))

is a real Olshanski semigroup in the c-dual group G° (with respect to 73)
with Lie algebra g¢ = go +ig~ "™ = g™ +1ig~ " (see [HN93, §7.3] for more on
real Olshanski semigroups). The invariance condition —7;(Cy) = Cy implies
that C;™ = Cy — C_ has interior points (cf. Lemma 3.7).

Remark 3.20 In the context of causal Lie groups, specified by a pair (G, Cy)
as above, g may not contain an Euler element, but there may be an Euler
deriwation D € der(g), i.e., D is diagonalizable with eigenvalues contained in
{=1,0,1} (see Example 2.17, and Example 2.7 for the case where G = E is
a vector space). Then 7p := €™ defines an involutive automorphism of g,
and compatibility with the causal structure corresponds to the requirements

PCy=Cy and —7pCy =C,. (84)
To implement a modular flow on G, we assume that all automorphisms o :=
e!? of g integrate to automorphisms oy of G. Then G* := G x4 R is a Lie
group acting by causal automorphisms on M := G, where (¢,0) € G* acts
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by left translation and (0,¢) by ;. This action leaves the biinvariant cone
field on G invariant, and the involution Tg on G is anti-causal, i.e., flips the
cone field into its negative. Now h’ := (0,1) € ¢’ is an Euler element, and
for every g = (g9,0) € G C G, we have Ad(g)h® — h® € g. We may therefore

consider the closed subsemigroup
S(h*,Cy) == {g € G: I* — Ad(g)h’ € C,}
and find the positivity domain
WE () ={g € G: 1" — Ad(g)l’ € Cy}.
With the same arguments as above, we also obtain with [Ne22, Thm. 2.16]
W () = exp(C2)G" exp(C°) = G" exp(CS +C°) = S(h*,Cy)°.  (85)

Examples 3.21 (Euler elements with empty positivity regions)

(a) Not every Euler element has a non-trivial positivity region. If M = G is
a causal Lie group with biinvariant cone field corresponding to Cy C g, on
which G x G-acts, then every Euler element hg € g specifies an Euler element
h = (ho,0) € g2, but the corresponding modular vector field is X (g) =
g.h, and this is never contained in Cy = g.Cy because h ¢ Cy. This follows
from the fact that h is hyperbolic and the semisimple Jordan components
of elements in Cy are elliptic (cf. [NOe22, Cor. B.2] and Appendix 7.2.5
for the real Jordan decomposition). We also note that 7, = 7, & idy does
not commute with the flip, hence cannot be implemented on the symmetric
space G in a natural way.

(b) For a left invariant causal structure on a Lie group G, the cone C C g =
T.(G) can be any pointed generating closed convex cone. Then W (h) # (
is equivalent to h € C°, and in this case Wg(h) = @, so that the situation is
quite degenerate.

3.4 Causal flag manifolds

In view of Section 2, Euler elements h € g play a key role in AQFT, and
we have to understand causal homogeneous spaces M = G/H for which the
positivity region W;7(h) is non-empty. Otherwise we have no wedge regions
for the Bisognano—Wichmann property (BW). As the “most structured” ho-
mogeneous spaces are symmetric spaces and flag manifolds, we discuss causal
flag manifolds in this subsection and causal symmetric spaces in the next one.
In Physics, the most prominent example of a causal flag manifold is the con-
formal compactification (S* x S9=1)/{£1} of d-dimensional Minkowski space
(Example 3.33), which, for d = 1, reduces to the circle S'.
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Definition 3.22 To define flag manifolds for a connected semisimple Lie
group, consider x € g such that ad x is diagonalizable, put

e = Zg,\(m) and Q. :={g€G: Ad(9)9. = 9.}

A<0

Then @, is called a parabolic subgroup of G and G/Q, the corresponding flag
manifold. 16

For the description of the causal flag manifolds, we also need hermitian
Lie algebras (see Table 2 in Section 2.3 and Appendix 7.2.3).

Definition 3.23 A simple Lie algebra g with Cartan decomposition g = ¢®p
(see Appendix 7.2.2) is called hermitian if the center 3(£) of a maximal com-
pactly embedded subalgebra £ is non-zero. For hermitian Lie algebras, the
restricted root system X = X(g,a), with respect to a maximal abelian sub-
space a C p, is either of type C, or BC, (cf. Harish-Chandra’s Theorem
[Ne00, Thm. XII.1.14]), and we say that g is of tube type if the restricted
root system is of type C,.. The terminology comes from the fact that the
corresponding hermitian symmetric space G/K is a tube domain, i.e., bi-
holomorphic to V4 + iV C V¢ for a real vector space V and an open convex
cone V4 C V.

Example 3.24 The Lie algebra g = sl3(R) is the smallest example of a
hermitian Lie algebra and it is in particular of tube type. The corresponding
Lie group G = SLa(R) acts by Mébius transformations

ab az+b
.z =
cd cz+d
on the upper half plane C; = R + iR, C C. This is the smallest example
of a tube domain. This action of C, is transitive, and the stabilizer group

of i € C; is K = SO2(R), so that SLy(R)/SO2(R) = C4. In the boundary
dC, = R we recover the action on the open dense subset R C R, = S'.

Theorem 3.25 (Classification of causal flag manifolds, [Ne26, Thm. 2.5]) Let
G be a connected semisimple Lie group and Q C G be a parabolic subgroup
such that q contains no non-zero ideals of g. Suppose that the corresponding
flag manifold G/Q carries a G-invariant causal structure. Then g is a direct
sum of hermitian simple ideals and there exists an Euler element h € g such
that

q=0qn :=go(h) +g-1(h).

If, conversely, this is the case, then G/Qy, is a causal flag manifold.

16 The name flag manifold comes from the special case where G = SL, (R) and Q
is the stabilizer subgroup of a flag F = (F1,..., F)) of linear subspaces of R", i.e.,
F; is a proper subspace of F;j41 for i = 1,...,k — 1. Then G/Q is the manifold of
all flags (E1,..., Ex) with dim E; = dim F; for ¢ = 1,..., k. General flag manifolds
always have embeddings into flag manifolds of SL,, (R).
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If g is simple hermitian, then an Euler element h exists in g if and only
if g is of tube type, and then they are all conjugate and h is symmetric
(Proposition 2.13). We fix one and consider the corresponding causal flag
manifold M = G/Qj. The tangent space in the base point is

a/dn = g1(h), (86)

and the causal structure on M is specified by the cone
Cy =Cyngi(h), (87)

where Cy is a pointed generating closed convex Ad(G)-invariant cone in g.
We thus obtain an (up to sign unique) causal structure on M, i.e., any other
cone Cy satisfies Cy N gi(h) = Cy or CyNgi(h) = —Cy (IMNO23, §3.5]).
This also follows from the fact that g;(h) contains only two e %-invariant
non-trivial closed convex cones ([HNO96, Prop. A.L.5]).

On the open dense subset of M obtained by embedding

n: g1 — M, n(x):=exp(z)Qn,

the vector field X}/ is the Euler vector field on gy, so that n(C$) C Wy (h),
and we actually have that

W =Wy (h) = n(CS) (88)
([IMN26, Lemma 2.7]).
Proposition 3.26 The compression semigroup of W C M = G/Qy, is
Sw={g€G: gW CW} =exp(Cy)G" exp(C_), (89)
where Cy = £Cy N g41(h).

Proof As G| = exp(g;) is abelian, the inclusions exp(C;) C Sy and G" C
Sy are obvious.

All elements x € C, correspond to constant vector fields on the open
subset 7(g1) € M, and since this subset is dense (Bruhat decomposition), we
obtain

CyCCy={yeg: (YmeM) Xéw(m) € Cn}

(cf. (73)). The group G acts on M with discrete kernel (g contains no non-
zero ideals of g), so that the closed convex Ad(G)-invariant cone Cpy C g is
pointed, and the preceding argument yields

CM,_,_ =CpyNg = C+.

The linear subspace Cpr — C)s generated by Cyy is Ad(G)-invariant, hence an
ideal of g. Further, the cone C is not contained in a proper ideal, so that Cjs
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is also generating, and this leads to C_ = —C’y N g_1 by the discussion pre-
ceding the proposition. Thus exp(C_) C Sy follows from Proposition 3.13.
Putting everything together, we get

Sw 2 exp(C1)G" exp(C-). (90)

The hard part is to verify equality in (89). This involves showing that the
product set on the right is a subsemigroup (which is not obvious because
the factors do not commute; see [Ko95]) and that it actually coincides with
Sw, by showing that it is maximal ([HN95]), hence equal to Sy,. We refer to
[Nel8, Lemma 3.7, Thm. 3.8] for more details and references. ]

Problem 3.27 Theorem 3.25 describes all causal flag manifolds M = G/Q,
for semisimple Lie groups, but it makes good sense to ask for a result on
non-semisimple groups:

(C1) Let « € g be such that ad x is diagonalizable, put

gz = ZgA(x) and  Q,:={g€G: Ad(9)q. = 4z}

A<0

Show that, if M = G/Q, is causal, then  must be an Euler element (cf.
[Ne26, Thm. 2.5] for similar arguments). Note that « € q, implies that q
is self-normalizing, so that L(Q,) = q..

(C2) Assume that h € g is an Euler element. Determine those manifolds M =
Q/Qp with an invariant causal structure on which G acts effectively.

Remark 3.28 (The affine case) Particular examples arise for Euler elements
with g_; = {0}. Then M = G/Qp = n(g1) = g1 and we may assume that
G =g, x Gy.

This covers the action of Aff(R). on R and of the Poincaré group on
Minkowski space. More generally, we may start with a finite-dimensional
real linear space F and a pointed generating convex cone C C E. We write
Aut(C) C GL(E) for its linear automorphism group, which is a closed sub-
group. Then G := E x Aut(C) acts transitively on the affine causal mani-
fold M := F, endowed with the constant cone field C,, = C for m € M.
Further, h := (0,idg) is an Euler element with g_; = {0}, Aut(C) = G" and
g1 & E. The corresponding positivity region is

W =W (h) = C°,
and its compression semigroup is readily identified with
Sw=Cx Aut(C)

because Aut(C) C Sy (cf. also Lemma 7.32).
Lie algebra elements (b,a) € g = g1 % go correspond to affine vector fields
X(x) = b+ ax, and such a vector field is positive on all of E if and only if
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b+ aFE C C, which is equivalent to a = 0 and b € C. Therefore the invariant
cone C)y C g coincides with C' C g;.

Appendix: Euclidean Jordan algebras. The causal flag manifolds of
simple Lie groups are precisely the conformal compactifications of simple
euclidean Jordan algebras ([Ne26], [Be96]).

Definition 3.29 (a) A Jordan algebra is a commutative algebra V, in which
the multiplication (x,y) — L,y = zy satisfies the Jordan identity:

[LoyLp2] =0 e z(2?y) =2*(zy) for x,yeV.

(b) A Jordan algebra is called euclidian or formally real, if, for z1,...,2, € V
the relation 22 + - -+ + 22 = 0 implies 1 = --- =z, = 0.

Examples 3.30 (a) The Jordan algebra structure on the spaces Herm,.(K), K
R,C, H, is given by the symmetrized matrix product

A% B = %(AB+BA). (91)

As A? is positive semidefinite, this Jordan algebra is euclidean.
(b) On Minkowski space R"~! we have a Jordan algebra structure given by

(70,%) * (Y0,¥) = (zoyo + Xy, Toy + YoX) (92)

([FK94, pp. 25, 31]). In this case squares are contained in the closed upper
light cone, and this implies that it is euclidean as well.

This Jordan algebra embeds into the Clifford algebra C1(R?) generated by
anticommuting elements e, ..., e4 with e? =1, via

d
v RV 5 CIRY), 2 = (z0,%x) — 201 + ijej

j=1
and the product (91). It is also called the spin factor.

If g is simple hermitian and X' = Y(g, a) its restricted root system, then
either X' is of type C,. or BC,. (Table 2 in Section 2.3). Moreover, g contains
an Euler element if and only if X' is of type C,, i.e., g is of tube type, and
in this case all Euler elements are Inn(g)-conjugate (Proposition 2.13(b)). In
particular h is symmetric in the sense that —h € Op := Inn(g)h. Then there
exist e € g1(h) and f = —60(e)/2 € g_1(h) such that

e, f]=h, andalso [he]l=¢, [h,fl=—f (93)

(cf. Appendix 7.2.4 for notation related to sl(R)). We then consider on V :=
g1(h) the bilinear product
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T*xY = Hx’f]vy}v (94)

which defines a unital euclidean Jordan algebra (V,x,e). In particular, the
set of squares is a closed pointed generating convex cone (Koecher—Vinberg
Theorem; see [FK94, Thm. II1.2.1]). Its interior V is the cone of invertible
squares. We refer to Table 4 below for a list of simple hermitian Lie algebras
of tube type and the corresponding euclidean Jordan algebras. The only non-
simple Lie algebra listed is 505 2(R) 2 501 2(R)®?, corresponding to the non-
simple Jordan algebra V = R"! =2 R@R (the Minkowski plane, decomposing
in lightray coordinates).

Hermitian Lie algebra  |g |spy,. (R) |su,,.(C) |[s0*(4r) |er(_25)  [502,4(R)

Euclidean Jordan algebra|V|Sym, (R)|Herm, (C)|Herm, (H)|Hermz(Q)|R!4~1

rank of V r T r 3 2

Table 4: Hermitian Lie algebras of tube type and euclidean Jordan algebras

Example 3.31 The corresponding flag manifolds M have interesting geo-
metric interpretations. For

0 1,

2:= 92, = (_1 0) S M2,~(K), K=R,C,H,

we obtain a uniform realization of the Lie algebras sp,,.(R),u, ,(C) and
s50*(4r) as
u(2,K?") = {x € gly,(K): 2*2 + Q2 = 0}. (95)

Then M is the space of maximal isotropic subspaces L C K?" with respect
to the skew-hermitian form B(z,w) := z* Q2w on K*"

Example 3.32 A particularly interesting example arises from the unitary
group U, (C), which can be realized as a causal flag manifold, endowed with
the biinvariant cone field defined by

Cy={z €u,(C): —iz >0}

Then the hermitian Lie group SU,. ,.(C) acts transitively by causal automor-
phisms via

(ch Z) = (au+b)(cu+d)~!

(see [Ne26, §8.2]).
To match this with the discussion of the preceding example, we associate
to u € U,(C) its graph

I'(u) = {(z,uz): z€ C"} C C*},

where we thus obtain all isotropic subspaces of the hermitian form
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h((z1,w1), (22, w2)) 1= 2720 — wiwz,

which is equivalent to the form specified by the hermitian matrix i§25,.. As the
isometry group U(C?", h) of this form acts transitively on the set of maximal
isotropic subspaces by Witt’s Theorem ([Br85]), this provides a conceptional
approach to the transitive action of SU,.,.(C) on U,.(C). For r = 1, we recover
the action of SU; 1(C) = SLy(R) on Uy (C) = St.

Example 3.33 (The Lorentzian case) For d-dimensional Minkowski space
V = RY471 ] we realize the conformal completion M of V as the quadric

Q := Q(R*Y) := {[(z1, z2,x)] € P(R?*?): 22 4+ 22 — x? = 0}, (96)

on which G = SOg 4(R). acts transitively. The natural dense open embedding
V — @Q is given by
1—3:3—1—)(2. 1+ 2% —x?

5 To:X:———|, (97)

n: A Qa n(xﬂvx) = 9

corresponding to the action of the translation group (V,+) 2 g1 (h) on Q (cf.
[AN12, §17.4], [Ne26]).

3.5 Causal symmetric spaces

In the preceding subsection we discussed causal flag manifolds, the “most
symmetric” class of causal homogeneous space in the sense that the dimension
of the acting group is rather large compared to the dimension of M. They
represent “conformal geometries”. Metric geometries, which are more rigid,
correspond in this context to causal symmetric spaces.

We start with some terminology and observations concerning symmetric
spaces and symmetric Lie algebras (cf. [HO97], [CW70], [KOO0S]):

o A symmetric Lie algebra is a pair (g,7), where g is a finite-dimensional
real Lie algebra and 7 is an involutive automorphism of g. We write

g=bhdq with Hh=g =ker(r—1) and q=g " =ker(r+1).
(98)
We call (g, 7) irreducible if the representation of h on q is irreducible.

o A symmetric space is a homogeneous space of the form M = G/H, where
H C G7 is an open subgroup and 7 € Aut(G) an involution. Then H
contains the identity component G7 := (G7).. We call the triple (G, 1, H)
a symmetric Lie group because this triple specifies the symmetric space M.
For a more intrinsic approach to symmetric spaces as “reflection spaces”,
we refer to [Lo69].
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o A causal symmetric Lie algebra is a triple (g, 7, C), where (g, 7) is a sym-
metric Lie algebra and C C q is a pointed generating closed convex cone,
invariant under the group Inng(h) := (e*49) C Aut(g). We call (g,7,C)

— compactly causal (cc) if C is elliptic in the sense that, for © € C° (the
interior of C), the operator ad z is semisimple with purely imaginary
spectrum (cf. Appendix 7.2.5).

— non-compactly causal (nec) if C' is hyperbolic in the sense that, for x €
C°, the operator ad z is diagonalizable over R (cf. Appendix 7.2.5).

e For a symmetric Lie algebra (g, 7), the pair (g° 7¢) with g° := § + iq and
7¢(x 4 ty) = & — iy is called the c-dual symmetric Lie algebra.

o A modular causal symmetric Lie algebra is a quadruple (g, 7, C, h), where
(g,7,C) is a causal symmetric Lie algebra, h € g7 is an Euler element, and
the involution 7, satisfies 7,(C) = —C.

Remark 3.34 (a) (g, 7,C) is non-compactly causal if and only if (g¢, 7¢,iC) is
compactly causal.

(b) (g,7,C, h) is modular if and only if the c-dual quadruple (g¢, 7¢,iC, h) is
modular.

Remark 3.351f Cy C g is a pointed generating invariant cone in g and h € g
an Euler element satisfying —7,(Cy) = Cy, then there is a variety of associ-
ated causal symmetric Lie algebras:

(a) (8%, maip, C, (h, h)) with C = {(z,—z): x € Cy} is a modular causal sym-
metric Lie algebra of group type (cf. Section 3.3).

(b) (gc, 0,iCy, h), with o(x +1y) = x — iy, is a modular non-compactly causal
symmetric Lie algebra of complex type.

(¢) (g,7h,C+ — C_,h) is a modular compactly causal symmetric Lie alge-
bra, called of Cayley type if g is simple. Note that C;™ = Cy — C_ by
Lemma 3.7(ii).

(d) (g,7h,C+ + C_, h) is a modular non-compactly causal symmetric Lie al-
gebra of Cayley type.

In view of _

— oSadh,

K, gc — gc  satisfies kn(g) = g% (99)

it follows that (g, 7,) = (g° ) as symmetric Lie algebras. Moreover,
kn(Cq ™) = kn(Cy — C-) =i(Cy + C)
implies
(9,70, C+ — C_,h) 2(g°, 71,,i(C+ + C_),h) = (g, 7,C+ + C_,h)° (100)
as modular causal symmetric Lie algebras.

Remark 3.36 (Cartan motion groups) If (G, 7, H) is a connected symmetric
Lie group corresponding to the causal symmetric Lie algebra (g, 7, C), then
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we obtain on q a constant causal structure defined by C, which is invariant
under the action of the semidirect product group q x H (a so-called Cartan
motion group), where H := G7 (cf. Remark 3.28). If, in addition, h € h is an
Euler element with 75, (C) = —C, then the pair (q, C') satisfies the assumptions
(A1)-(A3) from Section 3.1.1. So q is an affine causal symmetric space, and
(72) in Section 3.1.1 implies that
Wqu(h) =Cl@®qh)eC for Ci:=xCnNgsi(h).

Remark 3.37 (Lorentzian symmetric spaces) Important examples of causal
symmetric spaces are those where the causal structure comes from a Lorentzian
form, for instance Minkowski space, de Sitter space dS? and anti-de Sitter
space AdS? (see Examples 1.28 and 3.11).

If My = G1/H; is a Lorentzian symmetric space and My = G5/Hs is
a Riemannian symmetric space, then the product M = M; x M, is also
Lorentzian. Natural examples are

AdSP xS?  and  dS? xHyp?.

The compact group U, (C) carries a one-parameter family of biinvariant
Lorentzian structures. We refer to [Ne26, §7] for more details and confor-
mal embeddings of these spaces for p + ¢ = d into Q(R>).

3.5.1 Causal symmetric spaces of group type

We assume first that g is simple hermitian and that hy € g is an Euler
element. Then any Ad(G)-invariant closed convex pointed generating cone
Cy C g specifies a biinvariant causal structure on the group G, considered as
a symmetric space, on which G x G acts transitively. Then the Euler elements
h € g®? for which W (h) # 0 are conjugate to h = (hg, hg) for some Euler
element hgy € g, and in this case

W (h) = exp(CS)G" exp(C°) = S(h, Cy)° (101)

follows from Theorem 3.18, cf. also (78) and (79). Note that W (h) only
depends on the cones C'y, hence is unique up to sign if g is simple ([MNO23,

§3.5)).

Examples 3.38 (a) The invariant cone C' C sl3(R) specifies a biinvariant
causal structure on the group SLs(R), for which G = SLy(R) x SLa(R) acts
by left and right translations as a group of causal automorphisms.

On the other hand, we have on the 4-dimensional matrix space M2(R) a
quadratic form, given by the determinant, and this form is invariant under
the action of G by

(9,h).A:=gAh™,
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for which SLs(R) is the orbit of the identity matrix 1. From

ab
det (c d) =ad — bc

it follows that

7: R*? = My(R),
v(e) =1, A(ex) = (01 é) ; es) = ((1) (1)> o (eq) = ((1) 01)

defines an isometry, so that My(R) =2 R?*? as a quadratic space. This easily
implies that
M;(R) D SLy(R) = AdS* C R*?,

i.e., that 3-dimensional anti-de Sitter space is isomorphic to SLz(R), as a
causal Lie group. Actually this isomorphism also yields an isomorphism

SO2,4(R)c = (SL2(R) x SL2(R))/{(1,1), (=1, =1)}.

(b) Another interesting family of causal groups arises from the biinvariant
causal structure on U, (C), specified by the cone

C = iHerm,(C) = {z € u,(C): —ix is positive semidefinite}.

Then G = U, (C) x U, (C) acts by left and right translations, but we have also
seen in Example 3.32 that this action extends to the larger group U, ,,(C)
by fraction linear transformations. This example is Lorentzian if and only if
n = 2, and in this case

Uy (C) =2 (ST x SUL(C))/{+1}

is the causal compactification of the Minkowski space R1'3 = Hermy(C), and
the group SUz 2(C), a 2-fold covering of SOg 4(R)., acts by fractional linear
transformations.

3.5.2 Modular compactly causal symmetric spaces

If (g,7,C) is an irreducible compactly causal symmetric Lie algebra, which
is not of group type, then g is simple hermitian. This follows from [N023b,
Prop. 2.13] and c-duality'”. If g contains an Euler element, then g is of tube
type, Ad(G) acts transitively on £(g) (Proposition 2.13) and there exist 7-

17 The dual symmetric Lie algebra (g¢, 7¢,iC) is irreducible, non-complex and non-
compactly causal. Hence g€ is simple. Moreover 7¢ = 75,0¢ for a causal Euler element
h € iq = q° and a Cartan involution 6¢ of g°. Then g§ = 34-(h) = b§@q5 = he Diqe
implies that 34(¢h) = €. So ih € 3(¢) implies that g is hermitian.
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fixed Euler elements (Corollary 3.47 in Appendix 3.7). Now the embedding
(9:7,C) = (8%, 7, C), @ = (,7(x)) (102)

can be used to determine the positivity region W;;(h) by using the results
for spaces of group type.

On the global side, we consider the action of G on itself by g.z := gx7(g)~!.
Then M := G.e =2 G/G7 is the identity component in the fixed point set of the
involution ¢g* := 7(g)~! and a symmetric space with symmetric Lie algebra
(g,7) (cf. Exercise 3.59). If C = Cy N q, then we even have an embedding of
causal symmetric spaces which is equivariant for the modular flow generated
by the Euler element. This easily implies with (101) that

Wik (h) = wghyn M "L s(cy.n)° 0 M, (103)

and
W =Glexp(Cl+C°) for Cip==£C;" Ngs1(h).

The compression semigroup of W is
Sw = Gwexp(Cy +C_) with Gw =GrH". (104)

Furthermore, Gy is open in G" ([NO23a, Thm. 9.1]). We refer to [NO23a]
for details.

3.5.3 Non-compactly causal symmetric spaces

Irreducible non-compactly causal symmetric Lie algebras (g, 7, C) are c-dual
to irreducible compactly causal ones. The dual (g€, 7¢) is of group type if and
only if g is a complex simple Lie algebra (considered as a real one) and 7 is an-
tilinear, so that h = g7 is a real form and g = hc. Then (g¢, 7¢) = (52, 7qip ).
The existence of the causal structure implies that b is hermitian, but these
real forms are precisely those for which the corresponding conjugation 7 is
of the form @7y, where h € g is an Euler element ([MNO23, Thm. 4.21]). So
Euler elements in complex simple Lie algebras (see Table 2 in Section 2.3)
determine causal symmetric Lie algebras of complex type.

This picture prevails for general simple Lie algebras g. Whenever h € g is
an Euler element and 6 a Cartan involution with (h) = —h, then 7 := 07,
is an involution of g. Further h is also Euler in the complexification g¢, on
which the antilinear extension 6 of 6 to gc defines a Cartan involution. Then
7 := 01, is an antilinear extension of the involution 7 = @1, on g, and
g¢:= (gc)” = b +iq is a hermitian real form of gc with 3(€°) = Rih. For any
invariant cone Cye C g¢ containing —ih, we then obtain by

C:ZCcmq
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an e*dY-invariant cone in q with h € C°. This specifies an embedding
(9,7,C) = (gc,7,iCqe)

of causal symmetric Lie algebras of non-compact type, and we thus obtain a
parametrization of irreducible non-compactly causal symmetric Lie algebras
in terms of Euler elements ([MNOQ?), Thm. 4.21]). Actually this reference
works with the minimal Inn(h)-invariant cones in ¢, but these are in one-to-
one correspondence with the maximal ones.

Theorem 3.39 (Classification of irreducible non-compactly causal symmet-
ric Lie algebras) Let g be a simple real Lie algebra and pick a Cartan involu-
tion 0 with 0(h) = —h. Then the assignment

h (gv Thaa C)

described above defines a bijection from the set £(g)/Inn(g) of conjugacy
classes of Euler elements to the isomorphism classes of irreducible mon-
compactly causal symmetric Lie algebras with maximal Inn(h)-invariant cone.

The following result provides an interesting perspective on how to deter-
mine the Euler element, if we are given the causal symmetric space M. It is
characterized by the requirement that its positivity domain is non-empty.

Theorem 3.40 ([MNO24, Cor. 6.3]) For an irreducible non-compactly causal
symmetric space M = G/H, there exists a unique conjugacy class of Euler
elements Oy, C g for which W3, (h) # 0. In particular Wi, (=h) = 0 if h is
not symmetric.

The preceding discussion dealt with irreducible ncc spaces, but sometimes
it is also convenient to attach to a pair (g, h) of a reductive Lie algebra and
an Euler element h € g an ncc space in a natural fashion. We describe this
construction in the following definition.

Definition 3.41 (The canonical ncc symmetric space associated to a reduc-
tive Lie group) Assume that g is reductive and that G is a corresponding
connected Lie group. We choose an involution 6 on g in such a way that it
fixes the center pointwise and restricts to a Cartan involution on the commu-
tator algebra [g, g]. Then the corresponding Cartan decomposition g =t @ p
satisfies 3(g) C & We write K := G? for the subgroup of #-fixed points in G.

For an Euler element h € g, we write g = g1 & g2, where 3(g) C g1,
h =h,+hs € 3(g) D g2, and gz is the ideal generated by the projection hsy of
h to the commutator algebra. We consider the involution 7 on g with

Tlg, =idg, and 7|y, = 740.

We assume that 7 integrates to an involutive automorphism 7¢ of G. We
write h:=g" and q := g~ C g5 for the 7-eigenspaces in g. Then there exists



100 Karl-Hermann Neeb

in g a unique maximal pointed generating e*d-invariant cone C containing hs
in its interior (Theorem 3.39 above deals with minimal cones, but the minimal
and the maximal cone determine each other by duality). We choose an open
f-invariant subgroup H C G7, satisfying Ad(H)C = C. This is always the
case for Huyi, = G (the minimal choice of an open subgroup H C G7). By
[MNOQS, Cor. 4.6], Ad(H)C = C is equivalent to Hx = H N K fixing h, so
that we also have a maximal choice Hyax = K™ exp(hy), which leads to a
minimal causal symmetric space G/Hpax. We call

M = G/H = Gy/Hy max (105)

the (minimal) non-compactly causal symmetric space corresponding to g,
resp., to G.

3.5.4 Non-triviality of wedge regions

Wedge regions have been studied in detail for compactly and non-compactly
causal symmetric spaces in [NO23a] and [NO23b, MNO24], respectively. For
causal flag manifolds (Section 3.4), we refer to [MN26] and [Ne26] for a discus-
sion of wedge regions and to [Be96, Be98, Be00, BN04] for Jordan theoretic
aspects. The case of non-reductive Lie groups is still poorly understood; but
see [BN25] and [Oeh22a, Oeh23]. We shall return to this topic below.

Problem 3.42 Let h € g be an Euler element and M = G/H a causal
homogeneous space.

(a) How can we determine effectively if W, (h) # 0?7 A sufficient condition is
given in Proposition 3.4.

(b) If h is symmetric, i.e., —h = Ad(g)h for some g € G, then W, (—h) =
g.W3;(h) is nonempty if W;(h) # 0. The converse is not true by Ex-
ample 2.17, where W (£h) # 0 but h is not symmetric. However, for
irreducible non-compactly causal symmetric spaces the converse is true
(Theorem 3.40). Is there a natural characterization of those cases where
Wi (£h) # 07

(c) How are these conditions related to the existence of fixed points of the
modular vector field X}, i.e., to Oy N # 07

Example 3.43 In this context, the Euler element

1 20 0
hl = g 0-1 0 S 5[3(R)
00 —1
from Example 2.9 is instructive. It is not symmetric; note that —h; € Oy, #

Oh, . The corresponding non-compactly causal symmetric space is
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M ={gl2g": g € SL3(R)} C Sym,(R), I, o = diag(1, -1, —1).
Then I1 5 € Wy;(h1) # 0, but Wy, (—=h1) = 0 and the vector field
Xp(z) = iz + zhy

has no zeros on M C Symg(R). In fact, if X (x) = 0, then = anticommutes
with hy. If v € R3 is an hy-eigenvector with hiv = Av, it follows that hizv =
—Azwv; contradicting the fact that the eigenvalues of h; are % and —%. We
refer to [Ne26, Prop. 5.7] for a detailed discussion of this class of spaces and

their modular flows.

3.6 Wedge regions in non-compactly causal symmetric
spaces

Having introduced several classes of causal homogeneous spaces, we now turn
to wedge regions in irreducible non-compactly causal symmetric spaces, such
as de Sitter space. We mainly put some of the results from [MN(524] into the
context in which they are used below.

Here G denotes a connected simple Lie group, h € g is an Euler element,
T = @1, for a Cartan involution 6 satisfying #(h) = —h, and M = G/H
is a corresponding non-compactly causal symmetric space, where the causal
structure is specified by a maximal Ad(H )-invariant closed convex cone C' C q
satisfying h € C° (Theorem 3.39).

First we consider the “minimal” space associated to the triple (g, 7,C). It
is obtained as

Maq = Gad/Hada

where
Gad = Ad(G) =Inn(g) and Hag := K exp(h,) € Gy

(see [MNO23, Rem. 4.20(b)] for more details). Then all other causal sym-
metric spaces associated to the same triple (g, 7, C) are coverings of M,q. In
addition, we assume that the causal structure is maximal, i.e., that C' C q is
a maximal proper Inn(fh)-invariant convex cone in q. Then h € q¢ = gN ¢ and
we consider the domain

™
24, = {x € qe: repec(adz) < 5},

where rgpec(ad x) is the spectral radius of ad .

Theorem 3.44 (Wedge regions in minimal ncc symmetric spaces) If Myq &
G/H is a minimal ncc symmetric space, endowed with the maximal causal
structure, and h € q C g is a corresponding Euler element, then the positivity
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domain in Myq is connected and of the form
Wi, (h) = Ad(G)¢ exp(£2q,).eH (106)

For proofs we refer to [MNOM, Thms. 3.6] for the form of the domain,
and to [MN024, Thm 7.1] for its connectedness. The semigroup Sy of W in
(106) actually is a group, as we shall see in Theorem 5.24 below.

By [MNO23, Rem. 4.20(a)], we have H = Hy exp(h,) with Hrx C K", so
that Ad(H) C H,q. Therefore

q: M — Mua, gH— Ad(g9)Haa

defines a covering of causal symmetric spaces. The stabilizer in G of the base
point in M,q is the subgroup

H* := Ad™"(Haa) = K" exp(by) (107)

because Z(G) = ker(Ad) C K". Note that H* need not be contained in G™
because T may act non-trivially on K" (cf. Remark 3.45). So we may consider
M,q as the homogeneous G-space

M,q = G/H".
As g is a G-equivariant covering of causal manifolds,

Wit (h) = qil(WAtIad (h)) = ¢ 1 (G" exp(§2q,).€Hqaq) = Gh exp(Qqe)Hﬁ.eH
= G exp(2q,)K".eH = GM"K" exp(£2,,).eH = G" exp(£2y,).eH,
where the last equality follows from the polar decomposition G* = K" exp(p™).
The inverse image under the map gp;: G — G/H = M is therefore given by
an Wiz (h) = G" exp(£2q,) HF = G" exp(£24,) K" exp(h,)
= G" K" exp(£2q,) exp(by) = G" exp(£2q,) exp(bhy).-

Next we recall from [MNC/)247 Cor. 8.4] that the map
Gh X gn §2q, = WAZd(h), lg, 2] — gexp(x)Haq (108)

is a diffeomorphism. Therefore W;}ad(h) is an affine bundle over the Rie-
mannian symmetric space G /K", hence contractible and therefore simply
connected. So its inverse image W,;(h) in M is a union of open connected
components, all of which are mapped diffeomorphically onto W;}ad (h) by qur,
and the group mo(K") = K"/K! acts transitively on the set of connected
components. It follows in particular that the diffeomorphism (108) lifts to a
diffeomorphism
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Gh Xgn 2qp = W= Wit (hew, [g,7] — gexp(z)H. (109)

Remark 3.45 (The possibilities for H) For m € N U {co}, let G,, be a
connected Lie group with Lie algebra g = sla(R) and |Z(G,,)| = m. For
m € N this means that Z(G,,) & Z/mZ and G,, is an m-fold covering of
Ad(G,,) = PSLy(R) = G;. Note that Gy 2 SLy(R). Further Goo = SLy(R)
is simply connected with Z (G ) = Z.

We consider the Cartan involution 6(z) = —x ", the Euler element
1/10 1701
which satisfies 2™t = —1. Then

K., = exp(Rze), Z(Gpn) = exp(2nZz),

and
Th(exptze) = T(exptze) = exp(—tze)

because 7 = 671,. We conclude that

Ko {{e} if m= o0,

" {e,exp(mmz¢)}  otherwise.

For m = oo, H = G7, is connected. For m € N, the group G, = K, exp(h)
has two connected components, but if m is odd, then K], does not fix the Eu-
ler element h € C°. Therefore only H := exp(h) leads to a causal symmetric
space G, /H. If m is even, then H can either be (Gy,)7 or G7,.

In G; = PSLy(R), the subgroup H corresponds to SO; 1(R), and the non-
compactly causal symmetric space Gy /H = dS? is the 2-dimensional de Sitter
space.

—~2 —

The universal covering dS is obtained for m = oo, G, = SL2(R), and
then H = exp(h) is connected. All other coverings of dS? are obtained as
Gm/H for H = exp(h).

3.7 Modular reductive compactly causal symmetric spaces

To specify positivity regions and a modular flow on a symmetric M = G/H,
we need an Euler element h € g. For compactly causal symmetric spaces
G/H, the existence of an Euler element already implies the existence of a
modular structure (Corollary 3.47). In particular, the corresponding modular
flow has a fixed point, which we then choose as base point. The corresponding
positivity regions have been investigated in detail in [NO23a]. Here we present



104 Karl-Hermann Neeb

a quite general result on the “automatic” existence of modular structures for
reductive compactly causal symmetric spaces (Proposition 3.48).

We shall need the following observation, which is a consequence of [Oeh22b,
Prop. 3.12].

Proposition 3.46 (Modular structures via Jordan involutions) Let g be sim-
ple hermitian, h € g an Euler element, and V := g1(h) the corresponding
euclidean Jordan algebra. For every involutive automorphism o € Aut(V),
there exists a unique automorphism o, € Aut(g) with o.|lv = o, and then
(g,Thaa,Cg_Th"a,h) is modular compactly causal. Conversely, every simple
modular compactly causal Lie algebra is of this form.

Since the modular flow on G/H generated by an Euler element h € g has
a fixed point if and only if Oy, intersects b, the following corollary implies the
existence of fixed points for irreducible compactly causal symmetric spaces.

Corollary 3.47 (Fixed points of modular flows) Let (g, 7,C) be simple com-
pactly causal and h € g an Euler element. Then On NH # (.

Proof Since £(g) = Oy, the assertion follows from Proposition 3.46, which
asserts that 7 fixes some Euler element k& with 7 = 7,0, O

Proposition 3.48 (Modular structures on reductive compactly causal sym-
metric Lie algebras) Let (g, 7,C) be an effective'® reductive compactly causal
symmetric Lie algebra with C° N [g,g] # 0. If g contains an Euler element,
then there exist an Euler element h' € b = g™ and a cone C' C C such that
(g,7,C", ') is a modular causal symmetric Lie algebra.

Proof (cf. [Ne26, Lemma 3.3]) (a) First we use the Extension Theorem
[NO23a, Thm. 2.4] to find a pointed generating Inn(g)-invariant cone Cj
in g with —7(Cy) = Cy and C = Cy N q. It follows in particular that g is
quasihermitian, i.e., its simple ideals are either compact or hermitian ([Ne00,
Def. VII.2.15]). We write

g=30) g Du

with u compact semisimple and g; a sum of hermitian simple ideals. Project-
ing along the compact semisimple ideal p,: g — 3(g) + gn (the fixed point
projection of the compact group Inn(u)), it follows that

Cq N (3(9) + gn) = pu(Cyq) # 0

(cf. Lemma 7.30 in Appendix 7.7) and likewise

Cy Ngn =pu(Cg N g, g]) # 0.

Here we use that our assumption implies that

18 This is equivalent to h containing no non-zero ideal of g.
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0#C°Nlg, 0] =CyNanig,gl. (111)

(b) Let hy € g be an Euler element. Then the ideal g; < g generated by
[h1, 9] has trivial center and contains no compact ideal, hence only simple
hermitian ideals with an Euler element appear, so that they are all of tube
type. The 7-invariant ideal go := g1 + 7(g1) also has only simple hermitian
tube type ideals. We may thus replace h; by an Euler element hy € g, g]
generating the ideal go.

(c) Let j < g2 be a minimal 7-invariant ideal. Then either j is simple or
a sum of two simple ideals exchanged by 7. In the latter case, j £ b @ b
with 7 acting by 7(a,b) = (b,a). Any generating Euler element in j has non-
zero components, and all these are conjugate under inner automorphisms
(Proposition 2.16). So the projection of hy to j is conjugate to an element of
the form (z,x) € j7. If j is simple, then h = g™ contains an Euler element by
Proposition 3.46. Putting these results on minimal invariant ideals together,
we see that ho is conjugate to an element of g7, i.e., g” contains an Euler
element hs generating go.

(d) The involution 73 := 73, commutes with 7. Next we observe that
g~ ™ C go is contained in a sum of hermitian simple ideals. Therefore [No23a,
Prop. 2.7(d)] implies that the cones Cg** and Cy*™ are —73-invariant and

(C;l’l&x)—Tg _ (C;nm)—Ts _ 09—7—3

As go intersects the interior of Cy by (111), and the cone C;“in C gois
generating, it follows with Lemma 7.30 in Appendix 7.7 that

b7 (CNg™)° =(CoNgy ™) =CgNgy ™

Now

C':=Cn(-m(C) C g

is an Inn(h)-invariant pointed cone in q. As it contains CgNg, ">Ng = CNg, ™,
hence interior points of Cy, it has non-trivial interior. Therefore (g, 7, C’, hs)
is modular. O

3.8 The geometric KMS condition

In Definition 1.41 we have seen how to define the subspace Ykms € Y of KMS
vectors for a continuous R-action on the complex topological vector space
Y and a commuting antilinear involution. On the non-linear, geometric side,
KMS conditions can be modeled as follows. We consider a connected complex
manifold =, endowed with a smooth R-action (o¢):er by holomorphic maps
and an antiholomorphic involution 7= commuting with each o;. We further
assume that = is an open domain in a larger complex manifold and that the
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boundary 0= contains a real submanifold M with the property that, for every
T=-fixed point m in an open subset of Z7= the orbit map R — =t — o™(t)
extends to a holomorphic map 0™ : 81,/ — Z, which further extends to a

continuous map
o™ Sinp —» EUM  with  o™(%in/2) € M. (112)

We have already seen these structures for M = G in Theorem 3.18, so that
our setting generalizes the special case of KMS points in Lie groups (Defini-
tion 3.17).

Definition 3.49 We write
Mywms € M

for the set of all points m € M, whose orbit map ¢™: R — M extends
analytically to a continuous map S, — = U M, analytic on Sy, such that

o™ (mi) = 1=(m).

The elements of Mk g are called KMS points of M. Note that this implies
that o™ (t + mi) = 7=(c™(t)) for t € R, and hence, by antiholomorphic
continuation, that 6™ (Z + mi) = 72(c™(2)) for z € Sy, so that

pi= am(%) € 5™ and mza”(——). (113)
The following discussion sheds some new light on Examples 1.14, 1.15
and 1.16.

Examples 3.50 (Domains in C) In one-dimension we have the following
standard examples of simply connected proper domains in C with their nat-
ural actions of R x {£1}.

(a) (Strips) On the strip Sy = {z € C: 0 < Im z < 7} we have the antiholo-
morphic involution 7s_(z) = mi + Z with fixed point set

S = {z €8S, Imz = g}

The group R acts by translations commuting with 7s_ via o(2) = z + t,
M :=RU(mi+R) = 0S5 is a real submanifold, and for Im z = 7/2, the orbit
map o*(t) extends to the closure of the strip Sy z with o* (£Z) =243 € M.
For the strip we have Myxms = R.

o4 ir + R

R = Myxwms

| oe

O't(Z)
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Figure 11: The KMS points for translations on the strip.

(b) (Upper half-plane) On the upper half-plane C; = {z € C: Imz > 0},
we have the antiholomorphic involution 7¢, (2) = —% and the action of R by
dilations o4(2) = e'z. Here M := R = 9C, is a real submanifold, and for
z =4y, y > 0, the orbit map o*(t) = e’z extends to the closure of the strip
Siz with 0%( £ %) = +i(iy) = Fy. In this case Mxus = Ry

Cy

Rxms = Ry

0
oi(z) =e'z

Figure 12: The dilation flow on the upper half plane C,.

(¢) (Unit disc) On the unit disc D = {z € C: |z| < 1} we have the anti-
holomorphic involution mp(z) = Zz and the action of R = SOy ;(R), by the
fractional linear maps

cosh(t/2)z + sinh(t/2)

(%) = Gih(t/2)7  cosh(t/2)° (114)

Here M :=S! = 0D is a real submanifold, and for z € (—=1,1) = DNR = D™,
the orbit map o*(t) extends to the closure of the strip Si, /o with

4)z + isi 4 +1 +1
o (i )2) = c9s.(w/ )z £ isin(m/4) _ 2EL i gt
+isin(r/4)z 4+ cos(m/4)  Liz+1 z2Fi

and
Mgus = {z —ivV1—2a?: —1<z <1}

is the lower half circle.

_ cosh(t/2)z+sinh(t/2)
—1 1 Ut(z) " sinh(¢/2)z+4cosh(t/2)

Skms =St

Figure 13: KMS points for the hyperbolic flow on the circle.
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The biholomorphic maps

o —1

and Cay: Cy — D, Cay(z):= z

Exp: S, - C,, z—e -
p ™ —+ Z+’L

(115)

are equivariant for the described actions of R x {#1} on the respective do-
mains (cf. Examples 1.15 and 1.16 in Section 1.3).

Lemma 3.51 For a proper simply connected domain 2 C C, any two an-
tiholomorphic involutions on (2 are conjugate under the group Aut(£2) of
biholomorphic automorphisms. In particular, they have fixed points.

Proof ([ANS22, Lemma B.1]) By the Riemann Mapping Theorem, we may
assume that {2 = D is the unit disc. Let 0: D — D be an antiholomorphic
involution. Then ¢ is an isometry for the hyperbolic metric. Therefore the
unique midpoint of the unique geodesic, connecting 0 and ¢(0), is fixed by o.
Conjugating by a suitable automorphism of I, we may therefore assume that
o(0) = 0. Then 9(z) := 0(%) is a holomorphic automorphism fixing 0, hence
of the form 1 (2) = €z for some 0 € R, so that o(z) = €z = y(y~1(2)) for
v(z) = /2. Thus o is conjugate to complex conjugation. O

Proposition 3.52 Up to automorphisms of R x {£1}, any antiholomorphic
action of this group on a proper simply connected domain 2 C C is equivalent
to the one in Examples 3.50(a)-(c).

Proof Up to conjugation with biholomorphic maps, we may assume that
7(z) =z on 2 = D (Lemma 3.51). Now we simply observe that the cen-
tralizer of o_; in the group PSU; ;(C) = Aut(D) is PSO; 1(R), and, up to
automorphisms of R x {41}, this leads to the action in (114). ** O

Examples 3.53 (Examples of KMS domains)
(a) If G = E x4 R as in Example 2.7, then = := F +iC° is a tube domain in
the complex vector space E¢ with E C 0=, and Theorem 3.18 implies that

Fxuvs = Ci ®EydC,

which in this concrete case can be verified easily.
(b) For a causal Lie group G and the complex semigroup = = S(iCy), we
obtain from Theorem 3.18 that

Gkums = exp(Ci)GQ exp(C?) for Ci==xCygNgxri(h).

(¢) For a non-compactly causal symmetric space M = G/H, realized in the
boundary of a complex crown/domain = C Gg /K¢ as the G-orbit of oy :=
exp (— Ith).Kc ([GK02, GKOO03, GKO04, NO26]) we also have

Myys = Wiy (h)en = G* exp(§2q,).eH

19 The automorphisms of the group R* have the form ¢(z) = sgn(z)|z|*, A € R.
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(cf. Section 4.6 and [MNO24, Thm. 8.2]).

3.9 Exercises for Section 3

Exercise 3.54 The Cayley transform C: R — S, C(z) =
pretation in terms of the stereographic projection. Show that projecting the point
1+ 2ix on the tangent line through 1 € St C C with the center —1 € S onto the
circle yields C(x).

Exercise 3.55 (Positivity region of a Lorentz boost) Consider the two-dimensional
Minkowski space R! = {(zo,z1) | zo,z1 € R} and the 2d-Poincaré group G :=
Rl’l X SOl’l(R)e.

(i) Show that
10 ’ ( )

is an Euler element in g = R'! % s01,1(R).
(ii) Show that M = RM! = G/H, for H = SO1,1(R)e, and determine the positivity
region WAJ;I (h) for the causal structure on M, specified by the cone

C:= {(xo,xl) | |a:1| S iL'o} g Rl’l = ToM,

Exercise 3.56 (Minkowski space) For the Minkowski space E := R"4, let n(x,y) :=
Zoyo — (X,y) and consider the closed positive light cone

C:{.CEGE'{L'OZO, n(mam)zo}z
so that F is a causal manifold, for C,, := C and m € E. Show that:

(i) G := SO1,4(R)e acts by causal automorphisms on E and classify G-orbits in E.
Hint: Witt’s Theorem, which asserts that any n-isometry between subspaces of EX
extends to an isometry of the whole space (E,n).

(ii) Show that, for 0 # m € E, the orbit O, := G.m is a causal manifold if T}, (O.,) =
mLn intersects C°, i.e., T, (O, ) contains timelike vectors.

(iii) Show that conditon (ii) is satisfied for eq = (0,...,0,1). If d > 1, then its orbit is
the de Sitter space
ds? = {(z0,x): 22 — x? = —1}

and its stabilizer is H := SO; 4—1(R)e, i.e. dS% 22 SO1 4(R)c/SO1,a—1(R)e.
(iv) Show that g = s01 4(R) is a direct sum g = h @ q for the stabilizer subalgebra

h= Je, = {A S 5017(1(]1%) : Aeg = 0} = Sﬂl,d_l(R),

and
0 0 xo
q={L(zo,x) : (z0,%) eRl’d_l} for L(zo,x):=|0 0 —x
T
To X 0

(v) For z € e, we have Expe, (%) := exp(L(z))eq = C(n(z,v))eq + S(n(z, z))z, for

oo Zk

(2) = Z (2k and S(z):’;)m.
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Show that Exp,, () € dS® and < {t o Expe, (tz) € C if and only if € C.
(vi) Let £(g) C g be the subset of Euler elements. Show that

0 0 1
h=|[0 04-1 0] €&(g) and Wj;(h) =dS*NWkg,
1 0 0

for M = dS? and the right Rindler wedge Wg := {(x0,X%) € E: |xo| < 24}
(vii) For G := (exp(go(h))), show that

W;/}(h) = GZ exp(£2q,)-€d,

00 O
where 24, := {R(z) : [|z] < g}, qe == {R(z) :e € R 1} andR(z) = [0 0 —x
0xzT 0

Exercise 3.57 (Causal symmetric submanifolds of Sym,, (R)) In the linear space
E := Sym,, (R), we consider the closed convex cone C of positive semidefinite matri-
ces, so that E, endowed with the constant cone field C,,, = C, for m € E, is a causal
manifold. Show that:

(i) GL,, (R) acts via g.A = gAg" by causal automorphisms on E.
(ii) For G C GL, (R), any orbit M := {gAgT : g € SL,,(R)} for which
Ta(M)NC® #£0

inherits the structure of a causal manifold.
(iii) Let Ip,q = 1,®—14. When is the orbit M of I, 4 under SL,, (R) a causal manifold?

If this is the case, find an Euler element h € sl (R) for which W3 (h) # 0.
Exercise 3.58 We consider the following linear bijection

1 —To — T2
To— T2 —I1 ’

_1(0-1 _1/01 _1(10
0=5\10 )73 10/)772753\0-1 )"
Show that

(a) o 1(X) = (—2Tr(X0o0), 2T1“(X<72) —2Tr(Xo1)).

(b) The Lorentz form z2 = 2 — 22 — 23 on R® corresponds to the determinant by
= 4det Z. In particular, z € dS? if and only if detZ = i

(c) Show that

1
0: R® = 5l(R), z = (x0,x1,22) — T := 3 (

A: SL2(R) = SO1,2(R)e, A(g) = ¢ o Ad(g) o

defines a 2-fold covering with kernel Z(SL2(R)) = {£1}.
(d) The one-parameter groups Ao, (t) = exp(o;t) € SL2(R), 4 = 1,2, are lifts of Lorentz
boosts and r(0) = exp(—o00) is the one-parameter group lifting the space rotations

1 0 0
A(r(0)) = R(#) = | 0 cos® —sinf | . (116)

0 sinf cosf

Exercise 3.59 Let G be a connected Lie group and 7 € Aut(G) an involutive au-
tomorphism. We consider on G the involutive antiautomorphism defined by gt :=
7(g)~ 1. Show that the identity compoentn of the set
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G':={geG:g" =g}

is a symmetric space and that the group G acts transitively on this space by g.z :=
gr7(g9)~

4 Analytic continuation of orbit maps and crown
domains

So far, our exploration of questions (Q1-4) led us to the insight that the
natural structure to be required on M is a causal G-invariant structure, and
that the elements h € g appearing in (BW) are Euler elements. These in
turn determine the corresponding regions W C M as connected components
of their positivity sets. In this section we now turn to question (Q4), asking
for which unitary representations of G nets of real subspaces satisfying (Iso),
(Cov), (RS) and (BW) exist. From the Euler Element Theorem 2.3 we know
that a necessary condition for the existence of such a net is not only that
h € g is an Euler element, but also that we may assume that 7 := gmtadh
integrates to an involutive automorphism 75, on G, so that we can form the
group
Grh =G {17Th}’

and extend the representation of G to an antiunitary representation (U, H)
of G, (cf. Section 2).
Such a representation U specifies a standard subspace V.= V(h,U) by

AV = eQﬂFi'aU(h) and Jy = U(Th)-

In view of Proposition 1.42, this standard subspace also has a description
in terms of a condition resembling the KMS (Kubo-Martin—-Schwinger) con-
dition for states of operator algebras (cf. [BR96]). It consists of all vectors
& € H for which the orbit map U,f (t) := Up(t)€ extends analytically to a con-
tinuous map U¢: S, — H satisfying U,f (mi) = Jy&. Then Us(7wi/2) € H'V is a
Jy-fixed vector whose orbit map extends to the strip S4 /o (Proposition 1.42
and Section 3.8). We now take this description as our guiding philosophy to
connect standard subspaces with domains in Lie groups and homogeneous
spaces.

To extend the one-dimensional strip-picture to higher dimensional Lie
groups G, one has to specify complex manifolds = (crown domains), con-
taining G as a totally real submanifold,? to which orbit maps of Jy-fixed
analytic vectors extend. These domains = generalize the strip Si /2, corre-
sponding to the one-dimensional Lie group G = R. For semisimple Lie groups,

20 A real submanifold N of a complex manifold M is called totally real if, for every
n € N, the tangent space Ty () satisfies T, (N) + ¢T5(N) = T (M) and T (N) N
iTn (N) = {0}.
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complex crown domains are obtained from crowns Z¢,x C Gc¢/Kc of Rie-
mannian symmetric spaces G/K of non-compact type as their inverse images
Z¢. in the complexified group G¢. These are particular well-known examples
that have been used in harmonic analysis for some time (cf. [AG90], [KSt04],
[FNO25a)), but they have never been studied systematically for general Lie
groups, as outlined in Section 4.1 (cf. [BN25]).

For a crown domain =, containing GG, and an antiunitary representation
(U,H) of G, , we write

HY(Z)CH

for the subspace of those analytic vectors v whose orbit map U": G — H
extends analytically to =. To specify the necessary boundary behavior of the
extended orbit maps on =, we put J := U(73,) and recall from Section 1.8.4

the dense subspace
Hiomp C 17 = Fix(J)

of those J-fixed vectors v, for which the orbit map U} (t) = U(expth)v of
the one-parameter group Uy (t) = U(expth) extends to a holomorphic map
Sir/2 — H, and the limit

Bt (v):= lim 2U;L’(it)

t——m/

exists in the subspace ’H[}s" of distribution vectors of the one-parameter
group Uj, in the weak-* topology. For any real linear subspace

FCHY(E)NH,]

temp»
we then obtain a real subspace
Ei= BH(F) C Hy™ CH™, (117)

and from this space we construct a net of real subspaces indexed by open
subsets O C G via

Hg(@) := spangU—>°(C* (O, R))E. (118)

The operators U~*(p), ¢ € C(G,R), map H~*° into H because they
are adjoints of continuous operators U(p) = [, ©(9)U(g)dg: H — H> (see
Appendix 7.5 for details on distribution vectors). Accordingly, the closure in
(118) is taken with respect to the topology of H. It is easy to see that the
net HY satisfies (Iso) and (Cov), and it is a key result that, if F is G-cyclic in
the sense that U(G)F spans a dense subspace, then the net HS also satisfies
(RS) and (BW) (Theorem 4.16).

There are many ways to construct nets of standard subspaces, but we
think that the geometric approach through analytic extension of orbit maps
to complex manifolds is particularly natural. Accordingly, a key assumption
of our Construction Theorem 4.16 is that the dense subspace Hi—,]cmp of H’
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contains non-trivial analytic vectors whose orbit map extends to =. This
requirement in turn is a serious restriction on the crown domain =.

In Section 4.3 we prove the Construction Theorem that constructs for
an antiunitary representation (U,H) of G, natural nets of real subspaces
on the group G itself. In Section 4.4 we briefly discuss how such nets can
be pushed forward to homogeneous spaces M = G/H. In the subsequent
sections we describe how the Construction Theorem can be used in three
important contexts:

e for representations satisfying a spectral condition (positive energy repre-
sentations), where the crown domains are derived from complex Olshanski
semigroups (Section 4.5).

e for general representations of semisimple Lie group, where the crown do-
mains are derived from crowns of Riemannian symmetric spaces G/K
(Section 4.6), and

e for positive energy representations of the Poincaré group, where the crown
domain in complexified Minkowski space is obtained from a tube domain
(the complex Olshanski semigroup corresponding to the future light cone)
(Section 4.7).

4.1 Crown domains for Lie groups

We consider the following setting:

e (i is a connected Lie group whose universal complexification ng: G — G¢
has discrete kernel. If G is simply connected, then G¢ is the simply con-
nected group with Lie algebra gc, and this condition is satisfied (cf. [HN12,
Thm. 15.1.4(i)]).

e h € gis an Euler element, for which the associated involution 7} = eriadh
of g integrates to an involutive automorphism 7, of G. This is always the
case if G is simply connected. We write

G, =G x{1,7,} =G x,, {£1} (119)

for the corresponding semidirect product and abbreviate 7, = (e, —1)
for the corresponding element of G,,. The universality of G¢ implies
the existence of a unique antiholomorphic involution 7, on G¢ satisfy-
Ing 7p 0 NG = NG © Th-

We now present an axiomatic specification of crown domains for G, to
which orbit maps of J-fixed vectors in antiunitary representations may extend
in such a way that boundary values lead to nets of real subspaces on G as in
(118).
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Definition 4.1 (a) A (G, h)-crown domain is a connected complex manifold

= containing G as a closed totally real submanifold, such that the following
conditions are satisfied:

(Crl) The natural action of G, on G by (g,1).z = gz and (e, —1).z = 7, (x) for
g,z € G, extends to an action on =, such that G acts by holomorphic maps
and 73 by an antiholomorphic involution, denoted 7. These extensions are
unique because G is totally real in =.

(Cr2) There exists an e-neighborhood W C =7* (the set of Tj-fixed points in
=) such that, for every p € W, the orbit map

oP: R—= =, aP(t) :=exp(th).p

extends to a holomorphic map Sir/o — =

(Cr3) The map ng: G — G¢ extends to a holomorphic (G, -equivariant) map
nz: £ — G, which is a covering of the open subset Z¢. 1= n=(Z), so
that we have the commutative diagram

G——=F%F

RN

Gc

3]

(b) We call the triple (G, h, =) a crowned Lie group. For crowned Lie groups
(Gj,hj, Z;), 7 = 1,2, a morphism of crowned Lie groups is a holomorphic
map ¢: =1 — o, restricting to a Lie group morphism pg: G; — G2 such
that

L((pg)hl = hg.

This implies that g o 71, = 71, © ¢g, and, by analytic continuation, ¢
intertwines the Glml—action on =7 with the Ggm2 -action on =j.

Remark 4.2 Note that, if ng: G — Gc is injective, so that G is a subgroup
of the complex Lie group Gg, then (Crl-3) are trivially satisfied for = = G¢.
But this domain is much too large for the Construction Theorem to apply, as
the example of the affine group G = Aff(R). already shows (Example 4.7).

Remark 4.3 (On the condition (Cr2)) Let us denote by W the set of all points
p € 27+ whose orbit map a® has the holomorphic extension property referred
to in (Cr2). The fixed point set =7 is invariant under the connected subgroup
G" = {expgo(h)), which commutes with the involution 7j, on =. As it also
commutes with exp(Rh), the set W is also GP-invariant. This shows that, if
e belongs to the interior of W, then there exists a GP-invariant connected
open subset W C W with e € W€,

If ' C g~" is a convex open 0O-neighborhood with exp(if?’) C n=(5),
then the exponential function i§2" — nz (=) lifts uniquely to an analytic map

exp: i’ - =5 with exp(0) =e, the unit element of G C =. (120)
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Since ig™ ™ C gg‘, we have exp(if2') C =7 so that any G!-invariant domain
W contains an open subset of the form G.exp(if2'). For this reason, we
may assume that W is of this form for some {2.

For any element 2 = 21 +2_1 € g~ with 241 € g+1(h), we have

((ix)=x)—x_1 €9 ™ for (:= e~ 7 adh ¢ Aut(ge).

We thus associate to W = G. exp(if2’) the open subset
WC =Gl exp(2) CG for 2:=((i2) Cg ™. (121)

Remark 4.4 (On the existence of crown domains) If ng is injective, we may
identify G with a closed subgroup of G¢. Then the covering required by (Cr3)
is trivial, so that we may view = as an open subset of G¢, invariant under the
G, -action. Domains with this property are easily constructed as products
Z = Gexp(if2), where 2 C g is an open convex neighborhood of [, 7],
invariant under —7, for which the polar map

G x 22— Ge, (9,%)— gexp(iz)

is a diffeomorphism onto an open subset. With the results from Appendix 7.3,
concretely, Lemma 7.15, Section 7.3.3 and Lemma 7.18, it follows that this
is the case if G is simply connected and

2 ={x € g: Spec(ad z) C (—m,m) +iR}.

Then . \
ETh = G exp(if27 ) D GMexp(if27),

so that any sufficiently small open convex O-neighborhood 2 C 2~
specifies an open neighborhood W< := G".exp(if2’) of e in Z7». Since
exp(ith) € = for [t| < 7/2, an easy compactness argument shows that, if
2 is small enough, then exp(ith)exp(if2’) C = for [¢t| < 7/2, so that (Cr2)
is satisfied. Therefore crown domains = satisfying (Crl-3) exist in abun-
dance, but, as the example of the affine group G = Affi(R). already shows

(Example 4.7), most of them are too large.

Example 4.5 For G = R C C = G¢ and h = 1 (a basis element in g = R),
any strip

E=8,={z€C:|Imz| <r} CC=0Gg, r> /2,

is a crown domain for G = R with W = G. In this case 17, = id, Tr(z) = Z
and G, = (R*,.).

Below we shall encounter various kinds of non-abelian examples.
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4.2 Constructions of crown domains

After the discussion of the axiomatic setup of crowned Lie groups, we now
turn to more concrete tools to construct such domains in various geometric
environments. The following lemma is very useful in this regard.

Lemma 4.6 Suppose that ng is injective and that Ge=, = Gc x {1,7)}
acts on the complex manifold M in such a way that Gc acts by holomorphic
maps and Ty, acts by an antiholomorphic involution Tpr. Let Zpp C M be a
G, -invariant connected open subset, for which there exists an open subset
WhMe C 2T satisfying

exp(Siﬂ/Qh).WM7c C =y
Then, for every mg € WM, the open subset
E:={g€Gc:gmy€ =y}
satisfies (Crl-3) with the open subset
W = {g € Gi": gmg € WM} C =7n,
Proof (Crl): Since Tr(mo) = Tar(mo) = mo, Th(E) = = follows from the

antiholomorphic action of G, on =Z),.
(Cr2): The inclusion exp(Syr/2h)W C = follows from the the fact that

eXp(Si,T/Qh)WM’C C Ey.
(Cr3) is redundant because G C Gc. O

Example 4.7 (The affine group of the real line) We consider the 2-dimensional
affine group of the real line

G=AfR).2RxR, with g=RzxRh z=(1,0), h=(01),

so that
[hyz] =2 and 7x(b,a) = (=b,a).

A pair (b,a) € G acts on R by the affine map (b,a).x = b+ ax and so
does the complex affine group Aff(C) =2 C x C* on the complex line C.
The antiholomorphic involution o(b,a) = (b, @) satisfies Aff(C)” = Aff(R)
R x R*, and G is the identity component of this group. Note that G¢
Aff(C) = C x C, with the universal map

111

Ulex G— GCa nG(b7 CL) = (ba log CL).

The antiholomorphic extension of 7, to Aff(C), is given by
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Tn(b,a) = (—b,a) with  Aff(C)™ =iR x R*.
The subset
exp(Sir/2h) = {0} x C,. = {(0,2) € C: Rez >0} C {0} x C*

is isomorphic to the right half-plane in the complex dilation group.
First, we consider in Aff(C) the domain

Z,:=CxC, with 57" =iRxR, = (Aff(C)™").. (122)

Then W{ := =" satisfies exp(Si./2h)W{ C =1, so that (Cr2) is satisfied.
Further ng extends to a biholomorphic map

Nz, 51 > CxX8irp CGc=CxC, ng(ba)— (bloga).

In [BN25, Prop. 3.2] it is shown that =) is too large for our purposes be-
cause H*(Z1) N H{pmp = {0} holds for infinite-dimensional irreducible rep-
resentations. A natural strategy to find better crown domains is inspired by
Riemannian symmetric spaces (cf. Theorem 4.26 below).

The group Aff(C)z, acts naturally on M := C, where 7p,.2 = —Z. The two
domains Cy (upper and lower half plane) are invariant under the real group
G, , and the half-lines

(Cy)™ = £iRy

satisfy exp(Sir/2h).(£iRy) = Cx. For mg = %74, 7 > 0, we thus obtain with
Lemma 4.6 a crown domain

Eip:={(b,a) e Af(C): bt rai € Cy}
= {(b,a) € Af(C): £r 'b+aic Cy}
={(b,a) € AfF(C): 7 'Imb+ Rea > 0}. (123)

Conjugation with G dilates the parameter r, so that it suffices to consider
the domains =4 ;.

To connect with crowns of symmetric spaces, we consider C; as a real
2-dimensional homogeneous space of G via the orbit map (b,a) — (b,a).i =
b+ ai. It has a “complexification”

nc,: C4 = C4 xC_ CC? e, (2) = (2,2).

The complex Lie group Aff(C) acts naturally on C x C by the diagonal action
with respect to the canonical action on C by affine maps. We consider the
complex manifold Z¢xc := C4 x C_ as a crown domain of the upper half
plane C; = nc, (C,), which is a Riemannian symmetric space of SLy(R),
acting by M&bius transformations (see [Kr08, §2.1] and [Kr09]). It carries the
antiholomorphic involution 7(z,w) := (=%, —w) and it is invariant under the
real affine group G = R x R, so that we obtain with 7 an action of G, on
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Zcxc- As Cy = G.i, the corresponding crown domain in Aff(C), in the sense
of Lemma 4.6 with mg = 1, is
Zy:={g € Af(C): gnc, (i) € Cy x C_} = {(b,a) € Aff(C): bt ai c Cyi}
=2, 1NE_1={(ba) € Aff(C): |Imb| < Rea}.

(0,0)

For this domain
=7r = {(ic,a) € iR x R, : |¢| < a},
and, for |t| < /2 and (ic,a) € 23", we have e'"(ic,a) = (e'ic, e*a) with
| Im(e™ic)| = cos(t)|c| < cos(t)a = Re(e'a).

This proves (Cr2) for S5 and W§' := =;". We have already argued above
that the domain = is too large. The smaller domain =5 behaves much better
than =. On the other hand, the even larger domains =y ; from (123) work
for representations satisfying the spectral condition Fi0U(z) > 0 for the
translation group.

Example 4.8 (Complex Olshanski semigroups) Let G be a connected Lie
group for which 7 is injective and G is simply connected, so that we may
assume that G C G¢, and let h € g be an Euler element. We assume that
C' C gis apointed (not necessarily generating) closed convex Ad(G)-invariant
cone, satisfying —7,(C) = C, and that the ideal m := C — C < g satisfies
g=m+ RA. If m = g, we replace g by m X,q, R, so that we may assume
that g = m x Rh.

Let M < G and M¢ < G¢ be the normal integral subgroups correspond-
ing to m and mg, respectively. Since G¢ is simply connected, it follows from
[HN12, Thm. 11.1.21] that the subgroup M¢ C G¢ is closed and simply
connected, and this implies that M C Mg is closed in G, as the identity
component of the group of fixed points of the complex conjugation on Mg
with respect to M. Then the construction in Step 1 of the proof of [HN12,
Thm. 15.1.4] shows that the inclusion map M < Mc is the universal com-
plexification of M. Using again that G¢ is simply connected, it follows from
[HN12, Prop. 11.1.19] that G¢ & Mc %, C with «,(g) = exp(zh)g exp(—zh),
and thus

G2 Mx,R with «ai(g) =exp(th)gexp(—th).
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We consider the complex Olshanski semigroup
S := M exp(iC°) C Mg,

for which the multiplication map M x C° — S, (g, z) — gexp(iz) is a diffeo-
morphism (Definition 3.16, [Ne00, §XI.1]). Note that S is invariant under 7p,.
Recall from Lemma 3.7 that

C CCitgo(h)—C—  and C5—C° =C°Ng™™ for Cy :=+CNga1(h)

Radh

follow from the invariance of C under e and —7j. On the complex man-

ifold S, the group G, acts by
(g,t).m =gaz(m) and 74.m =Txr(m)

where we use the notation 7, = (e, —1) € G,,, introduced after (119). The
fixed points of 7j, form the subsemigroup S™ = M™ exp(i(C$ —C?)).?" For
z41 € O, we consider the element sg := exp(i(x; —x_1)) € S7*, and in G¢
the crown domain

== {(gaz) € MC X Siﬂ/Z: (gaz)~80 = gaz(SO) S S}

(Lemma 4.6). We now verify (Crl-2); (Cr3) is redundant because = C Gg.
(Crl): First we observe that 75(so) = so, and that 7, (S) = S follows from
—72(C) = C. Therefore

Th((g, 2)-80) = Tr(g, 2)-s0

implies that the domain = is invariant under 7, (g, z) = (Tr(9), Z)-
(Cr2): We recall from [Ne22, Thms. 2.16, 2.21] that, for y = y; —y_1 €
C9 — C?, we have

ait(exp(iy)) = exp(i(ey; —e y_1)) €S  for |t| < m/2.
So we find with
Wi = M exp(i(CS + C2))sy ' € MZ"
that
W= GMWS x {0}) CE™  satisfies au;W" CEZ  for |t| < /2.
(124)
This proves (Cr2).

Remark 4.9 The construction in Example 4.7 can also be viewed as a special
case of Example 4.8. To see this, write

21 We refere to [HN93, §7.3] for more details on such “real Olshanski semigroups”.
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G=ATR),=RxRy M xR, CMcxC* with M=Rx{1}.

The invariant cone C' := R,z generates the ideal m = Rz, and C' = C,..
Then S = C; with S7» = {R,. For sg = ir, r > 0, we obtain

E={(bja) e M x C*: (bya).so =b+raic Cy} == ,.

4.3 Nets of real subspaces

In Section 4.2 we constructed examples of crowned Lie groups, introduced in
Section 4.1. We are now ready to use this geometric setup to construct nets
of real subspaces for antiunitary representations.

Given a domain & C G satisfying (Crl-3), and an antiunitary represen-
tation (U, H) of G, , we write

HY(ZE)CH

for the subspace of those analytic vectors, whose orbit map extends to =.
That the non-triviality of this space imposes serious restrictions on = follows
in particular from the discussion in the last section of [BN24]. For the group
G = Aff(R). @ R x R, the domain must be contained in C x C,., where C,.
is the open right half-plane. So one has to understand the boundary behavior
of the extended orbit maps on the domain =
For J = U(m,), let
Hiomp C 17 = Fix(J)

be the dense real linear subspace of H”, consisting of those vectors v for
which the orbit map Uy (t) = U(expth)v extends to the open strip Sir/o,
and the limit

Bt (v) = lim U} (—it) (125)

t—mw/2

exists in the subspace H™>°(Up) C H™>° of distribution vectors of the one-
parameter group Uy,. 2?2 In view of Theorem 1.44, this is equivalent to the
existence of C, N > 0 such that

V(s ™ 7N
TP @it)||2 < c(5 - \t|> for [t| < /2. (126)

By [FNOQS&, §2.2, Lemma 2|, the limit 3% (v) always exists in the larger space
Hl};ﬁKMS, so that the main point is the additional regularity (temperedness),
related to the weak convergence after pairing with elements of Hpy, .

22 The notation Hiemp refers to the “temperedness” of the boundary values, which
in the classical context corresponds to tempered distributions.
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The boundary values (125) are actually contained in the space Hypyig (see
Appendix 1.8.3), consisting of those distribution vectors o whose orbit map

U, " R—=>H">, t—U, *(t)a=aocU(exp—th)
extends analytically to the closed strip Sy, such that
U, =% (mi) = Jo.

Using Theorem 1.43, it then follows that smearing with test functions on R
maps a € Hypyis into V.= V(h,U). Therefore any real linear subspace
FCHYE)NHL

temp

leads to a real subspace
E:=f7(F) CH™™,
and from this space we construct a net of real subspaces on G as follows.

Definition 4.10 Let E C H™°° be a real linear subspace. Then, for each
v € C(G, C), the operator

U-(p) = /G S()U~(9) dg

maps H~°° into H, because it is an adjoint of the operator U(¢*): H — H>.
To an open subset O C G, we associate the closed real subspace

HS (0) := spangU—>°(C>(O,R))E, (127)
where the closure is taken with respect to the topology of H.

Remark 4.11 Tt is obvious that the net HS satisfies (Iso). To see that (Cov)
also holds, observe that the left-invariance of the Haar measure on G yields

U (@)U (p) = U™ (4 * ),

1

where (g * ¢)(x) = p(g~ ") is the left translate of .

Remark /.12 One may also consider subspaces E C H, but the key advantage
of working with the larger space H~>° of distribution vectors is that it con-
tains finite-dimensional subspaces invariant under ad-diagonalizable elements
and non-compact subgroups. For finite-dimensional subspaces of H, this is
excluded by Moore’s Theorem if ker U is discrete ([Mo80]).

The following proposition is useful to verify the inclusion HS (O) C V for
an open subset O C G.
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Proposition 4.13 Let (U, H) be an antiunitary representation of G, and
V=V(h,U) the corresponding standard subspace. For an open subset O C G
and a real subspace E C H™°, the following are equivalent:

(a) HF(O)CV.

b)  For all p € C*(O,R) we have U~ (p)E C V.

c) Forall p € CF(O,R) we have U~ (p)E C Hxnis-
d) U™>(g)E C Hyng for every g € O.

To show that HS (W) C V, we thus need to show that U~>(W%)E C
Hicnts-
Proof ([FNO25a, Prop. 9]) By the definition of HS(0), it is clear that (a)
is equivalent to (b). Further, (b) implies (c) because V.C Hyyjs (Theo-
rem 1.43(Db)).

For the implication (c) = (d), let (pn)nen be a d-sequence in C°(G,R)
(cf. Definition 7.23). Then U(p,)€ — & in H*® and hence also in H~>°. It
follows in particular that

U™ (on*9g)n =U""(p)U > (g)n = U > (g)n for neH ™.

Hence the closedness of Hyyjg (Theorem 1.43(a)), shows that (c) implies (d).
Here we use that ¢, * d, € C°(O,R) for g € O if n is sufficiently large.
As the G-orbit maps in H™> are continuous and Hy g is closed (Theo-
rem 1.43), hence stable under integrals over compact subsets and U~ (C°(O,R))H > C
H>, we see with
Hims NH =V

(Theorem 1.43) that (d) implies (b). O
Lemma 4.14 The following assertions hold:
(a) For arbitrary y € g, the corresponding Lie derivative operator
= 00/ — d
Ly: C®(EH) = CF(EH), (Lyf)lg) = | _ Flexp(ty)g)
satisfies L, (O(=Z,H)) C O(=,H).
(b) We have AU (g)H¥(E) C H¥(Z) and, for x € gc, p € =, v € H¥(5),
U@ (p) = U (Ad(n=(p))=)U" (p) (128)

where UY € O(Z,H) 1is the holomorphic extension of the analytic orbit
map UY: G — H.

(¢) The closure of H*(Z) in H is U(G)-invariant. If, in particular, U is ir-
reducible and H* (=) is non-zero, then H*(Z) is dense in H.

Proof (a) The operator L, is the Lie derivative with respect to a fundamen-

tal vector field defined by the action of G by left-translations on =. As this
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vector field is holomorphic, it preserves on each open subset the subspace of
holomorphic functions.
(b) Let v € H¥(Z) and « € g. For arbitrary g € G we have

U(g)0U (z)v = 0U(Ad(g)x)U(g)v,

so that (128) follows for p = g € G. The general case p € = is then ob-
tained by analytic extension. Since the mapping G¢ — gc, g — Ad(g)z, is
holomorphic, for any basis yi,...,ym of g, there exist x1,...,xm € O(G¢)
with

Ad(g)z = x1(9)y1 + - + Xm(9)ym forall g€ Ge.

By plugging this in (128), it suffices to prove that, for every y € g, the
function w — AU (y)U"(w) is holomorphic on =.

We now check this last fact. From the G-action on = it follows that,
for every w € =, there exists t,, € Ry, such that for all ¢t € (—ty,t,) we
have exp(ty)w € =, and then U"(exp(ty)w) = U(exp(ty))U?(w). Taking the
derivative at t = 0 in this equality, we obtain

L") w) = L] U¥(explty)w) = 00 @)U (w)

dt lt=o0
for w € =, where L,: C>*(=Z,H) — C*(=Z,H) is the Lie derivative operator
in the direction y € g. Since L,(O(Z,H)) € O(Z,H) by (a),we are done.
(¢) In view of (b), the closure of H¥(Z) is U(G)-invariant by [HC53, Cor. to
Thm. 2, pp. 210-211] or [Wa72, Prop. 4.4.5.6]. Therefore, if the representation
U is 1rreduc1ble and H“(Z) # {0}, then the linear subspace H* (=) is dense
in H. O

As before, (U, H) is an antiunitary representation of G, and J = U(73).
We will establish in Lemma 4.15 a natural dU (g)-equivariance property of the
mapping B : HY, (Str/2) = Hy”. The domain and the range of B1 may not
be dU(gc)-invariant, so that such an equivariance property does not make
sense on H{;, (S:I:ﬂ'/2) However, (Cr2) ensures that H“(Z) C HY, (Sir/2),
and H“ (=) carries the action of dU(gC) from Lemma 4.14(b), so that we may
study dU (gc)-equivariance for the restriction of 8 to H“(Z).

Lemma 4.15 The map

BTHY(Z) > H ™™, BT(v):= lim U(exp(—ith)) = lim e "9V

t—mw/2 t—mw/2

satisfies the following equivariance relation with respect to the action of gc
on both sides:

Bt odU(x) =dU “(((z)) o BT for (:= e~ adh ¢ Aut(ge),z € (g@. |
129
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Proof (cf. [BN25], and [FN025a, §3, Prop. 7(d)] for the semisimple case)

Let v € H¥(Z) and x € gc. Then the continuity of the operators dU ~¥(z),
z € gc, implies

dU~(((x))8" (v) = lim_aU~*(¢(2))U" (exp(—ith)).

t—m/2

From (128) in Lemma 4.14, we then obtain
AU (z)U" (p) = UV A=) " 2)v () for  pe 5. (130)

This formula holds obviously for p € GG, and for general p it follows by analytic
continuation, using that

p— dU(Ad(n=(p)) tx)v € dU(gc)v

is a holomorphic function with values in a finite-dimensional space. The re-
lation (130) implies

AU (C(2))U" (exp(—ith)) = UV "C@)v (exp(—ith))
_ e*itaU(h)dU (eit ad hC(Z’))’U

We now observe that ¢ — dU(e“ ad h((w))v is a continuous curve in the finite-
dimensional subspace dU(gc)v, so that we obtain the limit

lim_aU(¢(@))U" (exp(—ith)) = A+ (aU (¢¢(2))v) = B+ (aU (a)v).

t—mw/2
This proves the lemma. t

The following theorem is a general key tool to construct nets of real sub-
spaces in a rather direct way for an antiunitary representation of G, .

Theorem 4.16 (Construction Theorem for nets of real subspaces) Let (U, H)
be an antiunitary representation of G,, = G x {1, 7} and

FC Hipmp NHY(E)
be a G-cyclic subspace of H, i.e., U(G)F is total in H. We consider the linear

subspace
E=pT(F) CH ™.

Then the net HS on G satisfies (Iso), (Cov) and (RS). It further satisfies
(BW) in the sense that HS (W) =V holds for W& as in (121).

Proof We refer to [BN25] for a detailed proof. Here we only give an outline.
We have already argued above that (Iso) and (Cov) are satisfied. To verify
the Reeh—Schlieder property (RS), one has to show that, for §§ # O (w.l.o.g.
O C W), we have HS (0)+ = {0}. This is derived from the fact that, if, for
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a = BT (&) € E, the orbit map US: G — H ™~ extends to a holomorphic map
= — H7°°, then it is determined by the values of the orbit map U~>*: G —
H~°° on every open subset of G ([BN25, Thm. 2.9]).

For the Bisognano—Wichmann property (BW), it suffices to show that

U~(WY)E C Hirrs:

Then Proposition 4.13 yields HE (W) C V, and by (RS), HS (W) is cyclic, so
that (Cov) and exp(Rh)WY = W< combined with the Equality Lemma 1.9,
lead to equality. O

4.4 Push-forwards to homogeneous spaces

In the preceding subsection we developed tools to construct from an antiu-
nitary representation (U, H) of G,, natural nets of real subspaces on open
subsets of the group G itself. We now discuss very briefly how such nets can
be pushed forward to homogeneous spaces M = G/H. This subsection is
mainly a collections of tools that can be used to translate between nets on G
and M.

Definition 4.17 On a homogeneous space M = G/H with the projection
map qp: G — M, we obtain from every net H® on open subsets of G a
“push-forward net”

HY(0) == ((ga1)-H)(0) = H (a3, (0)). (131)

The so-obtained net on M thus corresponds to the restriction of the net HE,
indexed by open subsets of G, to those open subsets O C G which are H-right
invariant in the sense that O = OH; these are the inverse images of open
subsets of M under qyy;.

The following three lemmas are useful tools for understanding the passage
from nets on G to G/H better.

Lemma 4.18 Let O C G be open and ¢ € CX(0). We further assume
that (Oj)jes is an open cover of O. Then there exist ji,...,ji € J and
e € C(0;,) such that ¢ = o1 + -+ + V.

Proof The family (O;);cs is an open cover of supp(y), and there exist

J1,---sJk € J such that supp(p) C O;, U---UOj,. Then

G\Supp(@)v Ojl?"'70jk

is an open cover of G. Let xgq,..., X% be a subordinated partition of unity.
Then ¢ = Zle ©;, where ¢; 1= x; satisfies supp(¢;) C O;. O



126 Karl-Hermann Neeb

Lemma 4.19 (Fragmentation Lemma) For §) # O C G open, the following
assertions hold:

(a) If H C G is a closed subgroup, then

(i) every test function ¢ € C°(OH,R) is a finite sum of test functions of
the form

Yop,: G—=C, gr1(gp), ¢eCF(OR),peH.

(ii) every test function p € C°(HO,R) is a finite sum of test functions of
the form

Yod: G—C, g—(pg), ¢eCF(O,R),peH.

(b) Buery ¢ € C°(G,R) is a finite sum Y75, @j 0 Ay, with p; € CZ(O,R)
and g; € G.

Proof (a)(i) The family (Op)yen is an open cover of the compact subset
supp(p), so that Lemma 4.18 implies that ¢ = Z?Zl w; with supp(yp;) C

Opj. Then ¢; := pj0p,, € CZ(O,R) and ¢ = 377 40 Pyt
(a)(ii) and (b) are proved along the same lines. For (b), we use the open cover
(90)g4eq of the group G. O

Lemma 4.20 Let (U, H) be a unitary representation of G, let E C H™>° be
a real linear subspace, H C G a closed subgroup and O #= O C G. Then the
following assertions hold:

(a) HY(OH) = Hg((’)) forE = span(U~>°(H)E).

(b) HE(OH) = HE(O) if E is H-invariant.

(c) HE(HO) is the closed real span of U(H)HE (O).

(d)  The real subspace spanned by U(G)HS (O) is dense in HS (G).

Proof (a) For ¢ =1 op,, ¥ € CX(0) and g € H, we obtain with (195) in
Appendix 7.5.1

U™ (PE=U""(¢ 0 py)E = Ag(g)"'U™™()U~*(¢"")E C U *(Y)E.

Hence Lemma 4.19(a) implies that HS (OH) C Hg(@).
Conversely, for g € H and ¥ € C(O,R), we have

U= () U~ *(9)E = Ac(g) U~ (¢ 0 py)E C HE (OH),

hence also U~ (4))E € HZ(OH), and this implies that HY(0) C HE (OH).
(b) follows from (a).

(c) From Remark 4.11 we know that U(g)HS (O) = HS (gO) C HE (HO) for
g € H. Now the assertion follows from Lemma 4.19(b).

(d) is an immediate consequence of (c), applied with H = G. O
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Remark 4.21 For a net H on the homogeneous space M = G/H, the pre-
ceding lemma implies that, for all open subset O C M, we have
HE'(0) = HE (43/ (0)) = HE (a3, (O)H) = HE (43 (0)) = H{'(O).
Therefore the nets HY on M can always be constructed from U(H )-invariant
subspaces E C H™°°.
If (BW) holds for some wedge region W C M containing the base point,
if follows in particular from V = H} (W) that

U™ (H)E C Hins

(cf. Corollary 4.24(d) below). This requirement on E makes it harder to con-
struct nets of the form H} on homogeneous spaces satisfying the (BW) con-
dition; see in particular Problem 5.28.

Problem 4.22 Let (U, H) be an irreducible antiunitary representation of
G-, and H C G an integral subgroup. When does Hypig contain a non-
trivial U ~°°(H )-invariant subspace?

We know from [FNO25a] that this is always the case if G is semisimple
and G/H is a non-compactly causal symmetric space associated to the Euler
element h as in Theorem 3.39, but in general the existence of such subspaces
is not clear. The case where G/H is a modular compactly causal symmetric
space is relevant for an answer to Problem 5.28 below.

Remark 4.23 (a) If the subspace E C H~°° is invariant under U~>°(H), then
Lemma 4.20(b) implies that HS (O) = HY (OH) for any open subsets O C G.
This means that the nets HY and H} contain the same information and that
HS can be recovered from the net HY on M by

HE (0) = HE (OH) = Hy' (a1 (0)).

(b) We have already seen in Remark 4.11 that the net H', and hence also H}
satisfy (Iso) and (Cov). Further, the net H} inherits (RS) from HE. If (BW)
holds for HS and the wedge region W& C G, in the sense that HY (W) =V,
then it holds for its image in G/H if E is H-invariant, because this implies
with WM = ¢, (W) that

HE (W) = HE (WO H) = HE (a3, (W) = Hg" (W)

(Lemma 4.19).

(c) If E is not H-invariant, then the situation is more complicated. We may
enlarge E to the closed subspace E of H~> generated by U~ (H)E, but
then it is not clear if this still has the form S (F) for some real subspace
F CHY(Z) N Hiop-

The following corollary provides a generalization of Proposition 4.13 to
homogeneous spaces.
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Corollary 4.24 Let (U, H) be an antiunitary representation of G, and V.=
V(h,U) the corresponding standard subspace. For an open subset O C M =
G/H, the projection qpr: G — G/H, and a real subspace E C H™°, the
following are equivalent:

(a) HY(0) =HE (g;/(0) CV.

(b)  For all p € C(q;, (0),R) we have U~*(¢)E C V.

(c) Forallpe C’é’o(q&l(O),R) we have U~ (p)E C Hipis-
(d)  U~(g)E C Hyersg for every g € ¢ (O).

Proof Apply the preceding proposition to the open subset q]_wl(O) cCG. O

4.5 Representations satisfying a spectral condition

An important source of natural crown domains for Lie groups are complex
Olshanski semigroups (Definition 3.17). They arise naturally for antiunitary
representations (U, H) of G, satisfying a spectral condition, asserting that
the positive cone Cy is large in a suitable sense. Concretely, suppose that
C C g be a pointed closed convex Ad(G)-invariant cone satisfying also

—m(C)=C and g=C-C+Rh. (132)

Then the ideal m := C' — C' < g either coincides with g or is a hyperplane in
g for which g = m x Rh. We write M := (expm) < G for the corresponding
integral subgroup. For simplicity, we assume here that the universal com-
plexification ng: G — G is injective, so that we identify G with a closed
Lie subgroup of G. Accordingly, nar: M — Mc is injective, and we obtain a
complex Olshanski semigroup

S = Mexp(iC°) C M¢
(cf. Example 4.8). We pick a point
so :=exp(i(z; —x_1)) € ST  with x4 € CY

and consider an antiunitary representation (U, H) of G, , satisfying the C-
spectral condition

CCCy, where Cy={zxeg: —i-9U(z)>0} (133)
is the positive cone of U.

Theorem 4.25 Let G be a connected Lie group for which ng is injective
and G is simply connected, let h € g be an FEuler element for which Ty,
exists on G, and let C C g be a pointed closed conver Ad(G)-invariant cone
satisfying (132). For x41 € C%, put so := exp(i(x1 — z_1)). Let (U, H) be
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an antiunitary representation of G, = G x {1,7,} satisfying (133), and
consider

E= 5+(U(80)Ht{:mp)

Then the net HS on G satisfies (Iso), (Cov), (RS), and also (BW), in the
sense that HE (W) = V holds for W¢ = G".exp(§, + 2_1) C G, such
that 2 = 4 — 2_1 C g~ is an open connected 0-neighborhood with
exp(if2').s0 C S (cf. (121))).

Proof The spectral condition (133) implies that U extends to a strongly
continuous contraction representation of S := M exp(iC) by

U(mexp(iz)) = U(m)e®Y @ me M,z e C,

and Ulg: S — B(H) is holomorphic with respect to the operator norm topol-
ogy (cf. [Ne0O, Thm. XI.2.5]). For any v € H”, we thus obtain a holomorphic
orbit map

U’: S —H, U"(s)=U(s)v.

It follows in particular, that the map

== {(Q,Z) c M(C X S:I:7r/2: (gaz)'so = gaz(so) € S} - B(H)a
(972) = U((g,z).so) (134)

is holomorphic. We claim that
U(50)Hiemp S H(Z) N Hiomps (135)

hence in particular that H*(Z) N H{,,,, # {0}. So let w € M., and v :=
U(sp)w. Then

U*(g,t) = U(g)Un()U (so)w = U(gau(so))Un(t)w = U((g, t).50) U} (),

where Uy, (t) = U(exp th). The evaluation map B(H)xH — H is holomorphic,
so that the representation U: S — B(H), and thus the orbit map U%: S —
H, are holomorphic. For w € 'Hg’cmp C Hy, (Str/2), the prescription

U*(g,2) := U((g, 2)-50) U}, (2)

defines a holomorphic map = — H, extending the orbit map U" on G. This
proves v € H¥(Z). To see that also v € Hg]emp, note that

Uv(e,t) = U(expth)U(so)w = Ulau(s0)) Uy (t) for teR
implies by analytic continuation

eOUMy = UV (e, it) = Ul (so)) U (it)  for  |t| < m/2.
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As U(S) = U(M)e'U(©) consists of contractions, we obtain
7™M o) < U (it

It thus follows with (126) that w € #,,,, implies that v € H,,,.
We conclude that the dense subspace U (so)H iy, is contained H“(Z) N

H;;Jcmp, so that this subspace is dense as well, and now Theorem 4.16 applies
to all antiunitary representations (U, H) of G, with C C Cyp. O

4.6 Semisimple Lie groups

The following theorem builds on the analytic extension results from [KSt04],
and their generalization to non-linear groups by T. Simon in [Si24], which also
contains the result on the temperedness, resp., the growth condition (126).
These results were used in [FN O25a] to construct nets of real subspaces on
non-compactly causal symmetric spaces.

Theorem 4.26 (The crown domain of a semisimple group) Suppose that g
is semisimple, g =t ® p is a Cartan decomposition, and that h € p an Fuler
element. We consider three cases for a connected Lie group G with Lie algebra
on which T, exists:

(a) If G C G¢, K = expg t and K¢ = K exp(it) C G¢, then we consider the
domain

Ege = Gexp(i£2,) K¢ C G, 2y, ={z €p: Spec(adz) C (—7/2,7/2)},

and .
W = Glexp(if2, ™K. (136)

(b) If G is simply connected, K = expq(t), and K¢ is the universal complex-
ification of K, then we consider the simply connected covering manifold
Z := Eg. of the complex manifold Z¢. from (a) and

W =GP exp(if2, ™). K2, (137)

with respect to the G-action from the left and the Kc-action from the right
on =.

(¢) If G 2 G/T" is a connected Lie group with Lie algebra g and I' is a -
mvariant discrete central subgroup, so that T, can also be implemented on
G, then we put

Z.:=2Zq. /)T

for the simply connected crown domain EGC from (b). Then G acts on
= from the left, and, for K := expgt and its universal complexification
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Kc, the group K¢ acts naturally on = from the right, so that we obtain a
domain

W = Ghexp(if2, ). K" (138)
Then, in all cases (a), (b), (c), the conditions (Cr1-3) are satisfied.
Proof (a) As Z¢, is the inverse image of the open crown domain
EGC/KC = Gexp(iﬂp)Kc =G Xk iQp

in G¢/Kg, it is an open subset of G¢ which is a holomorphic K¢-principal
bundle over the contractible space Z¢,. /.. Condition (Crl) follows from the
invariance of G, exp(if2,) and K¢ under the antiholomorphic involution 7p,.
To verify (Cr2), we first observe that W< C 52’; follows from the fact that
all 3 factors in (136) consist of fixed points of 7). The set of 7,-fixed points
in =g, is a fiber bundle over
BT e 2 Gl x g 12, Th s GT /KT
Ge/Ke e XK op c /B¢
([N023b, Thm. 6.1]), so that the K¢-principal bundle structure of Z¢, im-
plies that EZJ& is a th—principal bundle. We conclude that W = Eg’é . The
inclusion
exp(Sir/2h) W C Eg. s equivalent to exp(Siﬂ/gh)Eg’;/KC C Ege/Kes
which is shown in [MNO24, §8].
(b) We now assume that G is simply connected, so that ng: G — G¢ has
discrete kernel and G¢ is simply connected. The discussion in the proof of
[FN025a, §3, Prop. 5] shows that the simply connected covering = of Zg,
is a complex manifold which is a K¢-principal bundle over the contractible
space =,/ k.- This implies that ng: G — Z¢, lifts to an embedding G — =
and 71 (ng(G)) = ker(ng) = m(E¢,) acts as a group of deck transformations
on =. We thus obtain a free action of G on = from the left, and a free
holomorphic action of the simply connected universal complexification K¢ of
the integral subgroup K = expgs £ C G from the right. The exponential map
12y — Z¢g, also lifts to a map exp: (2, — ::GC. In this sense, we obtain a
factorization
= = Gexp(if2y)Kc.

The involution 7, of G extends to an antiholomorphic involution 7, on = (by
the Lifting Theorem for Coverings), and we obtain a connected open subset

_ 9 = —
We = Glexp(if2, ")KI" C =7,

Here K" is connected because K¢ is simply connected ([Lo69, Thm. IV.3.4]).
We thus obtain crowned Lie groups in both situations.
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(c) follows easily from (b) by factorization of the discrete central subgroup
7T1(G) =] CAG. U

We take a closer look at de Sitter space de7 considered as an irreducible
nce symmetric space of the Lorentz group SO 4(R)e.

Example 4.27 (cf. Exercise 3.56) For de Sitter space M = dS? C V := R4

and the Lorentzian forms 22 = x3 — x? on RY¢ a natural complexification is

the complex sphere
Mc := {2z = (20,2) € C*T%: 22 — 2% = —1}.
It contains M = Mc N R and also the Riemannian symmetric spaces
Ha := {(ivo,iy): yo — y> = 1,£y0 > 0} = S0, 4(R)./SO4(R).

Here G = SO1 4(R)e € G¢ = S01,4(C) = SO114(C) and K = SO4(R) C
K¢ = S04(C). The crown domains of the hyperbolic spaces Hy = G/K are
the intersections with the tube domains V £:V:

(1)

L= Me N (V£iVy).
For both domains,
ds? = {(z0,x) e RV: 22 —x%> = —1} C 9y 5.
For the Euler element h, given by the Lorentz boost
h.(xo,z1,...,24-1) = (21, 20,0,...,0),

(= exp(—%ih) acts by

C.x = (—ixy, —ix0, Tay ..., Tq),
so that C.ieg = e; € dS%. o

We also note that, for V.C 9(V+iV_) and C := V., the set of KMS-points
in Vis
Vims = CS + Vo +C° =Wyl (h), where Cy =Rx(e; +ep)
(cf. Examples 3.53(a)). Accordingly,
dSicns = Viems NdS? = W, (h).

Example 4.28 (cf. Exercise 4.34) For G = SL,(R), n = p+ ¢, and the Euler

element .
— _Lfql, O
h:=hg:= - ( 0 p1q> € sl,(R)



Title Suppressed Due to Excessive Length 133
from (47), the corresponding non-compactly causal involution 7 = 7,0 is
T
(@) = —Ipgr Ipg

(cf. Section 3.5.3). Therefore G™ = SO, 4(R) and, for the action of G on
Sym,, (R), we have

M :=G.I,,={gl,,9" : g € SL,(R)}.

This space carries a causal structure for which M — (Sym,,(R), Sym,, (R);)
becomes an embedding of causal manifolds.

Here M, := G.I,, = G.1 2 G/K is the corresponding Riemannian sym-
metric space. For

¢ :=exp ( — %ihq)
we have
¢.I, = exp(—mihy) = e*m’q/nlp o 6m‘p/nlq _ efm-q/nfp,q,
so that G.(C.I,) & G.Ip, = M.

Now that we know what the natural crown domains for semisimple Lie
groups are, we can address the construction of nets of real subspaces. Theo-
rem 4.31 is surprisingly general because it applies to all irreducible antiuni-
tary representations of G, . A key ingredient of its proof is Simon’s Growth
Theorem. This is [Si24, Thm. 3.2.6] (and [Si25, Thm. 3.1, Rem. 3.3.15)),
where, in addition, we use [FN025a, Thm. 3] for the existence of the limit in
the smaller subspace

H=>(OU (z)) CTH™™.

This result generalizes the extension results by Krotz and Stanton [KSt04]
by removing the condition on the group G that its universal complexification
is injective.

Theorem 4.29 (Simon’s Growth Theorem) Let G be a connected semisim-
ple Lie group with Cartan decomposition G = K expp and let (m,H) be an
irreducible unitary representation of G. Then there exist for every K -finite
vector v € H constants C,n > 0 such that, for every x € p with spectral
radius rspec(ad x) < m/2, we have

He’aU(z)vH < C(E — Tspec(adx)> .

In particular, lim; = etV egists in H=(Uy) for h € p with
Tspec(adh) =1,

where we put Up(t) = U(expth).
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The last statement uses the equivalence of (b) and (c) in Theorem 1.44.

Remark 4.30 The conclusion of the preceding theorem does not hold for re-
ducible unitary representations without suitable restrictions. It prevails for
finite sum or irreducible representations, but in general not for infinite sums
or direct integrals.

Consider, for instance, the Lie subalgebra g = 501 2(R) C g* := su; o(C)
and an Euler element h € g (a Lorentz boost). Then h is not an Euler element
in g* because the eigenvalues of adg: (h) are {0, £1, £2}.

Now consider a unitary representation (U, H) of G that extends to a uni-
tary representation of the larger group G¥. Then K! = G* N U3(C) is a
maximal compact subgroup. We consider a K*-finite vector v € H. Then
Simon’s Growth Theorem provides estimates for e**9V(My for ¢ — +7, and
in general the limit does not exist in 7, so that e**?Y(")y is not defined for
TSt< 3.

Theorem 4.31 Let (U,H) be an irreducible antiunitary representation of
G, = Gx{1,7,}, where G is a connected semisimple Lie group. Let F C H
be a finite-dimensional subspace invariant under U(K) and J = U(1p,). Then

Fi=F  CHY(Z)NHipp and E=pT(F)CH ™,

for BT from (125). The push-forward net HY from (131) on the non-
compactly causal symmetric space M = G/H for H = K™"exp(h,) from
Definition 3.41 satisfies (Iso), (Cov), (RS) and (BW), where W = W, (h)en
18 the conmected component of the positivity domain of h on M, containing
the base point eH.

Note that 7;,(K) = K implies that J leaves the dense subspace H!*! of K-
finite vectors invariant. Therefore J-invariant finite-dimensional K-invariant
subspaces exist in abundance.

Proof (Sketch) The Krétz—Stanton Extension Theorem and Simon’s gener-
alization [Si24] for non-linear groups imply that the space HIX] of K-finite
vectors is contained in H“(Z). By [Si24, Thm. 3.2.6] or [Si25, Thm. 3.1,
Rem. 3.3.15], the space HIETAH of J-fixed K-finite vectors, which is dense
in H”’, is contained in ”H;]emp, so that

FCH(Z) N Hionp

(cf. Theorem 1.44). Irreducibility of U further implies that U(G)F is total in
‘H. Therefore the assumptions of the Construction Theorem 4.16 are satisfied
for the finite-dimensional subspace E = 81 (F) C H~*°, and natural equiv-
ariance properties, such as Lemma 4.15 then imply that it is H-invariant.
Therefore the net HY = (qa)«HY on M = G/H, defined as in (131), also
satisfies (RS) and (BW) (Remark 4.23). O
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4.7 The Poincaré group

In this subsection we apply the general machinery to positive energy repre-
sentatiuon of the Poincaré group, where the crown domain in complexified
Minkowski space is obtained from a tube domain (the complex Olshanski
semigroup corresponding to the future light cone) (Section 4.7).

We consider the Poincaré group
G =R %S0, 4(R), C G¢ := C'*? % SO, 4(C)
and the Euler element h € s01 ¢(R) C g, generating a Lorentz boost:
h(zo, x1,...,2q) := (21,20,0,---,0).
The corresponding involution
e™ = diag(—1,-1,1,...,1) € SO 4(R)

acts by conjugation on G¢ (denoted 73) and we also obtain an antiholomor-
phic involution on G¢ by 7(g) := 71(9)-

We consider the action of Gc7, = Ge x {1,75} on M = C'*¢ by real
affine maps, and

™ (20, 2d) = (—Z0, —Z1, 22, , Zd)-

Write
V, = {z = (z9,x) € RM: 25 > Vx2}

for the open future light one in Minkowski space V := R4, Then
Ey=RY 4 iV ={zcC": ImzcV,}

is an open tube domain in M, invariant under G, , and the subset of 7/-fixed
points is

517\-/1[” = {(iy()viylay% cee 7yd): yj € RJJO > |y1|} g 'LR? S¥) Rd71~
For z := (iyo,%y1,Y2, - - -,Ya) € =3}, we have
Im(e™"z) = (cos(t)yo, cos(t)y1,0, ..., 0),

so that 4
ethETr C =2y for |t < m/2.
Myr .__ =
We thus put WHr .= =77

For mg := iep € =1} we now obtain a crown domain
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Z:={g€Gc: gmoy € En},
and we put
W ={geGi:gmy€ En}={g€G:gmoe W} =2,

By Lemma 4.6, this data defines a crowned Lie group (G, h, Z).

The unitary representations of G that are most relevant in Physics can be
realized on a Hilbert space H of holomorphic functions f: =), — K, where
is a finite-dimensional Hilbert space, and H is specified by a reproducing
kernel of the form

K(z,w)=p(z —w) = /V* e du(a), (139)

where p is a tempered Herm(K),-valued measure on the dual cone
Vi ={Ae V" A(Vy) C [0,00[}.

The Fourier transform of p is considered as a holomorphic function pi: =3y —
B(K), whose boundary values define an element in S’'(R'*4, B(K)). More con-
cretely, there exists a finite-dimensional representation p: G — GL(K) such
that

(U(@,9)f)(2) = p(9)f (97" -(z —@)), (z,9) € G,z € Zn.

We refer to [NO@21] for a detailed discussion of the analytic aspects of such
Hilbert spaces and the standard subspaces associated to h. We extend U to
an antiunitary representation of G, by

(Jf)(2) == Jx f(tm(2)),

where Jx is a conjugation on K. Then H” consists of those functions satisfying
F(ED) C K% (INOO21, Lemma 2.5)).
Let
K, H—=K, K.(f):=7f(2)

denote the evaluation operator in z € =jy and K} : K — H its adjoint. Then
the functions
Ki¢, weZp cekx (140)

are contained in H” and span a dense subspace thereof ((NOQ21, Lemma 3.11]).
A straightforward calculation shows that

Ulg)Ku& = K, ,p(g~ )"

As the representation p extends to a holomorphic representation of Gg, it
follows that K¢ € HY(Z) if w € WM¢ = Z7M and thus all functions (140)

are contained in H*(Z)”. To see that they are actually contained in /Hg]emp,



Title Suppressed Due to Excessive Length 137

we need to estimate the norms ||e®*V (") K ¢|| for [t| — m/2 (cf. (126)). As the
finite-dimensional one-parameter group p(exp(ith)) is bounded for |t| < 7/2,
we have to verify that

) . -N
| K (e w, ehaw)]|| < C(g - |t|) for some C,N > 0.

The operator K (e™"w, e™"w) is the Fourier transform of y, evaluated in

ith —ith— . :
e w-—e w, w:(2y07zylay27"‘7yd)7

so that

et — e~ = 2 cos(th) (iyoeo + iyie1) € Riey + Riey. (141)

In view of [FNO25a, Prop. 4, §2.3], that we also used in the proof of Theo-
rem 1.44, the temperedness of the measure u yields an estimate

7@z +iy)| < Clyll™  for  z+iy e RM 40V,

and we conclude from (141) that the functions K¢ are contained in H{,,, .
Therefore all our assumptions are satisfied for the finite-dimensional space

Fi={K,¢: §¢€ K%},

We refer to [NO®21] for detailed descriptions of the corresponding standard
subspaces V C H.

4.8 Exercises for Section 4

Exercise 4.32 (Crown domains of convex cones) Let C' C E be a generating closed
convex cone in the finite-dimensional real linear space E and h € End(FE) be diago-
nalizable with eigenvalues {—1, 0,1}, such that

ErC=C and -—71,(C)=C for T, =e™h,
Show that

(a) If Cx := £C N Ex1(h), then £C+ = p+1(C), where p11: E — E11(h) is the
projection along the other eigenspaces of h.
(b) Th(z) := Th(z) defines an antilinear involution on Eg, preserving the tube domain

E:=E+4+iC°, and ZE"» =4iC°.

(c¢) The set Exms of those elements v for which the orbit map av(z) := e*hy,C — E¢
satisfies
a’(Sx) CE and a"(mi)=T1pv
coincides with
Exms =CY @ Eo(h) @ C°.
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Exercise 4.33 (The crown of real hyperbolic space) Let V := R4 be (d + 1)-
dimensional Minkowski space and
C :={(x0,x): o > 0,22 — x? > 0}

the closed positive light cone. We consider the action of the group G := SO 4(R)e
on V and its complexification V¢ = V 4 ¢V. Show that:
(a) H? := {(izo,ix): 23 — x2 = 1} is the orbit G.iep = G/K for K = SO4(R).
(b) dS¢ := {(z0,x): 22 —x?> = —1} = G.e; and both lie in the orbit

Mc := Ge.e1 = Ge.ieg = {(Z(),Z) S cltd. 2(2) —z% = —l}

(the complex sphere) of the complex orthogonal group G¢ = SO1,4(C).
(¢) Let h(zo,x) = (z1,20,0,...,0) denote the Lorentz boost and

Th(2) = (=Z0, 71,22, ,Za)
the corresponding antilinear involution. Then
Viums = {z € V: a®(Sx) C V+iC°,a”(mi) = mh(z)} = Wr = {(z0,%x): 1 > |z0l|}
is the Rindler wedge.
(d) The open domain
Z:=(V+iC°)N Mc
has the following properties:
(i) It is a G-invariant open neighborhood of H¢.

(ii) dS¢ C 8=.
(iii) 27» = {(izo, iz1, T2,...,Tq) € Mc: z; € R,zo > |z1|} and

e FhET = Wrnds?.
(iv) dS¢ s = {z € dS?: a®(Sx) C =, a®(mi) = th(z)} = Wr N dS9.

Exercise 4.34 (Crowns of the ncc spaces GLp44(R)/ Op ¢(R) from Example 4.28)
For n =p+q,0 < p < n, we consider in V = Sym,, (R) the causal symmetric space

M = GLp(R).Ip,q = {ng,qu: g € GL,(R)} C E:=8Sym,,(R), Ipq,=1,® —14

and the Euler element

hp =1, @0 = diag(1,...,1,0,...,0) € gl (R).

Show that:

(a) M is the set of all symmetric matrices of signature (p, g). In particular, M is open
in V.

(b) Mc¢ := Sym,, (C) N GL, (C) is a complex homogeneous space of GL (C).

(c) For & := McN(V+1iV4) (V4 = {x: £ >> 0} is the open cone of positive definite
matrices), we have

Myms = Mm{ (baT Z) € Sym,, ,(R): a>>0,d < 0}.
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5 Minimal and maximal nets for unitary representations

At this point, we have seen large families of causal homogeneous spaces
M = G/H, for which g contains an Euler element h. In Section 4 we have seen
concrete tools that can be used to construct nets satisfying (Iso), (Cov), (RS)
and (BW), by using the geometric structure of a crowned Lie group. For these
constructions to work, we used rather fine information on the unitary repre-
sentations (U, H) of G, , that can typically only be verified for irreducible
representations and finite direct sums of such representations. In this section
we adopt a global perspective. In particular, we want to construct nets satis-
fying (BW) for representations that can also be direct integrals of irreducible
representations. The key observation is that the wedge region W C M and
the standard subspace V = V(h,U) C H have to be compatible in the sense
that
gW CWwW = U(g)VCV.

Our setting is as follows: G is a connected Lie group, h € g an Euler
element, and we assume that the involution 7 = e™adh on g integrates to
an involution 75, on G, so that we can form the semidirect product G,, =
G x {]_7 Th}.

We also fix a homogeneous space M = G/H, in which we consider an
open subset W # (), invariant under the one-parameter group exp(Rh). We
call the translates (gW)geq of W wedge regions in M. At the outset, we do
not assume any specific properties of W or M, but Lemma 5.2 below will
indicate which properties good choices of W should have.

5.1 Minimal and maximal nets

We consider an antiunitary representation (U,H) of G,, and the canoni-
cal standard subspace V = V(h,U) C H, specified by Ay = ¢>™9U(") and
Jy = U(m,) (cf. The Euler Element Theorem 2.3). We associate to the open
exp(Rh)-invariant subset W C M = G/H and the antiunitary representation
(U, H) of G, the two nets H{™ and HY#*, defined on open subsets of M by

HifX(0):= (] U(gv and HY™O0):= > Ulg)V. (142)
9eG,0CgW geG,gWCO

We call HE#* the mazimal net and HE™ the minimal net associated to
U,M,W (cf. [MN24]). This is justified by Lemma 5.8 below. By construc-
tion, these nets are isotone and covariant, and we shall see in Lemma 5.2
below that they assign V to W C M if and only if we have the semigroup
inclusions
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Sw={9geG:gWCW}CSy={geG:U(g)VCV} (143)
Any other properties of these nets require a more detailed analysis.

Remark 5.1 (a) If there exists no g € G with O C gW, i.e., O is not con-
tained in any wedge region, then HY?*(O) = H (the “empty intersection”).
Otherwise HY?*(0O) is always separating because it is contained in a standard
subspace U(g)V.

We likewise get HER(0) := {0} (the “empty sum”) if there exists no g € G
with gW C O, i.e., O contains no wedge region. Otherwise HIi"(0) is always
cyclic because it contains a standard subspace U(g)V.

(b) If @ # W # M, then we have in particular

H3" (0) = {0} C HYP(0) = () Ulg)V

geqG

and
WM =Y Ulg)V C HEM™ (M) = H.
geG

As for locality issues, we note that
V' =V(=h,U)=JV

(Lemma 1.7) need not be contained in U(G)V, and even if this is the case,
then locality properties of HE* are not immediate. We refer to [NO26] for a
discussion of locality properties of nets on non-compactly causal symmetric
spaces.

The following lemma is elementary. It only uses the Equality Lemma 1.9
to verify the equality of standard subspaces.

Lemma 5.2 The following assertions hold:

(a)  The nets HY™ and HR™ on M satisfy (Iso) and (Cov).

(b)  The set of all open subsets O C M for which HYf*(O) is cyclic is
G-invariant.

(¢c) The following are equivalent:

(i) Sw C Sy.

(i) HYP*W)=v.

(iif) HYP*(W) is standard.
(iv)  HYP*(W) is cyclic.

(v) Hm(W)=v.

(vi) HR®(W) is standard.
(vii)  HY™(W) is separating.

Proof (a) Isotony is clear and covariance of the maximal net follows from
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HYf(900) = [ U@v=Ulg) [\ Ulgs 9V ="U(go)H3>(0).
goOCgW goOCgW

The argument for the minimal net is similar.
(b) follows from covariance.
(¢) (i) & (ii): Clearly, HY*(W) C V, and equality holds if and only if
W C gW implies U(g)V D V, which is equivalent to Sljvl C S;*', and this
is equivalent to (i).

(if) = (iil) = (iv) are trivial.

(iv) = (ii): By covariance and exp(Rh).W = W, the subspace H}?* (W) C
V is invariant under the modular group U(exp Rh) of V. If HY?* (W) is cyclic,
then the Equality Lemma 1.9 implies HYA*(W) = V.

(i) < (v) is obvious.

(v) = (vi) = (vii) are trivial.

(vii) = (v): By covariance and exp(Rh).W = W, the subspace HY/™ (W) D
V is invariant under the modular group U (exp Rh) of V. If HZ® (W) is sepa-
rating, then the Equality Lemma 1.9 implies H® (W) = V. O

For later applications, we record the following observation.

Lemma 5.3 Suppose that (U,H) = ®}_,(U;, H;) is a tensor product of an-
tiunitary representations of G, . Then the standard subspace V.= V(h,U) =
Fix(Je™9U(h) is q tensor product

V=V ® - QV,,

and, for every non-empty subset A C G, the subset V, := ﬂgeA U(g)V satis-
fies

Va2 Via®: - QVpa. (144)
Proof We have & € V, if and only if U(A)~'¢ C V. This shows that any
E=6® - ®&, with & € V; 4 is contained in V4, which is (144). O

The following lemma is a consequence of the naturality of the minimal and
the maximal net.

Lemma 5.4 For A:={g € G: g7'O C W}, we have

HY(0) = Va == [ U(g)V, (145)
geEA

and the cyclicity of this subspace is inherited by subrepresentations, direct
sums, direct integrals and finite tensor products.

Proof For a direct sum representation U = Uy @ Us, we have V = V; @ Vo,
which leads to
Va=Vi,a®Va 4 (146)
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because U(g) ™! (v1,v2) € V is equivalent to U;(g)~tv; € V; for j = 1,2. We
thus obtain
Hy*(0) = Hyf1(O) @ Hyf5(0).

This proves that cyclicity of HY#*(O) is inherited by subrepresentations and
direct sums. For finite tensor products, the assertion follows from Lemma 5.3.
IfU = f)? U, du(x) is a direct integral, then (145) and Lemma 7.28(a) in
Appendix 7.6 imply that

@
H%ﬁx(o) = L %Z};(O) d,u(x) (147)
for direct integrals. So Lemma 7.26 shows that HYP*(O) is cyclic if every
HY(0) s cyclic in H,. Y

Remark 5.5 (Inner and outer W-saturation of subsets) If we write

on ::< ﬂ gW)OZ_DO and OV := U gW C O,
gWw20 gWwCco

then O and OV are open subsets satisfying (O™ = O*, (OV)Y = OV, and
HBax(ON) = HBAX () and  HER(OY) = HE(O). (148)

So all values of the maximal net are taken on the subset of open subsets
O C M satisfying O = O” (interiors of intersections of wedge regions) and
the minimal net takes all values on those open subsets satisfying O = OV
(unions of wedge regions)

Remark 5.6 (The case where Sy is a group) If the semigroup Sy is a group,
ie., Sw = Gy and ker(U) is discrete, then the inclusion Sy C Sy is equiva-
lent to

Gw CGy=GM ={geG": JU(9)J =U(9)} (149)

(cf. Exercise 1.57). In the context of causal homogeneous spaces, the defi-
nition of W as a connected component of W (h) (Definition 3.1) implies
that exp(Rh) € G C Gw, and we have in many concrete examples that
Gw C G", and always L(Gw) = g" (Proposition 3.13). However, U(Gw)
need not commute with J, so that (149) may fail. Examples arise already for
g = sl(R); see Remark 5.7 below.

Remark 5.7 (cf. Remark 3.45) If g = sl3(R) and G is a connected Lie
group with Lie algebra g, then G,q = PSLy(R) = SOq2(R)., and Hyq =
exp(Rad h), so that Gaq/Haq = dS? (Example 3.11).

If M = G/H is a covering of dS?, where H = exp(Rh) and Z(G) is non-
trivial, then 73, acts on Z (é’) 2 7 by inversion, so that it also exists on G.
Moreover, [MN21, Thm. 4.24] shows that all irreducible unitary representa-

tions of G extend to antiunitary representations of G, .
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In M the connected components of W, (k) can be labeled by the elements
of Z(G) because this subgroup acts non-trivially on M, leaving the positivity
region W7 (h) invariant. In any irreducible representation (U, H) we have
U(Z(G)) C T by Schur’s Lemma, but this subgroup preserves the standard
subspace V if and only if it is contained in {£1}. To be more concrete, recall

that the element z¢ = 0 1) from (173) satisfis exp(27Zz¢) = Z(G), and

1
2\1 0
that, for every A < 0, there exists a unitary highest weight representation Uy
with Uy (exp 27z¢) = 2™,

The following lemma justifies the terminology “minimal” and “maximal”.

Lemma 5.8 Let (U, H) be an antiunitary representation of G, and H a net
of real subspaces on open subsets of M, satisfying (Iso), (Cov), and for which
the Bisognano—Wichmann property holds in the sense that HW) = V(h,U).
Then 4

HY ™ (O) C H(O) C H™(0) for O C M open, (150)
and equality holds for all domains of the form O = g.W, g € G, i.e., the
wedge regions in M.
Proof The three properties (Iso), (Cov) and H(W) = V of the net H entail
Sw C Sy because ¢g.W C W implies

(Cov) (Iso) (BW)

U(g)V= U(g)H(W) H(g.W) C HW) C V.

From Lemma 5.2(c) we thus obtain HE2(W) = HER (W) = V. Hence
H(gW) = U(g)V = Hi™(gW) = Hij" (gW)

by covariance for any g € G (Lemma 5.2(a)). By (Iso), O C gW implies

H(O) C H(gW) = U(g)V, so that H(O) C H}?*(O). Likewise, gW C O

implies U(g)V = H(gW) C H(O), and thus HE"(O) C H(0O). O

Remark 5.9 The construction of the minimal and the maximal net can also
be carried out on G itself with respect to W& = g, (W). It then makes sense
to compare the minimal/maximal net on M with the push-forwards of the
minimal/maximal net on G.

For O C M, the relation q;/ll((’)) C gW¢ is equivalent to O C gW, so that

(ga0) ™ = M
Likewise, ¢y, (0) 2 gW¢ is equivalent to @ O gWW, which shows that
(qar) P = M

If, however, W& C G is not the full inverse image of W C M, then these
relations may fail.
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5.2 The endomorphism semigroup of a standard subspace

Motivated by the important relation Sy C Sy from Lemma 5.2, we take in
this subsection a closer look at the semigroup Sy for an antiunitary represen-
tation (U, H) of G, with discrete kernel ([Ne21, Ne22]). Here we consider
the standard subspace V := V(h,U) C H from (2) and Definition 2.20. To
describe Sy, we need the positive cone

Cy:={reg: —i-0U(x) > 0}, oU (x) U(exptxz)  (151)

" dthi=o
of a unitary representation U. It is a closed, convex, Ad(G)-invariant cone in
g ([Ne00, Prop. X.1.5]).

The key point of the identity

S(h,Cy) ={g € G: Ad(g)h € h — Cy} = exp(Cy )G exp(C_)

for
Ci = :|:OU n gil(h)

in Theorem 3.18 is that it provides two different perspectives on the same
subsemigroup of G, and this is instrumental for the descriptions of the semi-
groups Sy. To see this connection, we recall that the Monotonicity Theorem
[Ne22, Thm. 3.3] asserts that

Sy € S(h, Cy). (152)

Its proof is based on the fact that, for two standard subspaces Vi C Vs, we
have log Ay, < log Ay, in the sense of quadratic forms. Since these selfad-
joint operators are typically not semibounded, the order relation requires
some explanation, provided in an appendix to [Ne22]. Put differently, the
Monotonicity Theorem asserts that the well-defined G-equivariant map

Oy = UGNV =G/Gy — O, 2 G/G",  U(g)V— Ad(g)h

is monotone with respect to the Cy-order on g and the inclusion order on
Oy C Stand(#H) (cf. Section 3.3), hence the name.

Theorem 5.10 ([Ne22, Thm. 3.4)) If (U, H) is an antiunitary representation
of G, with discrete kernel, then

Sy = exp(Cy)Gyexp(C_) = Gyexp(Cy+C_)  for Ci:==xCyngsi(h).

Here the second equality follows from Theorem 3.18. The Borchers—
Wiesbrock Theorem 5.42 in Appendix 5.8.1 immediately shows that exp(C4.) C
Sy. Applying it again with —h and V' = V(—h,U), we also get exp(C_) C Sy,
which leads with (152) to
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exp(C1)Gyexp(C_) C Sy C S(h,Cy).
Therefore the main point is to show that
S(h, Cu) C exp(C)G" exp(C)

and to identify the connected components of G fixing V.

Example 5.11 (Poincaré group) In Quantum Field Theory on Minkowski

~

space, the natural symmetry group is the proper Poincaré group P(d) =
RLd—1 Ol,d_l(R)T acting by causal isometries on d-dimensional Minkowski
space M := RL471 Tts Lie algebra is g := p(d) = RM¥~1 x 507 41(R) and
the closed forward light cone

Cy = {(z0,x) € RV 1 25 > Vx2} (153)

is a pointed invariant cone in g = p(d).
The generator h € s01 4—1(R) of the Lorentz boost on the (zg, z1)-plane

hzo,z1,...,24-1) = (z1,20,0,...,0)
is an Euler element and 73, = ¢™ 24" defines an involution on g, acting on the
ideal R%4~1 (Minkowski space) by
v (2o, 1, Ta—1) = (—To, —T1, T2, -+, Td—1)-
We apply the results in this section to the identity component
G := P(d), 2 R %SOy 4_1(R).

which has trivial center Z(G) = {e}. A unitary representation (U, H) of G is
called a positive energy representation if Cy C Cy. If ker(U) is discrete, then
Cy is pointed, and Cy = Cy follows from the fact that the only non-zero
pointed invariant cone in the Lie algebra g = p(d) for d > 2 are +Cy, and,
for d = 2, there are four pointed invariant cones which are quarter planes
in RbL.

The centralizer of the Lorentz boost is

go = ({(0,0)} x R¥™2) x (501 1(R) @ 504_5(R)) = (R¥"2 x 504_2(R)) © RA,

and,
Ci=FCyNgs1 = Rzo(el +ep). (154)

The subsemigroup
S(h,Cq) ={g9 € G: h—Ad(g)h € Cy4}

is easy to determine. The relation Ad(g)h — h € R? implies that g = (v, /)
with Ad(¢)h = h, and then Ad(g)h = Ad(v,1)h = —hv € —C} is equivalent
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to hv € Cy, which specifies the closure Wg of the standard right wedge
Wgr = {.’)3 e RV xry > |$0|}

The two cones C1 generate a proper Lie subalgebra of g. We therefore obtain
with Lemma 3.15

3.15

= {g e G: gWg C WR} = Swhg,

(155)
where SO;1(R)" = exp(Rh). We claim that, for any antiunitary positive
energy representation of G, with discrete kernel, the semigroup Sy corre-
sponding to the standard subspace V = V(h,U) is given by

S(h,Cq) = Wrx (8011 (R)" x SO4_5(R))

Sy = S(h,Cy) = Swy. (156)

To verify this claim, we first observe that (152) implies Sy € S(h,Cy). We
further have
S(h,Cy) = Sw, = exp(Cy)Gw, exp(C-),

and the group Gyy,, is connected, hence contained in G*™ C Gy. Now our
claim follows from Theorem 5.10.

e TFor d > 4, the simply connected covering group qg: G — G is a 2-fold
covering. Then we obtain for G the same picture because the involution
7, acts trivially on the covering group G” of G" by (155), and this implies
that U(Gh) fixes V.

e For d = 2, the group G = R? x R is simply connected.

e But for d = 3 the picture is quite different. Then SO 2(R). = PSL2(R)
and 7 (G) = Z. In this case 7, acts by inversion on the center Z(G). So

G" >~ Rey x (exp(RR)Z(G)) 2R x R X Z
and
Gy = {g € G": gh(g) P €kerUY =R xR x {n € Z: 2n € ker U}.

Therefore Gy, = G" is equivalent to U(Z(G)) C {+1}. In this case the
nets H™ and H™** on M = RY4~! satisfy (BW) for W = Wg.

Example 5.12 (Conformal groups SO 4(R)) The Lie algebra of the con-
formal group G := SOg3 4(R). of Minkowski space is g = 502 ¢4(R), which
contains the Poincaré-Lie algebra as those elements corresponding to affine
vector fields on V := RV4~1 For d > 3 it is a simple hermitian Lie alge-
bra. All its Euler elements i are mutually conjugate (Proposition 2.13). One
arises from the element h = idy corresponding to the Euler vector field on V.
Then g;(h), j = —1,0, 1, are spaces of vector fields on V which are linear (for
j =0), constant (for j = 1) and quadratic (for j = —1).
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Another important example is the element hgy € s01 4—1(R) C 509 4_1(R)
corresponding to a Lorentz boost in the Poincaré-Lie algebra (see Exam-
ple 5.11).

We consider the minimal invariant cone Cy C g which intersects V in the
positive light cone C. C V. Then we obtain a complete description of the
endomorphism semigroup of the standard subspace V

Sy = exp(C4)Gyexp(C-)

(Theorem 5.10), and these semigroups have interior points because the cones
Cy generate the subspaces gi1 (see [MNO26b] for more details).

Example 5.13 Another interesting example which is neither semisimple nor
an affine group is given by the Lie algebra

g = hesp(V,w) = beis(V,w) x esp(V,w)

from Example 2.17. Now we turn to the corresponding group and one of
its irreducible unitary representations. Choosing a symplectic basis in V', we
obtain an isomorphism

VeV, oVi=2R"pR

with the canonical symplectic form specified by w((g,0), (0,p)) = {(g,p) and
Tv(q,p) = (—q,p). Let Mp,,, (R) denote the metaplectic group, which is the
unique non-trivial double cover of Sp,,, (R). We consider the group

G := Heis(R*") x4 (RY x Mp,, (R)),

where R* acts on Heis(R?") = RxR?" by a,.(z,v) = (r?2,7v). Its Lie algebra
is g = hesp(V,w). Then the Hilbert space
dA dA
72 X P or2/mn ~ 72 X n 47N
H.=1L <R+7 = LR )) ~ (R+><R 5 ®dx),

carries an irreducible unitary representation of G, where L?(R™) = L?(V_,)
carries the oscillator representation Uy of Heis(R?™) x Mps,, (R) (cf. [Ne0O,
§IX.4]). The Heisenberg group Heis(R?") is represented on H by

(U(2,0,0)f)(\ ) = eXZf(N,x),

(U(Oa q, O)f)()‘a CU) = ei/\<q7w>f()‘7 1’),
(U(Ov O7p)f)(>‘v 'T) = f(/\ax - Ap)

The group Mps,, (R) acts by the metaplectic representation on L?(R") via

(U@ A, -) = Uo(9)f (A, ),
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independently of X. For hg = idy, the one-parameter group R = exp(Rhy)
acts by
U'(NHA )= flrAz) for 7>0.

The element
h:=i(rv +idy) € esp(V,w)

is Euler in g (see (61)).
We also have a conjugation J on H defined by

(SN z) := f(A, —x) satisfying  JU(g)J = U(ma(g)),

where 73, induces on g the involution €™ 24" = (—7,) (cf. Example 2.17).
The positive cone Cyy C g is the same as the one of the metaplectic rep-
resentation. It intersects sp(V,w) in the cone of non-negative homogeneous
quadratic polynomials on V. This implies that (Cy)- = C_. To determine
(Cu)+ = Cy Mgy, we observe that g; acts on L?(R™) = L*(V_) by multipli-
cation operators. This shows that we also have (Cy)4+ = Cy, so that we get
with Theorem 5.10 the semigroup Sy for the standard subspace V.= V(h,U):

Sy = exp(C4 )Gy exp(C-).

Here Gy = G" is a double cover of Aff(R"),, its inverse image in Mpy,, (R).

5.3 Regularity of unitary representations

The regularity concept for an antiunitary representation (U, H) is closely re-
lated to the assumptions of the Euler Element Theorem 2.3, but here we are
already given an Euler element and an antiunitary representation of G, . It
is a challenging open problem (Conjecture 5.15) to show that all antiunitary
representations of G, are h-regular, without any additional structural as-
sumption on G. We refer to [MN24] for a detailed discussion, and to [BN25]
for the case of the 4-dimensional split oscillator group. In this section we
describe the connection between regularity and the existence of nets of real
subspaces satisfying (Iso), (Cov), (RS) and (BW) on a very general level.

Definition 5.14 We call an antiunitary representation (U, H) of G, regular
with respect to h, or h-regular, if there exists an e-neighborhood N C G such
that,

Vv = [ U(gV(h,U) for V(h,U)=Fix(U(r)e™?™),
geEN

is cyclic. Replacing N by its interior, we may always assume that IV is open.
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Conjecture 5.15 (Regularity Conjecture) If h € g is an Euler element, then
any antiunitary representation (U, H) of G, is h-regular.

This conjecture holds for connected reductive groups by Corollary 5.23 be-
low and for several specific classes of groups and representations (see [MN24]
and [BN25] for details).

Lemma 5.16 For an antiunitary representation (U, H) of G, , the following
assertions hold:

(a) If U = Uy ® Uy is a direct sum, then U is h-regular if and only if Uy and
Us are h-regular.

(b) If U is h-regular, then every subrepresentation is h-regular.

(c) Let U = f)? Up, du(m) be an antiunitary direct integral representation of
G, , then U is reqular if and only if there exists an e-neighborhood N C G
such that, for p-almost every m € X, the subspace V,,, n is cyclic.

Proof (a) If U = Uy @ Us, then (146) implies that Vy = Vi x @ Vo ny for
every e-neighborhood N C G. In particular, Vy is cyclic if and only if V;
and Vy y are.

(b) follows immediately from (a).

(¢) Applying Lemma 7.28(b) in Appendix 7.6 to A := N, we obtain (c¢). O

Note that the Regularity Characterization Theorem 5.19 below does not
require any assumption concerning the irreducibility of the representation.
Proposition 5.17 (cf. [MN24, Prop. 2.26]) is a convenient tool to reduce to
irreducible representations.

Proposition 5.17 Consider a group of the form G, = G x {1,7,} and a
subset A C G. Then the following are equivalent:

(a) For all antiunitary representations (U, H) of G, , the subspace V4 :=
Nyea U9V is cyclic.

(b) For all irreducible antiunitary representations (U, H) of G, , the subspace
V4 s cyclic.

(¢) For all irreducible unitary representations (U,H) of G, the subspace V 4 is
cyclic in H, where V := V(h,U) and (U, H) is the canonical antiunitary
extension of U from Lemma 7.19 in Appendix 7.4.

(d) (Characterization in terms of unitary representations) For all unitary rep-
resentations (U, H) of G, the subspace Va4 is cyclic in H.

Proposition 5.18 (Localizability implies regularity) Let ) # O C W C M
be open subsets such that N := {g € G: g71O C W} is an e-neighborhood. If
(U, H) is an antiunitary representation for which HYF*(W) =V and HYP*(O)
1s cyclic, then U is regular.
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Proof By assumption H}?*(O) is cyclic, and we obtain with (Iso) and (Cov)
(Lemma 5.2) the relation

HE(0) € () M (9W) = () Ulg)HE™(W) = () Ulg)V = V.
geEN geN geEN

It follows that Vy is cyclic. O

5.3.1 Regularity versus existence of nets

The following surprising theorem show that regularity already implies the
existence of a net of real subspaces on open subsets of G, satisfying (Iso),
(Cov), (RS) and (BW) for a suitably chosen subset W C G.

Theorem 5.19 (Regularity Characterization Theorem) Let (U, H) be an an-
tiunitary representation of G, and V.= V(h,U) C H the corresponding stan-
dard subspace. Then there exists a net (H(O))oca on open subsets of G satis-
fying (Iso), (Cov), (RS), and (BW) for some open connected subset W C G if
and only if U is h-regular, i.e., Vy is cyclic for some e-neighborhood N C G.

Proof “=":1f a net H with the asserted properties exists, then V = H(W),
and for any relatively compact open subset O C W, there exists an identity
neighborhood N C G with NO C W. Then, for g~! € N, we have

U(g) " '*H(O) =H(¢g7~.0O) CH(W) =V, hence H(O)C Vy,

as in the proof of Proposition 5.18. Now (RS) implies that U is h-regular.
“<”: Assume that Vy is cyclic for an e-neighborhood N. Pick an open con-
nected identity neighborhood N; C N with NlNl_1 C N. Then

W := exp(Rh)Ny

is an open connected subset of G. We consider the net H := HE?*, defined by

HO) = () UV

geG,0CgW

This net satisfies (Iso) and (Cov) by Lemma 5.2.

We now verify the Reeh—Schlieder property (RS). So let § # O C G be
an open subset. By (Iso) and (Cov), it suffices to show that H(O) is cyclic if
O C N;. Then O C gW = gexp(Rh)N; implies

g € ON; ' exp(Rh) € NiN; ! exp(Rh) C N exp(Rh),
so that
HO)2 (] Ulv= [ U@v=yx

gEN exp(Rh) geN
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implies that H(O) is cyclic. This proves (RS). It follows in particular that
H(W) is cyclic, so that Lemma 5.2(c) implies H(W) = V. Therefore (BW) is
also satisfied. O

Remark 5.20 (Regularity versus orbit maps in V)
(a) Note that v € H™**(0O) is equivalent to

glocw = U(g) tvev

If O C W isrelatively compact, this condition holds for g in an e-neighborhood.
Therefore H™#*(Q0) consists of vectors v € H whose orbit map UY: G — H
maps an identity neighborhood into V (cf. Proposition 4.13(d)). Put differ-
ently, the subset (U”)~!(V) C G has interior points.

(b) Suppose that v € VN'H® is an analytic vector and U (N)v C V holds for an
identity neighborhood N C G. Then the connectedness of G and uniqueness
of analytic continuation imply U(G)v C V, i.e.,, v € Vg = ﬂgeG U,V.

If, in addition, v is G-cyclic, then Vg is a cyclic real subspace, so that its
invariance under the modular group of V implies with the Equality Lemma 1.9
that V= Vg, i.e., that V is G-invariant. If U has discrete kernel, this implies
that h € 3(g). Hence 7y, is trivial and therefore Jy commutes with G. Therefore
H’v = Vis areal orthogonal representation of G, and U is its complexification,
considered as a representation of G, on H = (H’)c. This is the context
where OU(h) and Jy commute with G, .

(¢) Another perspective on (b) is that the cyclic subrepresentation U, gener-
ated by any v € H¥ NVy is such that 9U,(h) and Jy commute with G. So v
is fixed by the normal subgroup B with Lie algebra

b:=g1+[g1,9-1] +9-1 C ker(aU,).

5.3.2 Regularity for reductive Lie groups

In this subsection we show that all antiunitary representations of connected
reductive Lie groups are regular with respect to any Euler element h € g
(Corollary 5.23). This is based on the existence of nets of real subspaces
on the naturally associated ncc symmetric space M = G/H from Defini-
tion 3.41, satisfying (Iso), (Cov), (RS) and (BW) (Theorem 5.22). An in-
teresting byproduct of this result is that, for a ncc symmetric space, the
semigroup Sy of a wedge region W C M is actually a group (Theorem 5.24).

So let g be reductive, h € g an Euler elements, and let G be a corresponding
connected Lie group on which 73, exists. As in (105) in Definition 3.41, we
specify the corresponding non-compactly causal symmetric space M = G/H
(cf. Section 3.5.3) and the corresponding wedge region W = W (h).p.

Definition 5.21 We say that the (anti-)unitary representation (U, H) of G,
is (h, W)-localizable in those open subsets O C M for which H}2*(O) is cyclic.
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Theorem 5.22 (Localization for reductive groups) If g is reductive and
(U, H) is an antiunitary representation of G, , then the net HY?™ on the non-
compactly causal symmetric space M = G/H from (105) in Definition 3./1,
and W = Wy, (h)en satisfy (Iso), (Cov), (RS) and (BW).

Proof (cf. [MN24, Thm. 4.23]) As the standard subspace V is invariant under
G1 C G™M™, and Gy acts trivially on M, the real subspaces HY#*(O) only
depend on Ul|g,. We may therefore assume that G = Gs, i.e., that G is
semisimple and that go(h) contains no non-zero ideal.

In view of Lemma 5.2(c), V.= H™* (W) follows from the cyclicity of all sub-
spaces H™*(Q), O # (). So it suffices to verify the latter. By Proposition 5.17
and Lemma 5.4, we may further assume that (U, H) is irreducible. Then The-
orem 4.31 provides a net HY satisfying (Iso), (Cov), (RS) and (BW), and
this net satisfies HM (O) C HE2*(0) for each O C M (Lemma 5.8). Thus
HP2*(O) is cyclic. O

Corollary 5.23 (Regularity for reductive groups) Let G be a connected re-
ductive Lie group. Then there exists an e-neighborhood N C G such that for
every separable antiunitary representation (U, H) of G., and V = V(h,U),
the real subspace

Vy = n U(g)v

geEN

is cyclic. In particular, (U, H) is h-regular.

Proof Let OCW C M iG/H (with W C M as in Theorem 5.22) be an
open subset whose closure O is relatively compact. In Theorem 5.22 we have
seen that HY2*(0O) is cyclic. Further

N:i={geG:g0OCW}D{geG: g0 CW}

is an e-neighborhood because @ C W is compact. Therefore the h-regularity
of (U, H) follows from Proposition 5.18. d

Theorem 5.24 (Triviality of the semigroups of wedge regions in ncc sym-
metric spaces) If G is a connected reductive Lie group and M = G/H a
corresponding non-compactly causal symmetric space as in (105), with causal
Euler element h, and the mazimal causal structure, then the following asser-
tions hold:

(a) SW:GW:{QEGth.W:W}.
(b)  Sw = G" if g is simple and Z(G) = {e}.

Proof (a) First we apply the Localization Theorem 5.22 to a unitary repre-
sentation with discrete kernel and Cyy = {0}; for instance the regular repre-
sentation on L?(G). Then H™®(W) = V by the Localization Theorem, and
since Sy = Gy C G" by Theorem 5.10, we obtain Sy C Sy € G* from
Lemma 5.2(c).
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As W C Wj;(h) is a connected component and G” preserves W (h), it
follows that Sy C G" is the stabilizer subgroup (GM)w of W.
(b) follows from Gy = G" in this case ([MNO24, Prop. 7.3]). O

The argument in the preceding proof is somewhat unnatural because it
uses rather deep information on unitary representations to derive the geo-
metric fact that Sy is a group. It would be nice to have a direct geometric
argument for this fact.

5.4 Left invariant nets on causal Lie groups

A particularly simple situation arises for M = G, with G acting by left
multiplication.

Let us start with an antiunitary representation (U, H) of G, with discrete
kernel, so that

SV = Gv eXp(C+ + C,) for Ci = :|:CU N g:tl(h)

follows from Theorem 5.10. If this semigroup has interior points, it immedi-
ately leads to left invariant nets on G. We have the following theorem:

Theorem 5.25 Suppose that (U, H) is an antiunitary representation of G,
with discrete kernel and that C3 # ().

(a) For E := V, the net HS satisfies (Iso), (Cov) and (BW) with respect to
W =5¢,.

(b) If, in addition, Cf # 0, then also (RS) is satisfied. In particular HE* has
this property.

Proof That Sy has interior points follows from C$ # 0. We consider the
open connected subsemigroup W := 5y, = Gl exp(C$ 4 C°). Then

Sw={9eG:gWCW}={g9€G:g.S.CSye}=>5ve

follows from the fact that W is dense in the identity component Sy, of Sy.
Therefore the equality Sy = Sy, implies that the corresponding maximal
net HE** satisfies the Bisognano-Wichmann condition in the form

HE (W) = HE™(5..) = V.

In addition, we obtain for the real subspace E := V C H s a left invariant
isotone net HS on open subsets of G. As W C Sy . is dense, this net satisfies

HE (W) = U(S§ V=V,
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which is the (BW) condition. If, in addition, Cf, # 0, then Theorem 5.46
in Appendix 5.8.2 further implies that HS has the Reeh-Schlieder property
(RS). The inclusion

HE (0) € HE™(0),

implies that the net H** also has the Reeh—Schlieder property. O

5.5 Causal symmetric spaces

Regularity of antiunitary representations has interesting consequences for
causal symmetric spaces, which are by far not completely explored. He we
state some for non-compactly and compactly causal symmetric spaces.

The following theorem, concerning non-compactly causal symmetric spaces,
is a consequence of the Localization Theorem 5.22 for reductive groups.

Theorem 5.26 (Maximal nets on ncc spaces) If M = G/H is a semisimple
non-compactly causal symmetric space and (U, H) an antiunitary represen-
tation of G, then the net HYP* satisfies (Iso), (Cov), (RS) and (BW) for
W =W (h)en.

Proof In this case, Sy = Gy = GP'H" C G" is a group by Theorem 5.24.
Since T = 7,0 coincides on K with 73,, we further have H» C K™ C K™,
so that Sy € G™™ C Gy. Therefore Lemma 5.2 shows that H* satis-
fies (BW), and the condition (RS) follows from Theorem 5.22. O

For compactly causal spaces, we presently only have the following weaker
result:

Theorem 5.27 (Maximal nets on cc spaces) Let M = G/H be an irreducible
modular compactly causal symmetric space, Cy C g an invariant closed conves
cone with C = CyNq, and (U,H) an antiunitary representation of G with
discrete kernel. Then the net HYP* satisfies (Iso), (Cov) and (BW) if and

only if

(a)  the positive spectrum condition C = Cy N gy C Cy is satisfied, and
(b)  U(Gw) commutes with J, i.e., T7(9)g~ ' € kerU for g € H".

Proof From (104) in Section 3.5 it follows that the semigroup Sy can be
written as

Sw =G'H"exp(Cy +C_) for Ci=4+CyNgss. (157)
Therefore Sy, C Sy is equivalent to the two conditions

Cy C+Cy and U(g)J =JU(g) for geH"
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The first condition implies that Cy # {0}. As kerU is discrete and g is
simple or a sum of two simple ideals ([MNOQB, Rem. 4.24]), Cy is a pointed
generating invariant cone with Cy 4+ = C4. This shows that the condition
Sw C Sy (which is equivalent to (BW) for HY?* by Lemma 5.2) implies (a)
and (b).

To see the converse, suppose that (a) and (b) are satisfied. Then C;. C Cy
implies that Oy = Cy = (Cg)+ ([NO23a, Prop. 2.7(d)]). Then Sw C Sy
follows from (157). This proves the theorem because the (BW) property of
H* is equivalent to Sy C Sy by Lemma 5.2. O

Problem 5.28 Show that, in the context of Theorem 5.27, (a) and (b) also
imply the Reeh—Schlieder property (RS) of HY2*.

Remark 5.29 Here are some remarks that may be useful to solve this problem.

e Using Proposition 5.17 and that HYP*(O) = V4 for A == {g € G: O C
g9.W}, it suffices to solve the problem for irreducible representations.
e From (157) we know that

Sw = Gwexp(Cy +C_) with Gw=G'H" and Gw,.=G",
so that Sy, = Ghexp(Cy + C_), Sy, = Ghexp(CS + C°), and
W = Siy..eH = G xgn exp(CT77 4+ C277).
For W& = g3 (W) we then have
W = Siy H 2 Sy,

which is strictly larger than Sy, ..
From Remark 5.9 we know that H}™ = (¢ar)HE™, with respect to the
wedge regions W C M and W& C G. It follows in particular that

HE™(Si.c) C HE™ (W) = V.

Next we argue that we actually have equality.
e For g € G, the relation Sy, , C gW ¢ is equivalent to

am(Siye) = qu(WE) =W C g.W,

ie,tog e S‘,}l. Now Sy C Sy implies that any such g satisfies U(g)V 2 V,
so that

HE™(S7..) =V = HE™ (W), (158)

e The net HE®, on G, constructed from the wedge region Sy ., which is

smaller than W, also satisfies

8%, (Sine) =V
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because Sy = G"exp(Cy + C_) C Sy. We thus obtain the two maximal

nets Hg?gﬁv,e and H’é‘f‘j‘vc on G, corresponding to the wedge regions Sy, .

and WC. They satisfy the relation
HES,, . (0) 2 HE e (0). (159)

Note that this also follows from Lemma 5.8 and the maximality of the net
Hg}?g‘a/’c among the nets mapping Sy, to V (see (158)).
: il max G max o _ L 3

e If in addition, HG’S‘Q/‘Ae (W) D HG_’S‘OMe (Siy.) = V is separating, then the
Equality Lemma 1.9 and the exp(Rh)-invariance of W imply that both
are equal. Now the maximality of H3%},c and Lemma 5.8 imply that the
nets HE%. and HE%) ¢ coincide.

W, e )

The situation looks much better if there are nets of the form H} where
E is invariant under H:

Theorem 5.30 Suppose that, in addition to the assumptions of Theorem 5.27,
there exists a real linear subspace E C Hypyrg which is U~°(H)-invariant and
satisfies HYY (W) = V. Then HE* also satisfies (RS).

Proof We have already seen in the proof of Theorem 5.27 that Cf; # 0, so
that Theorem 5.46 in Appendix 5.8.2 implies that the net HY on G satisfies
(RS), and so does the net HY = (gas).HS (Remark 4.23(b)). By assumption,
H2! satisfties (BW), hence is contained in HP#*, and therefore the latter net
also satisfies (RS). O

Remark 5.81 The assumption of E to be U~ °°(H )-invariant may seem to be
quite strong, but it is close to being necessary. In fact, what we need to argue
as in the proof of the preceding theorem, is that HE (W) = HM (W) = v,
which is equivalent to U~ (W)E C H i by Proposition 4.13. AseH € W,
we have H C W, so that the weak-* closedness of Hyjs (Theorem 1.43)
implies that U~ (H)E C Hips-

5.6 Causal flag manifolds

After we have seen how the methods developed in this chapter apply to nets
on Lie groups (Section 5.4) and on causal symmetric spaces (Section 5.5), we
now turn to causal flag manifolds (Section 3.4). The results in this section
can be found in [MN26].

We briefly recall the key features of irreducible causal flag manifolds M =
G/Qp. We identitfy the tangent space T.q, (M) in the base point with g;(h),
and recall that the causal structure on M is determined by

Cth, = C+ = Cg N gl(h)7
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where () is an invariant convex cone in g.

The fundamental group 7 (M) is isomorphic to Z ([Wig98, Thm. 1.1] and

[MN26, §3.1]), so that there exists for every k € NU{oo} a k-fold covering My,
where M, is simply connected.

M is a simple spacetime manifold in the sense of Mack/de Riese [MdRO7].
Tt carries a global causal order (no closed causal curves).

My, k < oo, has closed causal curves, hence no global causal order. To see
how such curves arise, we start with the Euler element A € g and pick
e € g1(h) (a unit of the euclidean Jordan algebra), so that h,e and 6(e)
span a Lie subalgebra isomorphic to sla(R) (see (93)). Then the element
z¢ := (e + 0(e)) € Cy corresponds to the generator of s05(R) C sly(R),
and generates a periodic flow on every My, k < oo, whose flow lines are
causal curves.

The open embedding ¢ps: V = g1 — M of the euclidean Jordan algebra
V (see the appendix to Section 3.4 for more on euclidean Jordan algebras)
lifts to an open embedding s, 1 V — M.

In M}, the canonical wedge region is

W, = LMk(V+) C M.

It is a connected component of the positivity domain W;[k (h) of the Eu-
ler vector field X J}\Lh on M. In M, the positivity domain W;}k(h) has k
connected components which are permuted by a transitive action of the
group Zj, of deck transformations of the covering My — M.

Examples 5.32 (a) For Minkowski space V = R~ the conformal com-
pletion

M = (S' x 87 /{£1} C P(R>%)

is the isotropic quadric in P(R%?) (see (96) in Example 3.33) on which G =
SOz 4(R). acts transitively. In this case,

M., 2R x S*!

is the so-called Einstein universe
(b) For the euclidean Jordan algebra V = Herm, (C), we have M = U, (C),
on which G = SU, ,.(C) acts by fractional linear transformations

(‘; Z) 2= (az +b)(cz + ).

Here

U,(C) = R x SU,(C).

(c) For the euclidean Jordan algebra V = Sym,(R), the conformal com-
pactification is the space M of Lagrangian subspaces in the symplectic vec-
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tor space (R?",w), on which G = Sp,,(R) acts naturally. Here M,, =
x (SU(C)/ SO (R)).

To formulate existence criteria for nets on the spaces My, we observe that
the simply connected covering group G acts transitively on every Mj. The
centralizer G" of h in this group satisfies

ﬂo(éh) >~ (M)

1%

Z

([MN26, §3.1]). We pick g € G" so that its connected component generates
7o(G") and
(gn) = g5, - (160)

This element can be chosen to be central in an §Ij2 (R)-subgroup with g,% €
Z(@G) (see (4.6) in the proof of [MNO26a, Thm. 4.1] and [MN26, §3.1]).

Theorem 5.33 (Existence of nets) For an antiunitary representation (U, H)
of G, with discrete kernel, a net H on open subsets of My, satisfying (Iso),
(Cov), (RS) and (BW) exists if and only if

e U satisfies the positive energy condition Cy C Cy, and,

o if k < oo, then g,zl’c € kerU.

Proof (Sketch; see [MN26]) In view of Lemmas 5.2 and 5.8, the existence of
a net H satisfying (Iso), (Cov) and (BW) is equivalent to Sw,, C Sy. These
semigroups are of the form

Sw, = éWNIk exp(Cy +C_) and Sy =Gy exp(CY +CY)

for Cy = £Cy Ng41(h) and CY = £Cy N g41(h) (cf. Theorem 5.10). This
reduces the inclusion Sy, C Sy to the inclusion Gw,, C Gy and the posi-
tive energy condition C} C Cy. As Gw,,, C Gw,, = G" (Proposition 3.26)
commutes with the Euler element h, the inclusion GWIMk C Gy is equivalent

to
{gmn(9) ' g€ Gwy, } = g5 C ker U.

So it only remains to verify the Reeh-Schlieder condition. We refer to
[MN26, Thm. 6.16] (which builds on [NO21]) for details. O

The following theorem extends results by Brunetti, Guido and Longo
[BGL93] for the Jordan algebra V = R14~! (Minkowski space) and the group
G = S03,4(R), to general causal flag manifolds.

Theorem 5.34 (Existence and uniqueness of additive nets) For every an-
tiunitary representation (U, H) of G satisfying the positive energy condition
C. C Cy, there exists a unique additive net H on open subsets of M, satis-
fying (Iso), (Cov), (RS) and (BW). On M}, such nets exist for U if and only
if, in addition, gik CkerU.
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Proof For details we refer to [MN26, §6.4]. Here we only sketch the argument.
Uniqueness: On every My, the wedge regions form a basis for the topology.
Every additive covariant net H satisfying (BW) thus satisfies

HO =H( U )= > UMW) = Y. UG

9.Wh,, CO 9.-Wh,, CO 9.Wn,, CO

so that H is determined by the representation U via H(Wy, ) =V =V(h,U).
Existence: The argument for existence builds on nets for irreducible repre-
sentations constructed in [NO21] (see also [MN26]), and direct integral tech-
niques. The main point is to find a finite-dimensional subspace E C H g
invariant under the parabolic subgroup @), and that Hé\/f’“ (W) = V. t

5.6.1 Locality

Locality conditions concern open G-invariant subsets Dy, € M x M. Here
are some relevant facts:

e M x M contains a unique open G-orbit D*.
e My X My contains infinitely many open G-orbits (D}),ecz, permuted
transitively by the group m (M) = Z, acting by deck transformations.

e M; x My contains k open G-orbits D, n € Z/kZ, permuted by deck
transformations in Deck(My,) =2 7 (M) /m (M) = Z/KZ.

Let g, € G" be as above and pick z¢ € 3(8) such that 0 := exp(mad z¢) €
Aut(g) is a Cartan involution.

Theorem 5.35 (Locality properties of the nets) For the unique additive net

associated to the positive energy representation (U, H) of CNT'Th on My, k €
NU {oco} and n € Z, the following are equivalent:

(a)  The n-locality condition: O1 x Oy C D = H(O1) C H(Oy)’
(b)  H(gpn W) SHWy, ) for the dual wedge Wy, = 60.Way
(c) exp(2mze)gi™ € ker U

oo *

5.6.2 The massless spin 0 representation on Minkowski space

We consider Minkowski space V = RY4=1 and its conformal compactification
M. On G = SOg 4(R), the “minimal” positive energy representation (U, H)
is the extension of the Poincaré representation corresponding to massless
spin 0-particles. In the momentum picture, the Hilbert space is # = L*(OV%),

23 Note that the discrete normal subgroup ker U < G is central because G is con-
nected.
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endowed with the natural action of the Poincaré group, where translations
act by multiplications. B

It depends on the dimension d, to which quotient group of G the represen-
tation U descends, and on which covering of M the net can be implemented
(Theorem 5.34). We have the following properties (cf. [BGL93, BGL02], and
also [MNO26b], [MN26], [LM23]):

o d€2+47: U is defined on the adjoint group SOz 4(R)./{x1} and the net
lives on M.

o d€4Z: U is defined on SO 4(R). with U(—1) = —1 and the net lives on
M.

e dodd: U is defined on a 2-fold covering of SOz 4(R). and the net lives on
on My =2 St x §4-1,

Remark 5.56 The n-locality condition on My (for n =0,1) is (n + 1)d € 2Z
(cf. Theorem 5.35(a) and also [MNO26b, §4.1, App. A.3] for more details).

e For d even, the net therefore is 0- and 1-local, which corresponds to space-
like and timelike locality on Minkowski space.

e For d odd, it is only 1-local, which corresponds to spacelike locality on
Minkowski space.

These locality conditions relate to support properties of the fundamental
solutions of the Klein-Gordon equation (Huygens’ Principle). We refer to
[MN26] and [MNO26b] for details.

5.7 Localizability for the Poincaré group

The following result is well-known in AQFT ([BGL02, Thm. 4.7]; see also
[Mu01, Mu03]). Below we derive it naturally in the context of our theory
for general Lie groups (cf. [MN24, Thm. 4.25]). It connects regularity, resp.,
localizability with the positive energy condition.

Definition 5.37 An open subset O in Minkowski space R is called space-
like if z3 < x2 holds for all (z9,x) € O (cf. Section 1.6). A spacelike open
subset is called a spacelike (convex) cone if, in addition, it is a (convex) cone.

Theorem 5.38 (Localization for the Poincaré group) Let (U, H) be an (anti-
Junitary representation of the proper Poincaré group P(d), = R»¥xS0; 4(R)
(identified with P(d),, ) and consider the standard boost h and the correspond-
ing Rindler wedge Wr C RY4. Then (U, H) is (h, Wr)-localizable in the set
of all spacelike open cones if and only if it is a positive energy representation,
i.e.,

Cy 2 Vi = {(x0,x): 20 > Vx2}. (161)

These representations are h-regular.
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Note that Ad(P(d)Ir) acts transitively on the set £(p) of Euler elements
(Example 2.10), so that the choice of a specific Euler element h is inessential.

Proof First we show that the positive energy condition is necessary for lo-
calizability in spacelike cones. In fact, the localizability condition implies in
particular that H(Wpg) is cyclic, so that Lemma 5.2 implies Sy, C Sy. We
recall from Lemma 3.15 that

Swr ={g € P(d)}: gWr € Wg} = Wg x SO14(R)}y, ,

where

SO14a(R)}y, =SO011(R)" x SO4_2(R)

is connected, hence coincides with SO1 4(R)". It follows that
Swy, = G exp(Rxo(e1 + ep)) exp(Rso(e; — ep)).
Theorem 5.10, combined with Sy, C Sy now implies that
e +ep € L(Sy) Ngi(h) C Cy,

and thus V. C Cy by Lorentz invariance of Cr;. Therefore (U, H) is a positive
energy representation.

Assume, conversely, that (U, H) is a positive energy representation. For the
standard boost, we have h € [ = 501 4(R), and the restriction (U|so, , &), H)
is (h, W)-localizable in the family of all non-empty open subsets of de, where
W = Wgr N dS? is the canonical wedge region (Theorem 5.22). In view of
Theorem 5.10, the positive energy condition V, C Cy and

R>o(e1 £ eg) € Cu,x = *£Cy Ngi(h),
imply that Sy, is contained in
exp(Cp 4 )G exp(Cy—) C exp(Cy 1 )Gy exp(Cy.—) = Sy

(Theorem 5.10). By Lemma 5.2(c), the net H™#* satisfies H™*(Wpg) = V.
Now suppose that C C Wrg is a spacelike cone, so that C = Ry (C N de),
where C N dS? is an open subset of the wedge region W = Wx N dS? in de
Sitter space. For g=! = (v, /) € P(CZ)TH the condition C C ¢g.Wg is equivalent
to
g LC=v+0CCWg,

which in turn means that v € Wg and £.C € Wg. Below we shall write
Up, = U|Sol,d(1R) for the restriction of U to the Lorentz group. Then

U@Qv=U)"'Uw)"'voU@)~v (162)

follows from Wx C Sy, and therefore
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= N Up(6)"'v = HE&X(C nds?).
CNdS?Ce—1. (WrNdS9)

We conclude that, on spacelike cones with vertex in 0, the net H™®* can be
expressed in terms of the net Hglfﬁx on de Sitter space. As the latter net has
the Reeh—Schlieder property by Theorem 5.22, and all spacelike cones can be
translated to one with vertex 0, localization in spacelike cones follows.
Finally we show that (U,H) is regular. For v € Wg and a pointed closed
spacelike cone C' with v + C' C Wpg, there exists an e-neighborhood N C G
with v + C C ¢.W for all g € N. This implies that H™**(v + C°) C Vy, so
that (U, H) is regular. O

Definition 5.39 (a) (Causal complements) The quadratic form zy = xoyo —
xy on Minkowski space V = R5? allows us to define the causal complement
(or the spacelike complement) of an open subset O C V by

O ={zeV:(We0)(y—x)?<0}. (163)

This is the interior of the set of all points that cannot be reached from O
with a timelike or lightlike curve. We set O” := (O’)’ is called the (open)
causal closure of O.
(b) (Double cone) A double cone is, up to Poincaré covariance, the causal
closure

B, = (reo — Vi) N (—reg + Vy)

of an open ball of the time zero hyper-plane B, = {(0,x) € RV : x2 < r2}.

Remark 5.40 Infinite helicity representations (U, H) of P(d)+ in RY are not
localizable in double cones (Definition 5.39). Let V. = V(h,U) for h as in
Example 1.28. In [LMR16, Thm. 6.1] it is shown that, if O C R is a double
cone, then
H™(0)= (] U(g)v={0}. (164)
OCg.Wr

The argument for (164) can be sketched as follows. Infinite spin representa-
tions are massless representations, i.e., the support of the spectral measure
of the spacetime translation group is

OVy = {(z0,x) € RM 1 2§ —x* = 0,20 > 0}.

Covariant nets of standard subspaces on double cones in massless representa-
tions are also dilation covariant in the sense that the representation of P(d)
extends to the Poincaré and dilation group RY% x (Rt x £), and that the
net is also covariant under this larger group, cf. [LMR16, Prop. 5.4]. When
d = 3, this follows from the fact that, due to Huygens’ Principle, one can
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associate a standard subspace to the forward light cone by

H(Vy) = > H(0)

OCV4

(sum over all double cones in V), and the modular group of H(V) is ge-
ometrically implemented by the dilation group. As massless infinite helicity
representations are not dilation covariant, it follows that they do not permit
localization in double cones. Properties of the free wave equation permit to
extend this argument to any space dimension d > 2, including even space
dimensions, for which Huygens’ Principle fails ([LMR16, Sect. 8.2]). How-
ever, in Theorem 5.38, we recover in our general setting the result contained
in [BGL02, Thm. 4.7] that all positive energy representations of P(d), are
localizable in spacelike cones.

5.8 Appendices to Section 5

We conclude this chapter with two appendices providing interesting back-
ground on the general results concerning Lie groups. The first is the Borchers—
Wiesbrock Theorem, characterizing so-called standard pairs in terms of an-
tiunitary representations of the affine group of the line.

The second is a general argument that derives the Reeh—Schlieder prop-
erty of nets of real subspaces for positive energy representations from the
general fact that holomorphic functions on a complex domain are uniquely
determined by the restriction of their boundary values to an open subset of
the Shilov boundary.

5.8.1 Standard pairs

Definition 5.41 Positive standard pairs (U, V) consist of a standard subspace
V of a complex Hilbert space X and a unitary one-parameter group (U;):er
on M such that U,V C V for t > 0 and U; = e with H > 0.

Theorem 5.42 (Borchers—Wiesbrock Theorem) Any standard pair defines
an antiunitary positive energy representation of Aff(R) 2 R x R* by

Ub,e®) = U A" and  U(0,-1) == Jy. (165)
Conversely, all these representations define positive standard pairs.

Proof This is the Borchers-Wiesbrock Theorem ([NO17, Thm. 3.18], see
also [B092], [Wi93a]). O
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We refer to [NOe22] for classification results for pairs (h, z) in Lie algebras,
where h is an Euler element and z is contained in a pointed generating
invariant cone satisfying [h, x| = .

Proposition 5.43 Consider a Lie group G, = Gx{1,0}, where o € Aut(G)
is an involution. Let (U, H) be an antiunitary representation of G,. Suppose
that (V,U7), j = 1,2, are positive standard pairs for which there exists a
graded homomorphism v: R* — G and x1,x9 € g such that

Jo=Uy(-1), AT =U(y(eh)),

and 4
U’(t) =U(exptz;), teR,j=1,2.

Then the unitary one-parameter groups U' and U? commute.

Proof The positive cone Cy C g of the representation U is a closed convex
Ad(G)-invariant cone. As we may w.l.o.g. assume that U is injective, the cone
Cy is pointed.

Writing A;it/% = U(expth) and Utj = Ulexptx;) with h, 21,22 € g, the
structure of the Lie algebra of Aff(R) implies by (165) that [k, z;] = x; for
j=1,2and z1,20 € Cy. If

gx(h) = ker(ad h — A1)

is the A-eigenspace of ad h in g, then [gx(h), g,.(h)] C gatpu(h), so that gy =
> x>0 8a(h) is a nilpotent Lie subalgebra. Therefore n := (CyNgy )—(CuNgy )
is a nilpotent Lie algebra generated by the pointed invariant cone Cy N gy.
By [Ne00, Ex. VIL.3.21], n is abelian. Finally z; € Cy N gi(h) C n implies
that [z1,22] = 0. O

One may expect that one-parameter groups U! and U?, for which (V,U7)
form a standard pair, commute. By Proposition 5.43 this is true if they both
come from an antiunitary representation of a finite-dimensional Lie group.
The following example shows that this is not true in general, not even if the
two one-parameter groups are conjugate under the stabilizer group U(H)y.

Example 5.44 On L?(R) we consider the selfadjoint operators

Qf) (@) =zf(z) and (Pf)(z)=if(z),

satisfying the canonical commutation relations [P, @] = i1. For both opera-
tors, the Schwartz space S(R) C L?(R) is a core. Actually it is the space of
smooth vectors for the representation of the 3-dimensional Heisenberg group
generated by the corresponding unitary one-parameter groups

(€ Pf)(x) =" f(z) and  (e"Ff)(z) = f(z —1).
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Since ¢’ is a smooth function for which all derivatives grow at most poly-
nomially, it defines a continuous multiplication operator on S(R) ([Tr67,

Thm. 25.5]). Therefore the unitary operator T' := ¢'Q” maps S(R) contin-
uously onto itself, and thus

P:=TPT ™! =@ pei@”
is a selfadjoint operator for which S(R) is a core. For f € S(R), we obtain
s d

D . ix —iz® . .
(Bf) () = ie™" ™ f(a) = i(~i3af(x) + ['(x),
so that P = P + 3Q% on S(R).
The two selfadjoint operators @ and e? are the infinitesimal generators of
the irreducible antiunitary representation of Aff(R) = R x R*, given by

P

U(be') =€ e"® and (U(0,-1)f)(z) = f(—u).

Accordingly, the pair (A, J) with
A=e 2@ and J=U(0,-1)

specifies a standard subspace V which combines with U} := eit¢” to an ir-
reducible standard pair (V,U'). The unitary operator 7' commutes with A
and with J because JQJ = —@Q, so that T(V) = V. Therefore the unitary
one-parameter group U? := i@’ Utle_iQS = ¢ite” also defines a standard pair
(V,U?). These two one-parameter groups do not commute because otherwise
the selfadjoint operators P and P + 3Q? would commute in the strong sense,

hence in particular on their core S(R); contradiction.

5.8.2 The Reeh—Schlieder property

The following lemma from [NO21, Lemma 2.13] is a key tool in the derivation
of the Reeh—Schlieder property for representations for which the positive cone
Cy has interior points.

Lemma 5.45 Let (U, H) be a unitary representation of the connected Lie
group G for which the positive cone Cy has interior points. If £,n € H are
such that the matriz coefficient

Us": G —=C, g~ (&U(gn)
vanishes on an open subset of G, then U™ =0 on G.

Proof Passing to the quotient Lie group G/ ker(U), we may w.l.o.g. assume
that U is injective. Then the closed convex cone Cy C g is pointed, and by
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assumption it is also generating, so that it defines a closed complex Olshanski
semigroup S¢,, = Gexp(iCy) (Definition 3.17), and the matrix coefficient
UM extends to a continuous function on Sc¢,, which is holomorphic on the
interior S¢, = G exp(iCy;), which is a complex manifold ([Ne00, Thm. X1.2.5,
Prop. X1.3.7]).

Suppose that U$" vanishes on the non-empty open subset O. Replacing
1 by U(go)n for some gy € O, we may assume that e € O. The exponential
function exp: g + i¢Cy — S, is continuous, and holomorphic on g + iCp;.
Therefore the function U$" o exp: g — C extends to a continuous function
on the closed wedge g + iCy, holomorphic on the interior and vanishing on
exp~H(O) # . Now [Ne00, Lemma A.IIL.6] implies that U$" o exp = 0.
Therefore the regularity of the exponential function g +iCp; — S¢,, near 0
implies that U$" = 0 on S¢,,, and hence its restriction to G vanishes. O

Theorem 5.46 (Positive energy implies Reeh—Schlieder) Let (U, H) be an
antiunitary representation of G, for which C¢, # 0. We consider a net H of
real subspaces on open subsets of the homogeneous space M = G/H. Then H
has the Reeh—Schlieder property, i.e., H(O) is cyclic whenever O # 0, if one
of the following conditions is satisfied:

(a) H satisfies (Iso), (Cov), (Add) and H(M) is cyclic.
(b) There ezists a real subspace E C H~°° with H = HY and an open subset
W C M with HX (W) =V =V(h,U).

Proof (a) Let O C M be non-empty. We choose § # O; C O relatively
compact and an e-neighborhood V' C G with V.0; C O. For ¢ € H(O)*,
7 € H(O;1) and g € V, we then have

US(g) = (€, U(g)n) € (€, H(O)) = {0}.

As the cone Cy has interior points, Lemma 5.45 now implies that U$" = 0.
We conclude that € LU(G)H(O;). Since the net H is additive, U(G)H(O1)
generates H(M), so that our assumption that H(M) is cyclic entails that
£=0.

(b) The nets H2 satisfies (Iso) and (Cov) by Remark 4.11 and they are
additive by Proposition 6.2 below. Further H2 (M) D HM (W) = V is cyclic.
Now (b) follows from (a). O

Remark 5.471f H(M) is not cyclic, then the preceding theorem applies to the
representation on the closed complex subspace spanned by H(M), which is
U(G)-invariant.

To shed some more light on the assumption that H(M) is cyclic, the fol-
lowing lemma is useful:

Lemma 5.48 Let (U, H) be an antiunitary representation of G, . For a real
subspace E C Hyyig and M = G/H, the following are equivalent:
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(a) HM (M) is cyclic in H.

(b) U~>*°(C*(G,R))E is total in H.

(¢) U °(G)E spans a weak-+ dense subspace of H~°.
(d) U~>(G,,)E spans a weak-+ dense subspace of H~°.

Proof (a) < (b) follows from the fact that H} (M) is the closed real subspace
of H generated by U~>°(C¢°(G,R))E.

(b) = (c) follows from the fact that the inclusion H < H~°° is contin-
uous with dense range and that the weak-x closed subspace generated by
U~>°(C° (G, R))E coincides with the one generated by U~°(G)E.

(¢) = (d) is trivial.

(d) = (c): We have to show that JE = U~°(73,)E is contained in the weak-x
closed subspace generated by U~°(G)E. So let £ € H*> be orthogonal to
U~°(G)E. Then £ LU *°(expRh)E, and since the Up-orbit map Uy of @ € E
extends holomorphically to Sy with U (7i) = J, it follows that { LJE. Now
the assertion follows from the duality between H>® and H~°°.

(¢) = (b): Let £ € H be orthogonal to U(y)E for each ¢ € C>°(G,R). Then
we also have £1LU(p)U~°(G)E, and now U(¢*)( LU °°(G)E implies with
(c) that U(¢*)§ = 0. Using for ¢ an approximate identity in C°(G,R), we
conclude that £ = 0. This proves (b). O

6 Perspectives

In this final section we briefly discuss several issues that are under current
investigation and for which the existing results are much less complete.

The first section concerns additivity of nets of real subspaces (Section 6.1),
a property that is difficult to verify in general, but always satisfied for nets of
the form H3. The second section contains some remarks on locality of nets, an
important property which still has to be explored for nets on causal symmetric
spaces (Section 6.2). Closely related to locality for nets of real subspaces is
how this property reflects locality conditions for nets of operator algebras.
In this context there are at least two natural ways, one is by the commuting
property (Loc) in the introduction, but this condition can also be modified
to fit graded Hilbert spaces and anticommutators, which leads to antiunitary
representations of Lie supergroups (Section 6.3). Section 6.4 concerns the
geometric structure on M that we need to study nets of real subspaces. In
Section 3.1 we argued with the Thermal Time Hypothesis that it is a natural
assumption that M carries a G-invariant causal structure. This is a rather
big conceptual step, and it would be nice to derive this causal structure more
directly from nets of operator algebras or real subspaces. Finally, one would
also like to “classify” nets of real subspaces in terms of the geometry of M
and the unitary representation (U, H) of G, , but this seems presently far
out of reach (Section 6.5).
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6.1 Additivity

In this subsection, we take a closer look at the additivity condition (Add) for
nets of real subspaces. We show in particular that the nets H} are always
additive. For causal flag manifolds, this implies already that nets satisfying
(Iso), (Cov), (BW) and (Add) are uniquely determined by the representa-
tion (U, H) of G, (cf. Theorem 5.34).

Definition 6.1 We call anet H on open subsets of M additiveif O = {J; ; O;

implies H(O) = >_,c; H(O;). We call it countably additive, it this relation
holds for countable index sets.

The following proposition shows that a large class of nets of real subspaces
is additive.

Proposition 6.2 For a real subspace E C H™>°, the net HY is additive.
Proof Let O C M be open and (O;);es an open covering of O. We write
qu:G— M =G/H, g gH

for the quotient map and consider some ¢ € C°(q,}(O)).

The open subsets g/ (O;) form an open cover of g/ (O). Therefore
Lemma 4.18 implies the existence of ji,...,jr and test functions ¢y, sup-
ported in gy, (0;,), such that ¢ = @1 + -+ + . Now

k k
U ™(@EC > U (p)EC Y H(0;,) C > HY(0;)
=1

=1 jeJ

implies that H(O) C dies HY(O;), and additivity thus follows from
isotony. O

Tools to verify additivity. The following lemma is a general observation
for which M does not have to be connected.

Lemma 6.3 If M has a countable basis for its topology, then every countably
additive net on open subsets of M is additive.

Proof Let (O;);cs be a family of open subsets of M. Further, let B be a
countable basis for the topology of M. Then each O; is the union of the
countable set B, of basis elements contained in O;, and therefore

0 =|J{B: BeBo}, Bo:=|]B,

jeJ

where B is countable. Countable additivity of the net thus implies that
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HO)= Y HB) =YY HB) =Y HO)).

BeBo jeJ BEB, jeJ

Therefore H is additive. U

Remark 6.4 Every additive net is isotone because O C O, implies Oy =
01 U 04, so that additivity entails

H(O,) = H(O1) + H(O3) 2 H(Oy).

Lemma 6.5 If H({O)ocwm is a net on open subsets of the second countable
space M, each subspace H(O) is decomposable as

D
H(O) = / H, (0) dpu(x),

X

and if p-almost all the nets (Hy)zex are additive, then H is additive.

Proof In view of Lemma 6.3, it suffices to show that H is countably additive.
Solet O = |J;¢ ; O;j with a countable index set J. Then (DI3) in Appendix 7.6
and the additivity of the nets H, imply that

S H(o;) " /X S H.(0;) dulx) = /X H, (0) dpu(z) = H(O),

jeJ JjeJ

which is countable additivity. O

6.2 Locality

Definition 6.6 Let H be a net of real subspaces on M = G/H that is isotone
and covariant. In M x M, we defined the locality set of H by

Ly = U 01 x 0Oy C M x M.
H(O1)CH(O2)’

By definition, this is an open subset, and (Cov) implies that it is G-invariant.

Moreover, it is symmetric in the sense that (z,y) € Ly implies (y,z) € Ly.
The subset Ly is non-empty if and only if the net H satisfies the “minimal”

locality condition that there exist two non-empty open subsets 01,0y C M

The subset Ly C M x M completely encodes the locality properties of the
net H in terms of a G-invariant subset of the set of pairs in M. To connect
locality properties of a net H with the given structures on M therefore reduces
to comparing Ly with the given geometric data.
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Lemma 6.7 If H is additive and O1,O2 are open subsets of M with O X
02 Q EH, then
H(O1) C H(O,) .

This corresponds to the locality condition (Loc) in Section 3.

Proof Since H is additive, it is also isotone, and the real subspace H(O5) is

generated by the subspaces H(C), where C C Os is a relatively compact open

subset of Os. So it suffices to show that H(O;) C H(C)’ for such subsets.
For any (z,y) € Oy x C C Ly, there exist open subsets O%, OF C M with

€0y CO, yec Oy CO; and H(OY) CHOy).

Then, for each z € Oy, the sets (O )yeé form an open covering of the compact
subset C C O, so that there exist finitely many points y1, ..., y, € Oy with

CCOyU---UOy .

Then
O, :=0%nN---NOY C O
is an open neighborhood of z for which H(O,) C H(O‘"’y”j)’ forj =1,...,n.

Additivity of H thus implies H(O,) C H(C)'. Finally, we observe that the O,
form an open cover of 01, so that additivity further implies that H(O;) C

H(C)'. O
Remark 6.8 If W and W' are open subsets of M with HW) = Vand HW') =
V/, then we have

Ly =G W xW)UG.(W' x W) C Ly. (166)
If H is additive, it follows from Lemma 6.7 that O; x Oy C Ly implies
H(O1) C H(O9)".
Examples 6.9 (a) If M = RY4~! is Minkowski space and W = Wg is the
Rindler wedge, then W/ = —W§g and

Lyw=GWxW)CMxM

is the set of spacelike pairs (cf. Remark 1.29(d)). For an open subset O C M,
the maximal open subset O’ satisfying

Ox 0O CLy

is called the causal complement of O (cf. Definition 5.39(a)).

The same picture prevails for de Sitter space ds? c R4,
(b) For M = S', a causal flag manifold of G = SLy(R), the wedge regions
are open non-dense intervals W C S' (Example 3.10). If W = W, (h), then
W' = W (—h) is the interior of the complement of W, and
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Ly =G.(W xW') =M\ Ay.

So (z,y) € Lw if and only if z # y.

(c) In the non-compactly causal symmetric space M = SL4(R)/SO22(R)
(cf. Example 4.28), not all acausal pairs are contained in Ly, and M x M
contains several open acausal G-orbits (cf. [NO®21, NO26]).

Remark 6.10 In the context of abstract wedges, represented by elements of
the set
G(G-,) = {(z,7) € g x Gry: Ad(T)x = 2,7 = ¢}

(cf. Exercise 1.51), there is a natural complementation map
(x,7) = (z,7) == (—z, 7).

In this context, it is a natural question if (h,7,) = (—h, ) is contained
in the G-orbit of (h, 7). This is equivalent to the symmetry of h and the
additional condition that there exists a go € G™ with Ad(gg)h = —h (cf.
[MNO26a]). If this is the case and (U,H) is an antiunitary representation
of G, , then V' = U(go)V follows from gg.(h,7,) = (=h, 7). For any net H
satisfying (Cov) and (BW), this implies that

W x go.W C Ly (167)

(ct. (166)).

We refer to [MN26] and [NO26] for more detailed discussions of locality
properties of nets on causal flag manifolds and non-compactly causal symmet-

ric spaces, respectively. Twisted locality conditions are discussed in [MN21]
and [MNO26b)].

6.3 Representations of Lie supergroups

Lie supergroups and their unitary representations arise naturally in Physics
in connection with supersymmetry (cf. [Gu75, Gu93, Gu0l]). It would be
interesting to extend the theory developed in these notes to this context,
where the Euler element h € g is supposed to be an even element.

Definition 6.11 A Lie supergroup is a pair (G,g), where g = g5 @ g7 is a
finite-dimensional Lie superalgebra and G is a real Lie group with Lie algebra
gg, acting smoothly by automorphisms on g via Ad: G — Aut(g), in such a
way that the action on gg is the adjoint action of the Lie group G with Lie
algebra L(G) = gg.

Definition 6.12 A unitary representation of a Lie supergroup (G,g) is a
pair (U, 8), where (U, H) is a unitary representation of the Lie group G on a
graded Hilbert space H = Hg @ H7, preserving the grading, and
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B:g— End(H™)

is a representation of the Lie superalgebra g on the space of smooth vectors
of U satisfying

—if(x) C B(x)* for xz€gr
([NS11], [CCTV06)).

Problem 6.13 One can associate to each real subspace E C H~° (distribu-
tion vectors for U) the closed real subspaces HY (O) generated by

B(U())U*(CZ(O,R))E.

Does this construction lead to nets that are compatible with fermionic nets in
AQFT? Possibly one can develop a “supersymmetric” variant of the theory
described in these notes.

Here are some relevant structures and observations.

Definition 6.14 (The *-monoid associated to a Lie supergroup) The anti-
linear map

_ f € s
gc — gc, x— x*, defined by z*:= x 1 A
—ix fxegr.

is an anti-automorphism. It extends to an antilinear anti-automorphism
Ulgc) = Ulge) , D D* (168)

in a natural way. Consider the monoid S with underlying set G x U(gc) and
multiplication

(D1,91)(D2,92) = (D1(g1 - D2), g192),

where g - D denotes the adjoint action of g € G on D € U(gc). The neutral
element of S is 1s := (1y(g.), €). The map

S—S,s+ s definedby (D,g)":= (¢ D* g7

is an involution of S. Recall that U(gc) is an associative superalgebra. An
element (D,g) € S is called odd (resp. even) if D is an odd (resp. even)
element of U(gc).

Replacing in this construction the elements ¢ € G by compactly sup-
ported smooth functions on G, one can even construct a graded *-algebra
(C2°(G), %) in such a way that every unitary G-representation integrates to
a x-representation of C'°(G) by bounded operators. Thus one even obtains
“supergroup C*-algebras”. We refer to [NS16] for details.

Remark 6.15 From the table in [NS11, §2.5] we get some information on
which finite-dimensional simple Lie superalgebras g have non-trivial unitary
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representations. According to [NS11, §6], for any unitary representation of
G = (G, g), we must have the inclusion

Cone(g) = cone{[z,z]: x € g7} C Cy = {z € g5: —i-9U(z) > 0}.

For a unitary representation with discrete kernel, the cone Cy is pointed, so
that the pointedness of the cone generated by the brackets of odd elements
is necessary for the existence of non-trivial unitary representations. In this
sense [NS11, Thm. 6.2.1] compiles a negative list of simple Lie superalgebras
for which this is not the case.

6.4 The geometric structure on M

Let (U,H) be an antiunitary representation of G, and V := V(h,U) C H
be the canonical standard subspace from (2). Let E C H~°° be a finite-
dimensional linear subspace, invariant under the subgroup H C G and M :=
G/H. Then we obtain a net H} on M, satisfying (Iso) and (Cov).
Further
We = {gH € M: U"*(g)E C Hyyrs}t®

specifies an open subset of M that deserves to be called the wedge region as-
sociated to E, but it may be empty; depending on the subspace E (cf. Propo-
sition 4.13).

If Wg # (), then Proposition 4.13 implies that

HM(Wg) €V and  exp(Rh)Wg C Wk.

For £ € V*° :=VNH>, we have
(€,i0U (h)€) = i( (€, etUM ¢y — a (€, AU
’ dt l=0">’ dtli—o S5V

d A7
= 2| _1av*ez <o

because the convex function
Fil0.2n] =R, f(t) =AY e

takes its minimal value in ¢ = 7 and has a local maximum in ¢ = 0. Here con-
vexity follows from the Spectral Theorem, which implies that f is a Laplace
transform, and £ € V= Fix(JvAé/ ?) implies that it is invariant under reflec-
tion in 7.

For oo € E and ¢ € C°(Wg, R), we have U(p)a € V*°, so that we get

(U(p)a, i0U (h)U(p)a) < 0.
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Letting ¢ tend to a point measure d4, g € Wg, we obtain
(o, 10U (Ad(g) " *h)a) <0

in the sense of distributions on G. Maybe these inequalities can be related to
the generalized positive energy conditions appearing in [JaNi24].

Remark 6.16 In this context, it becomes apparent that the closed convex cone
C(Wk) C g, generated by

Ad(g)71h7 g € WE7
plays an important role. It is clearly invariant under e®2d” so that
C(Wg) € C(We)+ + go(h) — C(Wg)—
for
C(We)x == £C(Wg) Ngx1(h) C C(Wg)
(cf. Lemma 3.7).

Here is an alternative approach.

Proposition 6.17 Consider an antiunitary representation (U, H) of G, and
the corresponding standard subspace V :=V(h,U). Assume that the net H on
open subsets of M = G/H satisfies (Iso) and (Cov). Suppose further that
there exists an open subset ) # O C M for which H(O) is cyclic and contained
in V. Then (BW) holds for the open subset W := exp(Rh).O.

Proof Clearly, W is an exp(Rh)-invariant open subset of M and (Cov) and
(Iso) imply that H(W) C V is an U(exp Rh)-invariant subspace. As H(W)
contains H(O), it is cyclic, so that H(W) = V follows from the Equality
Lemma 1.9. ]

Corollary 6.18 Assume that the net H on open subsets of M = G/H satis-
fies (Iso), (Cov), (RS) and (Add) and that there exists an open subset O C M
such that H(OQ) C V = V(h,U). Then the union W of all such open subsets
is non-empty, open, exp(Rh)-invariant, and satisfies

HWwH =v.

Problem 6.19 Compare WH with W;(h) for nets on causal homogeneous
spaces M = G/H.
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6.5 Classification of nets of real subspaces

We expect that there are various contexts in which nets on M = G/H could
be classified. Specifically, the (BW) property determines the net for a given
antiunitary representation (U, ) of G, on all wedge regions (9.W)gec in M.
For causal flag manifolds, this fact already implies that a net satisfying
(Iso), (Cov), (RS), (BW) and (Add) is uniquely determined by the antiunitary
representation (U, H) of G, (see Section 6.1 and [MN26] for details).

Problem 6.20 Consider G := Aff(R), with the non-symmetric Euler ele-
ment h = (0,1) (Example 3.8). Here the intervals (z,00), z € R, are natu-
ral wedge regions in M = R. Given an antiunitary representation (U, H) of
G, = Aff(R), is it possible to classify all nets on open subsets of R that
satisfy the (BW) condition? Here additivity and locality conditions certainly
help to reduce the problem.

For instance, if H is additive, then it is easy to see that the whole net is
determined by the real subspace H((0, 1)), assigned to the open unit interval
(0,1). So one has to determine which real subspaces arise in such nets.

7 Appendix
7.1 The category of W*-algebras

By the Gelfand—Naimark Theorem, C*-algebras are norm-closed *-subalgebras
of B(H), H a complex Hilbert space. On the other hand, we have defined von
Neumann algebras directly as *-subalgebras M C B(H) satisfying M" = M.
So they are in particular closed with respect to the weak-* topology on B(H),
specified by the subspace Bi(H) C B(H)* of trace class operators and the
trace pairing (A, B) — tr(AB). As B(H) = By1(H)*, the duality theory of
Banach spaces easily implies that M = Q* for Q := B;(H)/M*. Hence
every von Neumann algebra has a predual.

This observation can be used to specify von Neumann algebras axiomati-
cally, independently of an embedding in some B(H).

Definition 7.1 A C*-algebra M is called a W*-algebras if it has a predual,
i.e., there exists a closed subspace M, C M* with M = (M,)* as Banach
spaces.

This approach has been pursued by S. Sakai, and his monograph [Sa71]
is an excellent reference. [Sa71l, Cor. 1.13.3] asserts in particular that W*-
algebras have a unique predual M,. Its elements are called normal linear
functionals. They are the continuous linear functionals for the o(M, M,)-
topology on M, i.e., the coarsest topology for which all functionals in M, are
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continuous. Any normal selfadjoint functional is a difference of two positive
ones, and the positive normal functionals ¢ can also be characterized by the
property that, for every uniformly bounded increasing directed subset (z;) ;e
of M, we have

p(sup z;) = sup p(z;) (169)

([Sa71, Thm. 1.13.2)).
We also note that W*-algebras have an identity, which can be derived from
the Krein—Milman Theorem because it ensures the existence of extreme points

in the unit ball of M, which is compact in the (M, M.)-weak topology
([Sa71, §1.7]).

Examples 7.2 (a) For every complex Hilbert space H, the full operator al-
gebra B(H) is a W*-algebra with predual B(H). = B1(H) (trace class oper-
ators).

(b) For every o-finite measures space (X, &, i), the Banach algebra L>® (X, &, u)
is a commutative W*-algebra with L>(X, &, u). = LY(X, &, u).

The same holds for £>°-direct sums (whose preduals are ¢!-direct sums),
and all commutative W*-algebras are such sums. More intrinsically,
they can be described as the space LYY (X, &, 1) of bounded, locally mea-
surable functions on a semi-finite measure space (X, S, u). Here semi-finite
means that, every E € & with p(F) = oo contains a measurable subset of
finite positive measure. A function f is called locally measurable if its restric-
tion to all measurable subsets of finite measure is measurable.

Definition 7.3 A morphism of W*-algebras is a complex linear x-algebra
morphism 7: M — N with 7*N, C M,, i.e., pullbacks of normal functionals
are normal. We call these algebra morphisms normal. For every complex
Hilbert space H, a normal representation (w,H) of M is a normal morphism

m: M — B(H).

Remark 7.4 (a) For normal states, the GNS construction produces a normal
representation.
(b) This is more generally true for so-called semi-finite weights. A weight

w: M4 — [0, 0]

is an additive, positively homogeneous function. It is called normal if it is
compatible with bounded sup’s in the sense of (169). A weight w on M is
called semi-finite if the set

{MeMy | w(M) < oo}

generates a x-algebra which is o(M, M, )-dense in M.

The GNS construction and the Tomita—Takesaki Theorem extend to nor-
mal weights, and faithful normal semi-finite weights always exist ([Bl0G,
I11.2.2.26]). Normal semi-finite weights are sums (in the sense of summability
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of general families) of normal positive forms (cf. [Haa75]). As a consequence,
any von Neumann algebra M has a standard form representation (cf. [B106],
[BGN20, §3.1]).

Remark 7.5 (a) Any o-finite measure is semi-finite. If X is a set, then the
counting measure

i P(X) = 2% 5 NoU{oc}, p(E) = Bl

is semi-finite. It is o-finite if and only if X is countable.
(b) If (X;,6;, ;) e are semi-finite measure spaces, and we put

X:=]]%;, 6={ECX:(Vje )ENX;c6&;}
jedJ

and
wE) =Y i (ENX,),
jeg
then & is a o-algebra on X, u is a measure, and (X, S, u) is a semi-finite
measure space. Exercise 7.8 shows that, conversely, up to sets of measure
zero, any semi-finite measure space is such a direct sum of finite measure
spaces.

Exercises for Appendix 7.1:

Exercise 7.6 (Direct sums of von Neumann algebras) Let M; C B(H;) be a family
of von Neumann algebras, H := @jEJHj the Hilbert space direct sum of the #; and

Mi=@, M= {(My)ses € [T My: sup [M] < oo}

jeJ

the £°°-direct sum of the von Neumann algebras M; with the norm ||M] :=
sup, ¢ s [[M;|. Show that M can be realized in a natural way as a von Neumann
algebra on H.

Exercise 7.7 (Separability and o-finiteness) Let (X, &, ) be a measure space. Show
that:

(a) If f e LP(X,pn), 1 < p < oo, then the measurable subset {f # 0} of X is
o-finite.

(b) If H C L2(X,pu) is a separable Hilbert subspace, then there exists a o-finite
measurable subset Xo C X with the property that each f € H vanishes p-almost
everywhere on X§ = X \ Xo.

Exercise 7.8 Let (X, S, ) be a measure space. Show that there exist measurable
subsets
X; € X, je€ J, of finite measure such that

—

LQ(Xv “) = @].EJL2(Xj7M|XJ)'

Hint: Use Zorn’s Lemma to find a maximal family (X;);cs of measurable subsets of
X of finite positive measure, for which p(X; N Xy) = 0 for j # k. Conclude that the
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corresponding subspaces L?(X, u|x,) of L?(X, ) are mutually orthogonal and that
the intersection of their orthogonal complements is trivial. For the latter argument,
use Exercise 7.7(a).

7.2 Background on Lie algebras

In this appendix we collect some relevant facts about Lie algebras, see
e.g. [HN12]. In view of the one-to-one correspondence between Lie algebras
and simply connected Lie groups, the same terminology (simple, semisimple,
compact, hermitian, ...) is used for Lie algebras and Lie groups. Here G de-
notes a connected Lie group with Lie algebra g. We denote the centers of G
and g by Z(G) and 3(g), respectively. The adjoint action defines a group ho-
momorphism Ad : G — Aut(g) whose image we denote by Ad(G) = G/Z(G).
For a non-connected Lie group H, we denote by H, its identity component.

7.2.1 Compact Lie algebras

A Lie algebra g is called compact if it is the Lie algebra of some compact
Lie group. This is equivalent to the existence of an ad-invariant positive
definite symmetric bilinear form on g ([HN12, Prop. 12.1.4]). It follows that
each operator ad z is semisimple (i.e., each ad z-invariant subspace has an
invariant complement) with purely imaginary spectrum, so ad z can only be
nilpotent if = € 3(g).

A subalgebra ¢ C g of a Lie algebra g is called compactly embedded if
the subgroup exp(ad ) C Aut(g) is compact. This implies that € is compact
and the subgroup K := exp() C G is closed ([HN12, Lemmas 14.2.3 and
14.2.6]). The group Ad(K) is compact but K itself need not be compact.
For example, the Lie algebra R™ of the additive Lie group R™ is compactly
embedded in itself (because it is abelian); note that R™ is also the Lie algebra
of the compact Lie group T™ = R"/Z".

7.2.2 Semisimple Lie algebras

A Lie algebra g is called simple if it is non-abelian and contains no proper
ideals. It is called semisimple if it is isomorphic to a direct sum of simple ones.
By [HN12, Thm. 5.5.9], this is equivalent to nondegeneracy of the Cartan—
Killing form

k(z,y) = tr(ad z,ad y).

A Cartan involution of g is an automorphism 6 satisfying #? = id and
k(z,0z) < 0 for « € g. Cartan involutions exist and are unique up to conju-
gation with inner automorphisms Ady, g € G ([HN12, §§13.2.2/3]). A Cartan
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involution induces a Cartan decomposition
g==top with [t CE [&p]Cp, [p,p]CE (170)

where £ and p are the f-eigenspaces to the eigenvalues +1 and —1, respec-
tively. Conversely, a Cartan decomposition determines a Cartan involution
by setting it +-id on £, p. We have

tELl.p, k <0 on & k>0onp,

where ¢ 1, p holds because 0 preserves x, and the other two relations follow
from this combined with «(x, #z) < 0 and nondegeneracy of . Note that this
implies

k(z,0x) <0 for0#x € g.

On gl,(C) a Cartan involution is given by 6(z) = —z*, so for a *-invariant
Lie subalgebra g of gl,,(C) the associated Cartan decomposition is given by

t=gnu,(C) and p=gnNHerm,(C)

with the skew-Hermitian matrices u,, (C) and the hermitian matrices Herm,, (C).

The subalgebra £ in a Cartan decomposition is maximal compactly em-
bedded and exp(ad$) is a maximal compact subgroup of Ad(G) ([HN12,
Prop. 13.1.5]). Since & is positive definite on p, it induces a Riemannian
metric on G/K making it a Riemannian symmetric space (with geodesic
symmetry at the base point eK arising from the involution of G associated
to 6).

To develop a finer structure theory of semisimple Lie algebras, we start
with a Cartan decomposition g = €@ p and fix a maximal abelian subalgebra
t C £ and a maximal abelian subspace a C p. Then t is also maximal abelian
in g and t¢c C g¢ is a Cartan subalgebra (i.e., it is nilpotent and its own
normalizer) for which we obtain a root system A(gc,tc). Moreover, ad a is
simultaneously diagonalizable, which leads to the restricted root decomposi-
tion

a=g"+ @ g%, where g*={xe€g: (Vhea)lhz]=ah)z} (171)
acy

are the restricted root spaces and

Y=2X(ga)={aca a0, g" # {0}

24

is the set of restricted roots.”* We pick a set

24 The term “restricted” is due to the fact that one may enlarge a to a Cartan
subalgebra h C g, for which we obtain a refined root decomposition and roots a: h —
C, for which the restricted roots are obtained by restricting them to a.
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II:={o,...,an} C X

of simple roots. This is a subset with the property that every root a € X is
a linear combination o = Z?Zl n;o;, where the coefficients are either all in
Z>g or in Z<g. The convex cone

I :={zxe€a: (Vaell) alz) > 0}

is called the closed positive (Weyl) chamber corresponding to II. We have the
root space decomposition

g:gg@@ga and go=m&a, where m=gyNEt
ack

Now 0(gn) = g—a, and for a non-zero element z, € g,, the 3-dimensional
subspace spanned by x4, 0(2,) and [x,,0(z4)] € goNp = a is a Lie subalgebra
isomorphic to sly(R).

Lemma 7.9 For each o € X, there exists a unique element a¥ € a such that
ala¥) =2 and

_ 2n(w,00a))
k(aY,aY)

[z,6()]

for  x € ga.

Proof We first observe that 0 # z € g, implies 6(z) € g_,, hence [z,0(z)] €
go- We also have

0([z, 0(2)]) = [0(z), 2] = —[x, 6(x)],

so that [z,0(x)] € go Np = a. As k is positive definite on a, there exists a
unique h,, € a with &(+, h,) = a. For h € a, we then have

w(h, [2,0(2)]) = w([h, 2], 0(x)) = a(h)k(z, 0(x)) = K(h, &(z,0(x))ha),

and this shows that we must have [z, 0(z)] = k(x, 0(z))hy. As k(z,0(x)) <0
and a(hq) = k(ha, ha) > 0, we obtain with

2
a¥ = _2ha
K(ha, Po)
that a(aV) = 2, and observing that x(aV,aV) = W completes the
proof. O

Now

To:ia—a, 7To(z):=1z—a(z)a’

is a reflection in the hyperplane ker o, and the subgroup

W= (ro: a € X) C GL(a)
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is called the Weyl group. Its action on a provides a good description of the
adjoint orbits of hyperbolic elements: Every hyperbolic element in g is conju-
gate to a unique element in the Weyl chamber IT* C a, a fundamental domain
for the G-action on the subset of hyperbolic elements in g and a fundamental
domain for the W-action on a. For x € a, the intersection O, Na = Wx is
the Weyl group orbit ([KN96, Thm. ITI.10]).

7.2.3 Hermitian Lie algebras

Let g be a simple Lie algebra with Cartan involution # and Cartan decom-
position g = ¢ @ p. We call g hermitian if 3(¢) # {0} (cf. Definition 3.23).
This implies that the center 3(£) of ¢ is one-dimensional and generated by an
element Z with £ = ker(ad Z) for which ad Z|, defines a complex structure
on p ([Ne0O, Thm. A.V.1]). This defines on the Riemannian symmetric space
G/K a complex structure, making it a hermitian symmetric space of non-
compact type. The term “hermitian” is due to the fact that the tangent space
Tex (G/K) = p carries a K-invariant complex structure I, so that the invari-
ant scalar product k(z,y) = tr(adz,ady) actually extends to a hermitian
form k(z,y) +ic(lz,y).

Actually, for a hermitian Lie algebra g, the space G/K is biholomorphic
to a bounded symmetric domain D in a finite dimensional complex vector
space,?” and G /Z(G) is the identity component of the group of biholomorphic
automorphisms of D (see [He78, FK94]). If D is biholomorphic to a tube
domain R% 4 i2 C C?, where 2 C R? is an open convex cone, then we say
that g is of tube type.

The tube type algebras are in one-to-one correspondence with the simple
euclidean Jordan algebras that arise as g1 for a 3-grading (i.e., a Z-grading
supported in degrees —1,0 and 1)

g=g-1®go®g1, where [g;,0%] C gtk

(cf. Rows 7-11 in Table 1 in Section 2.3). To understand the geometric sig-
nificance of this grading, we first consider the maximal parabolic subgroup

Q:={g€G: Ad(g)g=q} with Lie algebra q:=g_1 @ go,

specified by the 3-grading and the associated (minimal) flag manifold M :=
G/Q. Then Z(G) C @ acts trivially on M and we obtain an inclusion of
the adjoint group Ad(G) = G/Z(G) — Diff (M) and a realization of the Lie
algebra g by vector fields on M. The map

g1 — G/Q, v exp(v)Q

25 This means that in each point p there exists a point symmetry, i.e., a biholomorphic
map for which p is an isolated fixed point.
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is an open embedding with dense range, and in this chart of M, elements of
g; correspond to homogeneous vector fields of degree 1—j, j = —1,0, 1. Here
the abelian subgroup G := exp(g1) = (g1, +) acts by translations and

Go:={g9€Q: Ad(g9)go = go}

by linear maps. The flows generated by vector fields in g_; do not leave the
open subset ¢(g1) invariant.

The space g; can be identified with a euclidean Jordan algebra V (see the
appendix to Section 3.4 and [FK94] for details), and from this perspective
g can be identified with the Lie algebra of “conformal vector fields” on V.
Accordingly, Ad(G) is the identifiy component of the conformal group and
M = G/Q is called the conformal compactification of V.

If V.= RY"~! is n-dimensional Minkowski space, then G = SOq,,,(R).*°
and

G/Q= (' x 5" )/{£1}.

For n = 4, this space can be identified with the group Uy(C), on which
G = SU32(C) acts by Mobius transformations.

7.2.4 The Lie algebra sl (R)

The simplest hermitian Lie algebra are the trace-free 2 x 2 matrices g = sl =
slo(R), the Lie algebra of the group G = SLo(R). It has a basis

o= (00): #=(10) n=3(2)
satisfying the relations
[h.e] =e¢, [h,fl=—f, and e, f]=2h. (172)
In the basis (e, f, h), the Killing form is given by the matrix
040

k=1{400
002

The Cartan involution f(a) = —a' gives rise to the Cartan decomposition
g =t @ p given by the skew-symmetric and symmetric matrices

t = s502(R) = span{e — f}, p = slo NHermy(R) = span{h,e + f}

The abelian subalgebra 3(€) = € = s02(R) is generated by the element

26 Recall that H. denotes the identity component of H.
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1 1701
a=ste-0=5("0) (173
for which ad z¢ defines on p the complex structure
ad z¢(h) = -6 —; f, ad ze¢(e + f) = 2h.

The form —& is of signature (1,2), which implies that
Ad(G) = PSLy(R) = SO 2(R).

and that we may consider sly(R) as Minkowski space R*? on which the
Lorentz group SO 2(R) acts. In this context

Cotam) = { <i _ba) ta® +be<0,0> c} (174)

is a pointed generating closed convex invariant cone. It contains z¢, and the
only other invariant cone of this type is —C, containing —zg.

The subalgebra £ generates the compact subgroup K = SO2(R) C SLy(R).
Note that G has center Z(G) = {£1}, so that G — Ad(G) = G/Z(G) and
K — Ad(K) are 2-1 covers. Since G acts transitively on the upper half plane
C;+ =R +iR; by Mobius transformations via

ab _az+b
cd z_chrd’

with the stabilizer of ¢ equal to SO2(R), we have

G/K = SLy(R)/SO5(R) = C; and G/Z(G) = PSLy(R) = Aut(C,) = Aut(C,).,

where Aut(C;.) denotes the group of biholomorphisms of H. As C; = R+iR;
is a symmetric tube domain, we see that sls is of tube type. Here g1 &2 R is
the one-dimensional Jordan algebra, with corresponding 3-grading

slh(R) =g_1 ®go D g1 =Rf @ Rh @ Re,

and the stabilizer of 0 for the action of SLy(R) on R U {oo} is the parabolic

subgroup

a 0 ~ ol

Q:{ 0 :a;éO}, G/Q =S,

ca

The Lie algebra sla(IR) here corresponds to the 3-dimensional space of poly-

nomial vector fields on R of degree < 2 via E = 220,, F = —0,, H = 20,.
The restriction of the Killing form to p descends to a PSLa(R)-invariant

metric on C,, which turns out to be twice the hyperbolic metric.
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7.2.5 Jordan decomposition in semisimple Lie algebras

An important tool in the structure theory of real semisimple Lie algebras is
the real Jordan decomposition. If A € End(V') is an endomorphism of the
finite-dimensional real vector space V, then there exists a unique additive
decomposition

A=A+ A+ A,

where any two summands commute, A,, is nilpotent, Ay, is hyperbolic, i.e., di-
agonalizable over R, and A, is elliptic, i.e., semisimple with purely imaginary
eigenvalues. Here A = A, + A,, with A; = Aj + A, is the Jordan decomposi-
tion of A, where A, is semisimple, A,, is nilpotent and [As, A,] = 0 ([HN12,
Def. 5.3.6]). As the complex linear extension A, ¢ to V¢ is diagonalizable, it
has a natural decomposition A; c = X +14Y, where X corresponds to the real
part of the eigenvalues and Y to their imaginary parts. Now X and Y pre-
serve the real subspace V C V¢ and A, and A, are determined by Apc =X
and A, ¢ = iY. The uniqueness of the decomposition follows immdiately from
the uniqueness of the corresponding decomposition for A¢c on V.

To apply this to semisimple real Lie algebras, the main observation is that,
for any = € g, all three Jordan components (ad z)p, (adz). and (ad ), are
derivations of g.

Lemma 7.10 Let g be a semisimple real Lie algebra. Then, for any x € g,
there exist uniquely determined elements xp, Xe, Xy, € g such that x = xp +
Te + Xy, the summands pairwise commute, and

ad(zp) = (adx)p, ad(ze) =(adz). and ad(z,) = (adz),. (175)

Proof By [HN12, Prop. 5.3.10], the nilpotent and semisimple Jordan compo-
nents (ad z), and (adz), or the derivation ad z are derivations. To see that
(ad ), also is a derivation, we first observe that, for eigenvalues A, u € C of
(ad x)s, we have

02 ((ad 2),), g ((ad 2),)] € gz ((ad 2)s),

because (ad x)s is a derivation. For A = a 4+ if with «, § € R, we have

02((adz)n) = @ ed((ada),),

Re A=«

which immediately leads to [go'((adz)s), 922 ((ad @)p)] C g2 T2 ((ad 2)p).
This implies that (ad x);, also is a derivation, and finally (adz), = (adx)s —
(ad )y, is a derivation.

Next we use that der(g) = adg ([HN12, Thm. 5.5.14]) to find uniquely
determined elements xj, z. and x,, of g satisfying (175). We thus obtain a
decomposition x = xp, + x. + T,,, where the summands commute pairwise, xj,
is hyperbolic, z. is elliptic and x,, is nilpotent. O
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The uniqueness properties of this decomposition imply in particular that,
for any automorphism ¢ € Aut(g), we have

o(zn) = p(@)h,  @(re) = p(x)e  and  @(zn) = P()n-

Proposition 7.11 If g = ¢ ® p is a Cartan decomposition as in (170), then

e 1 € g is elliptic if and only if its adjoint orbit O, = Inn(g).x intersects ¢.
e x € g is hyperbolic if and only if O, intersects p.

Proof The form B(z,y) = —k(x,0y) is positive definite. If € &, then
(adx)" = —adz with respect to B, so that z is elliptic, and if z € p,
then (adz)" = adx implies that x is hyperbolic. Conversely, each el-
liptic element in g is conjugate under inner automorphisms to one of £
([HN12, Thm. 14.2.7]), and every hyperbolic elements to one in p ([KN9G6,
Thm. I1.9]). O

7.3 Polar maps

This is an appendix from [NO23b] which discusses polar maps associated to
an involution on a symmetric space, resp., to a pair of commuting involutions
on a Lie group. Key properties are collected in Lemma 7.15. These results are
used to obtain crown domains for Lie groups, and real and complex Olshanski
semigroups. They are also relevant for the description of the structure crown
domains in complex homogeneous spaces.

7.3.1 Some spectral theory

Let V be a finite dimensional complex vector space and A € End(V). For a
complex power series f(z) = > -, a,2" that converges for all z € C, we put

flA) = ianA" € End(V).
n=0

In this sense % =30 (2‘:7?:1)! is defined below.

Lemma 7.12 ker (%) =D, ker(A? + n?n?1).
Proof We may w.l.o.g. assume that V is complex. Then B := Sin};& is
invertible on all generalized eigenspace corresponding to eigenvalues \ # 7ni,

n € Z\{0}. We may therefore assume that V" has only one eigenvalue A = nwi,
n # 0. Then A is invertible, so that

ker(B) = ker(sinh(A)) = ker(e? — e=4) = ker(e?4 — 1).
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Writing A = A, + A, for the Jordan decomposition of A, it follows that

Q2A _ o240 245 _ L2nmi 24
As ker(e?4n — 1) = ker(A,,) follows from 24,, = log(e?*4") as a polynomial in
e?4n — 1, we see that ker(B) = ker(A4,,) is the \-eigenspace of A. O

With similar arguments, or by replacing A by A — %17 we get:

Lemma 7.13 ker(cosh(A)) = ker(e 24 +1) = @, . ker (A2+(n+%)27r21).

7.3.2 Fine points on polar maps

In this subsection, we consider two commuting involutions ¢ and 7 on a
connected, not necessarily reductive, Lie group G and an open o-invariant
subgroup H C G". We shall study the polar map

&: G xXpgoq 7 = M, |g,2]— g.Exp.y(z) =gexp(z)H € G/H (176)

and its applications.
As H is invariant under 7 and o, both define commuting involutions on
M and their fixed point manifolds intersect transversally in e . The map

U:G% xpgoq 9= N(G°/H?), |[g,x]— gz

is a diffeomorphism onto the normal bundle N(G°/H?) of the subspace
G?.eH = G°/H° and & = ExpoV¥, where Exp: T(M) — M is the expo-
nential map.

First, we determine the regular points of &. As @ is G%-equivariant, it
suffices to determine for which points [e, z] the tangent map Tj. ,(®) is in-
jective, hence bijective for dimensional reasons. In the following calculation,
we shall use the formula

sinh(ad x)

f 1
e or m,y€Eq (177)

T (Expepr)y = exp(x).
for the differential of Exp ([DN93, Lemma 4.6]), where
4= Texp, y(z)s U €XpT.0,

is the linear isomorphism induced by the action of expxz € G on M. For
a € g% and z,b € q77, we obtain

Tie.a)(®)(a,b) = a. Exp(z) + T (Exp,4) ()

o 2q) sinh(ad ) b)

1
adz (178)

= exp(x). (pq(e
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Note that e~ 24%q = cosh(ad x)a — sinh(ad )a. If a € h7 then

pqle” *%a) = —sinh(ad z)a,

and if a € q%, then py(e”24%a) = cosh(ad z)a. Writing a = ap + a4 with
ay € h? and aq € 97, we thus obtain
sinh(ad )

Tie.2)(P)(a,b) = exp(m).(cosh(ad x)aq + o

€q’

b — sinh(ad x)ay ) .

€q-°
(179)
The following lemma provides a characterization of the regular points.

Lemma 7.14 For x € q, the following assertions hold:

(a) Exp, g is regular in x if and only if the map %: q — q is invertible,
which is equivalent to
Spec(ad z|q, ) N Zmi C {0},  where qr :=q+[q,q]. (180)

(b) If Exp g |q-- is regular in x € q~7, then the polar map @ in (177) is reg-
ular in [g, ] if and only if, in addition, cosh(ad x): q7 — q7 is invertible,
which is equivalent to

Spec(ad z[q, ) N (g + Zw)i =0. (181)

Proof (a) follows from the spectral theoretic description of the kernel of
inh(ad x)

: ad x . q
gc for the eigenvalues A € miZ \ {0} (Lemma 7.12).

(b) Suppose that the restriction of Exp,y to q~7 is regular, i.e., that

as the intersection of q with the sum of the eigenspaces of ad z in

sinh(ad x)
adz

—0 —0

—4q
is invertible. Then (179) shows that & is regular in [e, ] if and only if
cosh(adx): q7 — q°

is invertible, and this is equivalent to the condition on Spec(ad z|,, ) stated
in (b). O

The following lemma contains a wealth of information on singular points
of the polar map .

Lemma 7.15 Let 2 C q=7 be an open H?-invariant subset consisting of
Exp-regular elliptic elements, and consider the polar map

D: G xge 22— M, [g,y]+ g.Exp.g(y).
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Let © € 2, write m := Exp y(x) € M = G/H, O,, := GJ.m for its orbit,
and put

oy 1= e 20T, Co = e~ 217 ¢ Aut(g).

Then the following assertions hold:

(a) g7% :={y € g: 0,(y) = —y} = ker(cosh(ad x)).
(b) q%~%= complements the subspace

exp(—x).im(Tjc 41 (P)) = cosh(ad x)q” © q~ 7
m q. )
(c) The eigenspaces g=7+ are T-invariant, and on the Lie subalgebra g°= =
g% @ g~ %=, the involution T commutes with o.
(d) The eigenspaces g7+ are (,-invariant, on g+ the automorphisms (, and

T commute, and on on g~%= the complex structure (, and T anticommudte.
In particular, we have

G(OO7) =07, G@7)=a%, GO ™) =", G@™)=b"".

(e) The eigenspaces g7+ are o-invariant, and on the Lie subalgebra g"i, the
involution o commutes with o,. On g°=, the automorphisms (; and o
commute, and on on g~ %= the complex structure (, anticommute with o.
In particular, we have

Cl@777) = 7%, Gulg™77) =g 7, gt ) =gt

(f) The stabilizer Lie algebra of m in g is

o2 e — Oz
gm =07 ={y€g:ou(y) =7(y)} and gm =H7" Sq .
The stabilizer Lie algebra in g7 is
g, =bH77 @ g7 (182)

The stabilizer group G, acts on T,,(M) = expz.q by g.(expz.y) =

expa.(Ad(¢F(9))y)-
(g) The tangent space of the orbit Oy, is

T (Or) = exp(). (cosh(ad 2)q” + [z, 57]).

(h) Let qz :=q7 % +q~ 7% and b = [qz, qs]. If the group Inng(h,) acts as
a relatively compact group on q, and Inng(hz)q~ 77 = q,, then m is an
interior point of im(QP).

Proof (a) follows directly from 2 cosh(ad z) = e*d® 4 e~ 2d=,
(b) With (178) we see that the image of T}, ,)(®) is the subspace
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exp(z). ( cosh(ad z)q” + sinh(adz) )

—_—— adz
s ﬁ_/
=1 Cq—c

As ad z is semisimple, a complement of exp(—x).im(T}e, - (®)) in q is
ker (cosh(ad z)|ge) = g7~ 7", (183)

(c) In view of 7627 = 052, the fixed point space g’ is T-invariant. On this
subspace 0, = 0, ' = 70,7, so that 7 preserves the two eigenspaces gt of
oy On g"i.

(d) As ¢, commutes with o, the eigenspaces g*°= are (,-invariant. Further,
(c) implies that, on g7+, we have 7(,7 = (1 = (,.

(e) is shown with similar arguments as (c) and (d).

(f) In M = G/H, the point m = Exp_y(expz) = expzH is obtained by
acting with expx on the base point eH. Therefore its stabilizer group is
G = exp xH exp(—x) with the Lie algebra

gm = *17h = Fix(e* %1~ 247) = Fix(re224%) = Fix(r0,).
Now the 7T-invariance of g"i implies that
o2 2
Oni =g Ng7s =g7 " ®g T =07 Dq .

To verify (182), let y = yy + yq € 97 with y5 € h7 and yq € q7. Then the
corresponding vector field XZI,” on M satisfies

Xéw(m) = y.m = exp(x).pq(e” adxy) = exp(x). (%(e‘ adw, _ T(e” ad"”y))

= exp(e). (5 (e~ 17y — e 7r(y)))
= exp(x).( cosh(ad )y, — sinh(ad z)yy). (184)

Therefore X (m) = 0 is equivalent to

0 = cosh(ad x)y, —sinh(ad )y .

€q7 €q—°
Thus both summands have to vanish, which is equivalent to

672adxyq = —yq and 672admyh = yp.

This implies (182).
To complete the proof of (f), we note that, for v € q and g € G,,, we have

g.(exp(z).y) = exp(z).(Ad(CE (9))y), (185)
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where (¢ (G,,) = H acts on T,z (M) = q by the adjoint representation.
(g) From (184) it follows that

exp(—x).T1n (Op,) = cosh(ad x)q” + sinh(ad z)h”
sinh(ad z) (2, b7]

= cosh(ad z)q?
cosh(ad x)q” + o

= cosh(ad z)q” + [z, H7].

Here the last equality follows from (ad z)2h C h° and the Exp-regularity of

x, which, by Lemma 7.14, is equivalent to the invertibility of sinh(adz ) q.
ad x

(h) By (183), a natural complement of
exp(—x). Ty (Op,) = cosh(ad 2)q7 + [z, h7]
in q is the subspace
Gr =977 @ (q77 Nker(adz)) = g7~ © g~ 77,
where the last equality follows from

4% = @ ker((adz)? + 7°n®idq) and  Spec(adz) N Zmi C {0}.
nez

As z is Exp,g-regular and
Exp.y(z +y) = exp(x).Exp,,(y) for ye€q ?Nker(ada)=q 7=,
the subset
2:={y € q,: Exp,,(exp(x).y) € im(P)}

contains a 0-neighborhood Uy in q~7?=. Now our assumption Inng(h,)q= 77" = q,
and the relative compactness of the group Inng(h;) on q, imply that U; :=
Inng(h;)Up is a 0-neighborhood in q,.

Finally, we obtain from (182)

_ _ o,0 —0,—0. (d),(e) o,0 o,—0. 182 o
Gl (he) C (BT +ho0e)  C pos 4 g (2 go

so that

Exp,, (exp(x).U1) = Exp,, (exp(z). Inng (h)Uo)
= (G?)m-Exp,, (exp(z).Up) C im(P).

This means that {2 is a 0-neighborhood in ¢, and hence that im(®) is a neigh-
borhood of m because the map G¢ x q, — M, (g9,y) — g.Exp,,(exp(z).y)
has surjective differential in (e, 0). O

Below we write
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Tspec,im (A) := sup{|Im A|: A € Spec(A)}
for the imaginary spectral radius of a linear map A € End(V), dimV < co.

Remark 7.16 If rgpec,im(ad 2) < /2, then the polar map ¢ in the preceding
lemma is regular in [e, z] (Lemma 7.14). In this case ker(cosh(ad z)) = g=“=
is trivial, so that

gy, =h7% =h? Nker(ad z) = 3po ()
follows from Lemma 7.15(f).
The next lemma is useful to verify condition (h) in the preceding lemma.

Lemma 7.17 Suppose that (g,7) is a reductive symmetric Lie algebra such
that q consist of elliptic elements, o = 7o, and that a C q~7 is a mazximal
abelian subspace in q. Then

0" =[""q7°],  Inng([g,q])a7" = a,
and the group Inng([q,q]) is compact.

Proof Let a C q be maximal abelian in ¢. Then a contains 3(q). We then
note that 34(a) = a @ 3p(a) is 7- and o-invariant. Further g = 34(a) @ [a, g]
implies that ¢ = a @ [a, h]. As

[Cl, b] = [Cl, h? ® b_a] Cqg 7dq%,

this leads to
97 =[a,h" 7] C[q77,h77] Cq°.

The second assertion follows from Inng([q, q])a = g, and the third from the
fact that the reductive Lie algebra q + [q, q] (it is an ideal of g) is compact.O

7.3.3 Fibers of the polar map

For the polar map we have to analyze the relation

Exp(x) = g. Exp(y).
Applying the quadratic representation yields

exp(2z) = gexp(2y)g* = exp(2 Ad(9)y)gg*.

For z,y € q~° and g € G, we also have gg* € G, so that

exp(4z) = exp(2z)o(exp(2x)) " = exp(4 Ad(g)y).
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If z and y are sufficiently small (imaginary spectral radius < 7 ), we thus
obtain Ad(g)y = z, and thus g¢* = e, i.e., 7(g) = g.
See [HN93, Cor. 7.35] for similar arguments.

7.3.4 Fibers of Exp

Suppose that x,y € q have the same exponential image Exp(z) = Exp(y) in
M. We further assume that Spec(adz) NinZ C {0}, so that Exp is regular
in z. Then we obtain in G the identity

exp(2z) = Q(Expz) = Q(Expy) = exp(2y),

and since Spec(ad(2z)) N 21iZ C {0}, exp is regular in z. Therefore [HN12,
Lemma 9.2.31] implies that

[z,y =0 and exp(2z —2y)=e.
We conclude that exp(xz — y) = exp(y — z), which leads to
Exp(y — x) = 7 (Exp(z — y)) = exp(y — 2)H = exp(z — y)H = Exp(z — ),

so that Exp(y —z) € M", and Exp(R(xz — y)) C M is a closed geodesic.
We also conclude that z — y is elliptic with Spec(ad(x — y)) C miZ.

Lemma 7.18 If rspec,im(ad ), rspec,im(ad y) < 7, then exp(z) = exp(y) im-
plies that x — y € 3(g). If, in addition, G is simply connected or g is semisim-
ple, then x = y.

Proof The preceding discussion implies that [z,y] = 0. Now
TSpec,im(ad(x - y)) <27

leads to ad(z —y) =0, i.e., to z —y € 3(g). U

7.4 From unitary to antiunitary representations

Antiunitary representations are somewhat harder to deal with when it comes
to direct integrals. In addition, their restriction to G may have more invariant
subspaces. To deal with these issues in the context of standard subspaces, the
following lemma is a useful tool.

Lemma 7.19 (The antiunitary extension) Let (U, H) be a unitary represen-
tation of G and write H for the Hilbert space H, endowed with the opposite
complex structure. Then the following assertions hold:
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(a) On H := HOH we obtain by U(g) := U(g) ®U(1u(g)) a unitary represen-
tation which extends by U(1y)(v,w) := J(v,w) := (w,v) to an antiunitary
representation of G.,. The corresponding standard subspace V= V(h, [7)
coincides with the graph

V=1(AY?), (186)

and its modular operator is A=Ad AL
(b) If U extends to an antiunitary representation of G,, by J = U(1) on H,
then the following assertions hold:
(1) : H®2 — H,B(v,w) = (v, Jw) is a unitary intertwiner of U and the
antiunitary representation U of G, on H%2, given by

Ullg =U®2  and  Ub(m)(v,w) == J*(v,w) := (Jw, Jv).

(2) The standard subspace V¥ :=V(h,U*) coincides with the graph I'(Ty) of
the Tomita operator Ty = JA1/2~0f V.

(3) The antiunitary representation U is equivalent to the antiunitary rep-
resentation U®? of G, on HP?.

(4) If A C G is a subset, then V4 is cyclic in H if and only if V4 is cyclic
n H.

Proof (IMN24, Lemma 2.22]) (a) The first assertion is a direct verification
(cf. [NO17, Lemma 2.10]). Since

Av: e27ri~@(7(h) — A@A_l,

the description of the standard subspace V = Fix(j AV 2) follows immediately.
(b) (1) Clearly, @ is a complex linear isometry that intertwines the antiunitary

representation U with the antiunitary representation U f,
(2) As A* = ¢~ 1AP = AP A, the relation

(v, w) = JHAHY2 (v, w) = (JAY?w, JAY?v) = (Tyw, Tyv)

is equivalent to w = Tyv. Hence V¥ = I'(Ty).

(3) As the restrictions of U®2 and U* to G coincide, [NO17, Thm. 2.11] im-
plies their equivalence as antiunitary representations. However, in the present
concrete case, it is easy to see an intertwining operator. The matrix

am s (TR v 2= (03)

defines a unitary operator on H®2?, commuting with U*(G). It satisfies
JO24J92 = A* = A1, so that

AJE2A- = A2 92 = gt
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(4) If Ul extends to an antiunitary representation U of G, on H, then
(3) implies that U = U®2, and any equivalence ¥: (U, H) — (U®2, H®?)
maps V4 to (V@ V)4 = V4 @ V4. Therefore V4 is cyclic if and only if V4 is
cyclic in H. O

The following definition extends the classical type of irreducible complex
representations to the case where the involution on G is non-trivial. For a
unitary representation (U, H), we write (U, H) for the unitary representation
on the complex conjugate space H by U(g) = U(g). We observe that, for an
antiunitary representation (U, H) of G, , its commutant

U(Gr,) ={A € B(H): (Vg € Gr,) AU(g) = U(9)A}
={A€UG): U(r)A= AU(m)}

is only a real subalgebra of B(H) because U(7,) is antilinear.

Definition 7.20 ([NO17, Def. 2.12]) Let (U,H) be an irreducible unitary
representation of G. We say that U is (with respect to 73), of

e real type if there exists an antiunitary involution J on H such that
U¥(t,) := J extends U to an antiunitary representation U* of G, on H,
i.e., JU(g)J = U(tn(g)) for g € G. Then the commutant of U*(G,, ) is R.

e quaternionic type if there exists an antiunitary complex structure I on H
satisfying IU(g)I~* = U(m(g)) for g € G. Then U o 7, 2 U, U has no
extension on the same space, and the antiunitary representation ([7 , 7:2) of
G, with 17|G ~ U @ (U oTy) is irreducible with commutant H.

o complex type if U o1, 2 U. This is equivalent to the non-existence of
V € AU(H) such that U(my(g9)) = VU(g9)V~! for all g € G, i.e., to the
non-existence of an antiunitary extension of U to G,, on H. Then (17 ; 7?[)
is an irreducible antiunitary representation of G,, with commutant C.

Remark 7.21 (Antiunitary tensor products) Let G = G1 X G2 be a product of
type I groups and 7 an involutive automorphism of G preserving both factors,
i.e., 7 = 11 X T9. We want to describe irreducible antiunitary representations
(U, H) of the group G, = G x {idg, 7} using [NO17, Thm. 2.11(d)].

(a) The first possibility is that Ul is irreducible, so that U(G)’ = R. Then

(Ulg, M) = (U1, H1) @ (Uz, Ha)

with irreducible unitary representations (U;,H;) of G; both extending to
antiunitary representations U ]ﬁ of G;. Hence both U; and Us are of real type.
(b) The second possibility is that Ul is reducible with U(G)" = C or H, so
that

Ueg=2Vao(Vor),

where (V,K) is an irreducible unitary representation of G of complex or
quaternionic type. Now V = U; ® Us, and thus
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H=(H1@H) ® (Hi®@Ha), Ulg= (U1 @Uz) & (Urom @Uzom).
If U; is of complex type, then U, o 7; % U; implies that V is of complex type.

If both Uy and Us are of quaternionic type, then Ujor; 2 Uj for j = 1,2
implies V o7 2 V| so that V is of quaternionic type.

7.5 Smooth and analytic vectors

In this appendix we collect some material on distribution vectors and hyper-
function vectors of unitary representations U: G — U(H).

7.5.1 The integrated representation
Definition 7.22 Let G be a Lie group. We fix a left-invariant Haar measure

pe on G and we often write dg for duc/(g). This measure defines on L' (G) :=
LY(G, pg) the structure of a Banach-x algebra by the convolution product and

(p*1)(z) :/ch(g)w(g’lx) duc(g), and  ¢*(g9) = (g~ Aa(9) ™"

(187)
is the involution, where Ag : G — Ry is the modular function determined
by

/w(y)duc(y):/ oy ") Ac(y) " dua(y) and (188)
G G

Ac(x)/c;cp(yfc)duc(y):/Gso(y)duc(y) for peC.(G).  (189)
We put ¢V (g) = ¢(g7") - Aa(g) ™, so that

/ ©(9) dua(g) = / ©"(9) dua(9)- (190)
G G

The formulas above show that we have two isometric actions of G on L'(G),
given by

(Mg f)(@) = flg™'2) and  (pyf)(x) = f(zg)Ac(g). (191)

Note that
()‘gf)* = pgf* and ()‘gf)v = pgfv- (192)

Now let (U, H) be a continuous unitary representation of the Lie group G,
i.e.; a homomorphism U : G — U(H), g — U(g) such that, for each € H, the
orbit map U"(g) = U(g)n is continuous. For ¢ € L*(G) the operator-valued
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integral
Ulp) == /G ¢(9)U(g) dg

exists and is uniquely determined by

<777U(<P)C>:/GSD(Q)WU(Q)CWQ for n,( € H. (193)

Then ||U(¢)|| < |l¢||1, and the so-obtained continuous linear map L*(G) —
B(H) is a representation of the Banach-x algebra L'(G), i.e., U(p * ¢) =
U(p)U(y) and U(p*) = U(p)*. We also note that, for g € G and ¢ € L'(G)

U(g)U(p) =U(Ngp) and  U(p)U(g) =Ul(p, " ). (194)

For ¢4(x) := p(zg), we then have p, = Ag(g9) ' pgp by (191), and thus by
(194)
Ulpg) = Aclg)"'U(p)U(g™") for geG. (195)

7.5.2 The space of smooth vectors and its dual

A smooth vector is an element 1 € H for which the orbit map
U.G—=H, g—U(g)n

is smooth. We write H> = H>°(U) for the space of smooth vectors. It carries
the derived representation dU of the Lie algebra g given by

aU (x)y = lim w
—

(196)

For z € g, we write OU(x) for the infinitesimal generator of the one-
parameter group U(exptz), so that U(exptz) = eV As H>® is dense
and U(G)-invariant, OU(x) is the closure of the operator dU(x) ([RST73,
Thm. VIIIL.10]).

We extend the representation dU to a homomorphism dU: U(g) —
End(H), where U(g) is the complex enveloping algebra of g. This algebra
carries an involution D — D* determined uniquely by z* = —x for = € g.
For D € U(g), we obtain a seminorm on H* by

pp(n) =[laU(D)n|  for neH>.
These seminorms define a topology on H° which turns the injection

n: H — HHE@D) |y (AU (D)) peu(ge) (197)
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into a topological embedding, where the right-hand side carries the product
topology (cf. [Mag92, 3.19]). It turns H> into a complete locally convex space
for which the linear operators dU (D), D € U(g), are continuous. Since U(g)
has a countable basis, countably many such seminorms already determine
the topology, so that H is metrizable. As it is also complete, it is a Fréchet
space. We also observe that the inclusion H* < H is continuous.

The space H* of smooth vectors is G-invariant and we denote the cor-
responding representation by U. We thus obtain a smooth action of G on
this Fréchet space ([Nel0]). We have the intertwining relation

AU (Ad(g)z) = U(g)dU(z)U(g)~* for geG,r€g. (198)

If p € C°(G) and £ € H, then U(p)¢ € H>, and differentiation under the
integral sign shows that

WU (P)E = U(ap)e,  where  (27¢)(9) = T| _ ol(expia)g)
B (199)

Definition 7.23 A sequence (¢n)neny in C°(G) is called a §-sequence if
fG on(g)dg = 1 for every n € N and, for every e-neighborhood U C G,
we have supp(¢,) C U if n is sufficiently large.

If (pn)nen is a d-sequence, then U(p, )€ — &, so that H* is dense in H.

We write H™°° for the space of continuous antilinear functionals on H*>°.
Its elements are called distribution vectors. The group G, U(g) and C(G)
act on n € H™>° by

o (U=(g)n)(&):=nU(g7")E), g€ G, §cH>®.
If U: G — AU(H) is an antiunitary representation and U(g) is antiuni-
tary, then we have to modify this definition slightly by (U~%°(g)n)(¢§) :=
n(U(g=1)E).

o (AUT*(D)n)(§) :=n(@U(D")E), D € U(g),£ € H™.

o U®(p)n=n0oU>(¢"), p € CZ(G).

We have natural G-equivariant linear embeddings

TR T d ST (200)

It is an important feature of (200) that the representation of U(g) on

H~>° provides an embedding of the whole Hilbert space H into a larger

space on which the Lie algebra acts. The following lemma shows that H>

is the maximal g-invariant subspace of H C H~>° and that the subspace H
generates H~°° as a g-module.

Lemma 7.24 The following assertions hold:

(a) HX={EeHCH ™>:(VDel(g)) dU >°(D)¢ € H}.
(b)  H™°° =span (AU > (U(g))H).
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Proof (a) This follows by combining [Oeh21, Prop. A.1], asserting that
D(OU(x)) = {€ € H: AU~ (x)¢ € H},
with the fact that
H® = ﬂ{D(@U(ml) < 0U(xp)):n €N x1,..., 2y € g}

([Nel0, Lemma 3.4]).

(b) Let n € H™°° and consider H> as a subspace of the topological product
HY(®) as in (197). By the Hahn-Banach Extension Theorem, 1 extends to
a continuous antilinear functional 77 on HY(®). Since the dual of a direct
product is the direct sum of the dual spaces, there exist D1,..., D, € U(g)
and &1,...,&, € H, such that

n

n(€) =Y (&,aU(D;)E) = > (AU>(D;)g;,6)  for &€ H™,

j=1 j=1
which means that n = 3°7_, dU~>°(D})§;. O

For each ¢ € C°(G), the map U(p): H — H™> is continuous, so that its
adjoint defines a weak-* continuous map U~ (p*): H~™>° — H. We actually
have U~ (¢p)H > C H™ as a consequence of the Dixmier—-Malliavin Theo-
rem [DM78, Thm. 3.1], which asserts that every ¢ € C°(G) can be written
as a finite sum of functions of the form ¢ * o with ¢; € C(G).

7.5.3 The space of analytic vectors and its dual

In this subsection, we briefly discuss the space of analytic vectors of a unitary
representation of a Lie group. Let (U, H) be a unitary representation of the
connected real Lie group G. We write

HY =HY(U)CH

for the space of analytic vectors, i.e., those & € H for which the orbit map
Us: G — H,g+ U(g)¢, is analytic.

To endow H“ with a locally convex topology, we specify subspaces H{ by
open convex O-neighborhoods V' C g as follows. Let ng: G — G¢ denote the
universal complexification of G and assume that n¢e has discrete kernel (this
is always the case if G is semisimple or 1-connected). We assume that V is
so small that the map

neyv: Gy :=GxV = Ge, (g9,2)— na(g)exp(iz) (201)
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is a covering. Then we endow Gy with the unique complex manifold structure
for which n¢g,v is holomorphic.

We now write H{> for the set of those analytic vectors £ for which the orbit
map U¢: G — H extends to a holomorphic map

US: Gy — H.

As any such extension is G-equivariant by uniqueness of analytic continua-
tion, it must have the form

Ué(g,w) =U(g)e"V@¢  for geG,zeV, (202)

so that H C N,y D(eOV®).
The following lemma shows that we have equality.

Lemma 7.25 If V C g is an open convex 0-neighborhood for which (201) is
a covering, then Hy = (,cy D(e"V®).

Proof ([FNO25a, Lemma 1)) It remains to show that each & € Nacv D(e?0U(2))
is contained in H$;. For that, we first observe that the holomorphy of the func-
tions z — e*9U(@)y on a neighborhood of the closed unit disc in C implies
that the H-valued power series

converges for each z € V. Further, [Go69, Thm. 1.1] implies that & € H>,
so that the functions x — U (x)"¢ = AU (z)"¢ are homogeneous H-valued
polynomials (cf. [BS71]). Thus [BS71, Thm. 5.2] shows that the above series
defines an analytic function f¢: V — H. It follows in particular that £ is an
analytic vector, and the map

Up: Gy = H, (g,2)— US(g,z) = U(g)e”?V "¢

is defined. It is clearly equivariant. We claim that it is holomorphic. As it is
locally bounded, it suffices to show that, for each nn € H“, the function

.f:GV_>C7 f(gvx) = <77,U£(g,$)>
is holomorphic ([Ne00, Cor. A.IIL.3]). We have
flg.2) = (U(g)'n, "),

and the orbit map of 5 is analytic, therefore f is real analytic. Therefore it
suffices to show that it is holomorphic on some 0-neighborhood. This follows
from the fact that it is G-equivariant and coincides on some 0-neighborhood
with the local holomorphic extension of the orbit map of £. Here we use that,
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for x,y € g sufficiently small, the holomorphic extension U¢ of the &-orbit
map satisfies

US (exp(x * iy)) = Ul(expx)U* (expiy) = Ulexp ) fe(y) = Uy (exp, y),

where a xb = a + b+ %[a,b] + -+ denotes the Baker-Campbell-Hausdorff
series. 0

We topologize the space H$ by identifying it with O(Gy, H)®, the Fréchet
space of G-equivariant holomorphic maps F': Gy — H, endowed with the
Fréchet topology of uniform convergence on compact subsets. Now H“ =
Uy MY, and we topologize H® as the locally convex direct limit of the Fréchet
spaces H{ (cf. [GN26], [Tr67]). If the universal complexification ng: G — Gc
is injective, we thus obtain the same topology as in [GKS11]. Note that, for
any monotone basis (V;,)nen of convex 0-neighborhoods in g, we then have

He = lim HY,
— n

so that H“ is a countable locally convex limit of Fréchet spaces. As the
evaluation maps

O(Gyv,H)¢ = H, F— F(e,0)

are continuous, the inclusion ¢: H* — H is continuous.
We write H~“ for the space of continuous antilinear functionals n: H* —
C (called hyperfunction vectors) and

() HY X H ™ 5 C

for the natural sesquilinear pairing that is linear in the second argument.
We endow H ™% with the weak-* topology. We then have natural continuous
inclusions

HY s H — H¥.

Our specification of the topology on H* differs from the one [GKS11]
because we do not want to assume that the universal complexification
ng: G — G is injective, but both constructions define the same topology.
Moreover, the arguments in [GKS11] apply with minor changes to general
Lie groups.

We actually have the following chain of complex linear embeddings

HY CHECHCOCH™ CH, (203)

where all inclusions are continuous and G acts on all spaces by representations
denoted U, U, U, U™*°, and U~%, respectively. These representations
can be integrated to the convolution algebra C°(G) := C°(G,C) of test
functions (cf. (187)), for instance
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Uﬂ”w>:iﬁﬁxmvﬂ”wwm, (204)

where dg stands for a left Haar measure on G.

7.6 Direct integral techniques

Here we collect some material from [MN24] and [BN25]. We refer to [BR87]
for the basics on direct integrals; see also [DD63].

Let H = ff Hy, du(m) be a direct integral of Hilbert spaces on a standard
measure space (X, ). We call a closed real subspace H C H decomposable if
it is of the form

@
H= /X Ho dps(m), (205)

where (H,,)mex is a measurable field of closed real subspaces. Now let
(H*)rex be an at most countable family of decomposable real subspaces.
Then we have ([MT19, Lemma B.3)):

(DI1) W = [{ H, du(m).
(DI2) Npex HF = f)? Niex HE, du(m) for any at most countable set K.
(DI3) 3, HF = [¢ S5, HE, du(m).

Lemma 7.26 The subspace H as in (205) is cyclic/separating/standard if
and only if p-almost all H,, have this property.

Proof (a) First we deal with the separating property. By (DI2) we have

53]
HOiH = / (Hyn (1 iHo) dpt(m),
X

and this space is trivial if and only if p-almost all spaces H,,, NtH,, are trivial,
which means that H,, is separating.

(b) The subspace H is cyclic if and only if H’ is separating. By (DI1) and (a)
this means that p-almost all H are separating, i.e., that H,, is cyclic.

(¢) By (a) and (b) H is standard if and only if g-almost all H,,, are cyclic and
separating, i.e., standard. O

Lemma 7.27 For a countable family (H¥)rcx of decomposable cyclic closed
real subspaces, the intersection V := [\, cx HF is cyclic if and only if, for
p-almost every m € X, the subspace Vo, := (e HE is cyclic.

Proof By (DI2), we have V = f;? Vi dp(m), so that the assertion follows
from Lemma 7.26. O
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For a direct integral

D
(U H) = /X (Uns Hon) dps(m)

of antiunitary representations of G-, , the canonical standard subspace V =
V(h,U) C H from (2) is specified by the decomposable operator JAY? =
U(rp,)e™ %YM hence decomposable:

V= / % on du(m). (206)

X

Lemma 7.28 Assume that G has at most countably many components. For
any subset A C G and a real subspace H C H, we put

Ha = () Ulg)H. (207)

geEA

Then the following assertions hold:

(a) If H is decomposable, then Hy = f)? Hpn,a dp(m).
(b) Hy is cyclic if and only if p-almost all Hy, 4 are cyclic.

Proof (a) As G has at most countably many components, it carries a sepa-
rable metric, so that there exists a countable subset B C A which is dense in
A. For £ € H, we have

€ c€Hy ifandonlyif U(A)"'¢ CH.

Now the closedness of H and the density of B in A show that this is equivalent
to U(B)™1¢ CH,i.e., to &£ € Hg. This shows that Hy = Hp. We likewise ob-
tain Hy, 4 = Hy, g for every m € X. Hence the assertion follows by applying
(DI2) to the real subspace Hg = H 4.

(b) follows from (a) and Lemma 7.26. O

Lemma 7.29 Let H = ff Hodp(z), a direct integral von Neumann alge-

bra A = f)? Azdu(x) and a strongly continuous, unitary, direct integral rep-
resentation of a Lie group G with countably many connected components,
(UH) = f;f(Ux,Hx)du(x). Then, for any subset N C G, we have

(&3]
) A4, = /X () (Apadu(z)  where  Ag = U(g)AU(g)".

Proof As G has at most countably many components, it carries a separable
metric. Hence there exists a countable subset No € N which is dense in V.
For A € B(H), the map

F:G— B(H), F(g)=U(g9)AU(9)*,
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is weak operator continuous, so that the set of all ¢ € G with F(g) €
Nyen, Ag 1s a closed subset, hence contains N. We conclude that

() As= () Ao

gENy geEN

We likewise obtain for every = € X the relation

M Ay =[] Aeg  for Ay =Uslg)AUs(9)"

g€ Ny geN

From [BR87, Prop. 4.4.6(b)] we thus obtain

7] D
N A=) Ag:/ () Asgdu(z) :/ () Aw.gdp(z).

geN gE€Ny X gENy X geEN
Finally, we observe that, for every g € G

D D
Ay = [ (Ag)e dule) = / Au di(z)
X X

follows by the uniqueness of the direct integral decomposition. O

7.7 Some facts on convex cones

Lemma 7.30 ([MNO23, Lemma B.1]) Let E be a finite-dimensional real vec-
tor space, C C E a closed convex cone and E1 C E a linear subspace. If the
interior C° of C intersects Ey, then C° N Ey coincides with the relative inte-
rior C7 of the cone Cy :=CNE; in Ej.

Lemma 7.31 Let V be a finite-dimensional real vector space, A € End(V) di-
agonalizable, and let C C'V be a closed convex cone invariant under eRA Let
Amin and Amax be the minimal/mazimal eigenvalues of A. For an eigenvalue
A of A we write Vx(A) for the corresponding eigenspace and py: V — V) (A)
for the projection along all other eigenspaces. Then

Pamin (C) =C N V3, (A)  and py

(C) = C NV (A).

max max

If A has only two eigenvalues, it follows that C' = py,,, (C) ® pa,... (C).

Proof Since we can replace A by — A, it suffices to verify the second assertion.
So let v € C' and write it as a sum v = ), vy of A-eigenvectors. Then

Ve, = lim e~ Pmaxetdy € €
: t—o00
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implies that py . (C) CC NV, (A), and the other inclusion is trivial. O

Lemma 7.32 Let E be a finite-dimensional real vector space and C' C E be
a closed convex cone. In the affine group G := Aff(E) = E x GL(E), we then
have

Sc:={g€G:gC CC}=Cx{geGL(E): gC CC} (208)

If C has interior points, then Sco = Sc and C = C°.

Proof We write g = (b, a) with gz = b+ax. Then g.C C C implies b = g.0 €
C.

Moreover, for the recession cone
Im(C):={z€E:2+CCC}={z€F: (3ceC)c+Ryx CC}
([Ne00, Prop. V.1.6]), the relation g.C C C implies
aC =lim(b + aC) = lim(¢.C) C lim(C) = C,

and this implies (208). o
If C has interior points, then ¢g.C° C C° and C' = C° imply ¢g.C C C, so
that Sco C S¢. Conversely, C' + C° C C° implies that S¢ C Sco. O
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