
ai�M/�`/ am#bT�+2b BM Zm�MimK 6B2H/ h?2Q`v �M/ _2T`2b2Mi�iBQM h?2Q`v j

�#bi`�+ib

AM+HmbBQMb Q7 ai�M/�`/ am#bT�+2b

:�M/�H7 G2+?M2`

UDQBMi rQ`F rBi? _B+�`/Q *Q``2� /� aBHp�V

ai�M/�`/ bm#bT�+2b M�im`�HHv �TT2�` BM i?2 +QMi2ti Q7 pQM L2mK�MM �H;2#`�b-
r?2`2 �Mv pQM L2mK�MM �H;2#`� BM bi�M/�`/ 7Q`K ;Bp2b `Bb2 iQ � bi�M/�`/ bm#bT�+2
2M+Q/BM; Bib KQ/mH�` /�i�- �M/ BM [m�MimK }2H/ i?2Q`v- r?2`2 bi�M/�`/ bm#bT�+2b
2M+Q/2 HQ+�HBx�iBQM `2;BQMbX 6`QK i?Bb T2`bT2+iBp2- bi�M/�`/ bm#bT�+2b �TT2�` �b
�mtBHB�`v Q#D2+ibX h?2`2 Bb ?Qr2p2` ;`QrBM; 2pB/2M+2 i?�i bi�M/�`/ bm#bT�+2b �`2
BMi2`2biBM; Q#D2+ib BM i?2B` QrM `B;?i � 7Q` 2t�KTH2- i?2v H2�/ iQ �M BM/2T2M/2Mi
MQiBQM Q7 2Mi`QTv (8)- +�M M�im`�HHv #2 +QMbi`m+i2/ QM i?2 #�bBb Q7 bmBi�#H2 GB2
;`QmT `2T`2b2Mi�iBQMb (Rj)- �M/ HB2 �i i?2 #�bBb Q7 i?2 `2+2MiHv BMi`Q/m+2/ irBbi2/
�`�FB@qQQ/b �H;2#`�b (j)X

AM i?2b2 �M/ Qi?2` �TTHB+�iBQMb- QM2 Bb ivTB+�HHv MQi BMi2`2bi2/ BM � bBM;H2 bi�M@
/�`/ bm#bT�+2 Ui?2 b2i Q7 �HH bi�M/�`/ bm#bT�+2b H Q7 � +QKTH2t >BH#2`i bT�+2
H +�M 2�bBHv #2 +H�bbB}2/- b22 (N- *Q`X kXRX8)V- #mi `�i?2` BM 7�KBHB2b Q7 bi�M/�`/
bm#bT�+2b �M/ i?2B` BMi2`b2+iBQM- BM+HmbBQM �M/ +Qp�`B�M+2 T`QT2`iB2bX h?2 iQTB+
Q7 i?Bb i�HF r�b i?2`27Q`2 iQ BMBiB�i2 �M �#bi`�+i /Bb+mbbBQM Q7 BM+HmbBQMb

K ⊂ H ⊂ H

Q7 bi�M/�`/ bm#bT�+2b- rBi?Qmi `272`2M+2 iQ pQM L2mK�MM �H;2#`�b Q` ;`QmT `2T@
`2b2Mi�iBQMbX h?Bb +�M #2 b22M �b �M �M�HQ;m2 Q7 i?2 bim/v Q7 BM+HmbBQMb Q7 pQM
L2mK�MM �H;2#`�b- Q` KQ`2 bT2+B}+�HHv bm#7�+iQ`bX

q2 `2pB2r bQK2 FMQrM `2bmHib �#Qmi BM+HmbBQMb Q7 bi�M/�`/ bm#bT�+2b �M/ i?2M
`2TQ`i2/ QM DQBMi rQ`F BM T`Q;`2bb rBi? _X *Q``2� /� aBHp� (9)X

AM+HmbBQMb �M/ B``2/m+B#H2 BM+HmbBQMbX :Bp2M � bi�M/�`/ bm#bT�+2 K- +�M r2
2K#2/ Bi T`QT2`Hv BMiQ � H�`;2` bi�M/�`/ bm#bT�+2 H- Q` +�M r2 T`QT2`Hv 2K#2/
� bK�HH2` bi�M/�`/ bm#bT�+2 BMiQ K\ h?Bb [m2biBQM Bb �Mbr2`2/ BM i?2 7QHHQrBM;
H2KK�,

G2KK� RX (d) G2i K ⊂ H #2 � bi�M/�`/ bm#bT�+2X h?2M i?2 7QHHQrBM; �`2

2[mBp�H2Mi,

URV h?2`2 2tBbib � bi�M/�`/ bm#bT�+2 H ⊂ H bm+? i?�i K ( HX

UkV h?2`2 2tBbib � bi�M/�`/ bm#bT�+2 H ⊂ H bm+? i?�i H ( KX

UjV h?2 KQ/mH�` QT2`�iQ` ∆K Bb mM#QmM/2/X

:mB/2/ #v i?2 +QKT�`BbQM rBi? bm#7�+iQ` i?2Q`v- r2 �`2 T�`iB+mH�`Hv BMi2`2bi2/
BM mM/2`bi�M/BM; B``2/m+B#H2 BM+HmbBQMb- r?B+? #v /2}MBiBQM �`2 BM+HmbBQMb K ⊂ H

rBi? K ′ ∩H = {0}X >2`2 K ′ /2MQi2b i?2 bvKTH2+iB+ +QKTH2K2Mi Q7 KX *H2�`Hv-
i?Bb `2[mB`2b BM T�`iB+mH�` K ′ ∩ K = {0}- BX2X K Kmbi #2 � 7�+iQ`B�H bm#bT�+2
U� 7�+iQ`- 7Q` b?Q`iVX _2+�HH i?�i � 7�+iQ` ?�b � r2HH@/2}M2/ +miiBM; T`QD2+iBQM
PK : K +K ′ → K- k + k′ 7→ k (8)X

h?2 #�bB+ `2bmHi BM i?Bb `2;�`/ Bb � `27Q`KmH�i2/ p2`bBQM Q7 � T`QTQbBiBQM 7`QK (d)X
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S`QTQbBiBQM kX G2i K ⊂ H #2 � bi�M/�`/ bm#bT�+2X h?2M i?2 7QHHQrBM; �`2

2[mBp�H2Mi,

URV h?2`2 2tBbib � bi�M/�`/ bm#bT�+2 H ⊂ H bm+? i?�i K ( H Bb B``2/m+B#H2X

UkV h?2`2 2tBbib � bi�M/�`/ bm#bT�+2 H ⊂ H bm+? i?�i H ( K Bb B``2/m+B#H2X

UjV h?2 KQ/mH�` QT2`�iQ` ∆K Bb mM#QmM/2/- K Bb � 7�+iQ`- �M/ i?2 +miiBM;

T`QD2+iBQM PK Q7 K Bb mM#QmM/2/X

h?Bb T`QTQbBiBQM bi�i2b i?�i B``2/m+B#H2 BM+HmbBQMb Q7 bi�M/�`/ bm#bT�+2b 2tBbi
BM �#mM/�M+2X � +2Mi`�H [m2biBQM Bb i?2M ?Qr iQ /2i2+i r?2i?2` � ;Bp2M BM+HmbBQM
Bb B``2/m+B#H2- Q` ?Qr iQ /2i2+i r?2i?2` i?2 `2H�iBp2 bvKTH2+iB+ +QKTH2K2Mi K ′∩H
Bb +v+HB+ U?2M+2 bi�M/�`/VX

.2i2+iBM; B``2/m+B#BHBivX G2i K,H #2 � T�B` Q7 bi�M/�`/ bm#bT�+2bX h?2M (k-
S`QTX 9XR)

K ′ ∩H + i(K ′ ∩H) = {v ∈ /QK(S∗

KSH) : S∗

KSHv = v}.

h?Bb +?�`�+i2`Bx�iBQM Bb ?Qr2p2` Q7i2M /B{+mHi iQ mb2 �b Bi H2�/b iQ BMi`B+�i2 /QK�BM
[m2biBQMbX h?2 b�K2 ?QH/b i`m2 7Q` Qi?2` +?�`�+i2`Bx�iBQMb i?�i r2 /2`Bp2/ 7Q`
K ′ ∩H BM i2`Kb Q7 TQH�`Bx2`b �M/ T`QD2+iBQMb (9)X

*QKT�`BM; rBi? i?2 pQM L2mK�MM �H;2#`�B+ bBim�iBQM- irQ MQiBQMb i?�i �`2
?2HT7mH iQQHb BM i?2 mM/2`bi�M/BM; Q7 `2H�iBp2 +QKKmi�Mib �`2 i?2 bTHBi T`QT2`iv (e)
�M/ KQ/mH�` Mm+H2�`Biv (R)X q2 ;Bp2 bi�M/�`/ bm#bT�+2 7Q`KmH�iBQMb 7Q` #Qi? Q7
i?2K �M/ BMp2biB;�i2 i?2B` +QMb2[m2M+2b BM (9)X >2`2 r2 7Q+mb QM i?2 Mm+H2�`Biv
�bT2+ibX

.2}MBiBQM jX �M BM+HmbBQM K ⊂ H Q7 bi�M/�`/ bm#bT�+2b Bb b�B/ iQ b�iBb7v KQ/@

mH�` Mm+H2�`Biv B7 i?2 `2�H HBM2�` QT2`�iQ` ∆
1/4
H EK - r?2`2 EK : H → K Bb i?2 `2�H

Q`i?Q;QM�H T`QD2+iBQM QMiQ K- Bb i`�+2 +H�bbX

J�FBM; mb2 Q7 (Ry- R- RR)- r2 i?2M T`Qp2,

h?2Q`2K 9X (9) G2i K ⊂ H #2 �M BM+HmbBQM Q7 7�+iQ` bi�M/�`/ bm#bT�+2b b�iBb7vBM;

KQ/mH�` Mm+H2�`BivX h?2M dim(K ′ ∩H) = ∞X

� +H�bb Q7 2t�KTH2bX �b � +QM+`2i2 +H�bb Q7 2t�KTH2b- r2 +QMbB/2` i?2 B``2/m+B#H2
QM2@/BK2MbBQM�H bi�M/�`/ T�B`- M�K2Hv i?2 >BH#2`i bT�+2 H = L2(R+,

dp
p ) �M/ i?2

bi�M/�`/ bm#bT�+2 H ⊂ H ;Bp2M #v i?2 /�i� Ub22 (3- a2+iX 9) 7Q` i?Bb �M/ Qi?2`
2[mBp�H2Mi 7Q`KmH�iBQMbV

(∆it
Hψ)(p) = ψ(e−2πtp), (JHψ)(p) = ψ(p).

h?2 QM2@T�`�K2i2` ;`QmT Q7 mMBi�`B2b (U(x)ψ)(p) = eipxψ(p) �+ib ?�H7@bB/2/Hv #v
2M/QKQ`T?BbKb Q7 H- M�K2Hv U(x)H ⊂ H- x ≥ 0X Ai Bb FMQrM i?�i i?2 b2KB;`QmT
Q7 �HH mMBi�`B2b V ∈ U(H) i?�i +QKKmi2 rBi? U(x)- x ∈ R- �M/ b�iBb7v V H ⊂ H-
�`2 T`2+Bb2Hv i?2 mMBi�`B2b Q7 i?2 7Q`K V = ϕ(P )- r?2`2 P Bb i?2 ;2M2`�iQ` Q7 U
�M/ ϕ �M BMM2` 7mM+iBQM Q7 i?2 mTT2` ?�H7 TH�M2 b�iBb7vBM; i?2 bvKK2i`v +QM/BiBQM

ϕ(−p) = ϕ(p)- p > 0 (Rk- h?KX kXj)X
q2 �`2 i?2`27Q`2 T`2b2Mi2/ rBi? i?2 7�KBHv Q7 +QM+`2i2 BM+HmbBQMb ϕ(P )H ⊂ HX

AM i?2 i�HF Bi r�b 2tTH�BM2/ i?�i i?2 KQ/mH�` Mm+H2�`Biv +QM/BiBQM 7�BHb 2t+2Ti 7Q`
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[mBi2 bT2+B}+�HHv +?Qb2M BMM2` 7mM+iBQMb ϕX LQM2i?2H2bb Bi Bb TQbbB#H2 iQ mM/2`bi�M/
�M/ bQK2iBK2b 2tTHB+BiHv +QKTmi2 i?2 `2H�iBp2 bvKTH2+iB+ +QKTH2K2Mi ϕ(P )H ′∩H-
r?B+? +�M #2 {0}- }MBi2@/BK2MbBQM�H- BM}MBi2@/BK2MbBQM�H- Q` +v+HB+ /2T2M/BM;
QM ϕX AM T�`iB+mH�`- i?2`2 �`2 BMi2`2biBM; `2H�iBQMb `2H�iBM; i?2 MmK#2` Q7 x2`Qb Q7
i?2 BMM2` 7mM+iBQM ϕ �M/ i?2 /BK2MbBQM Q7 ϕ(P )H ′ ∩HX

h?2 bi`m+im`2b 7QmM/ BM i?Bb +H�bb Q7 2t�KTH2b �`2 +m``2MiHv #2BM; BMp2biB;�i2/
�HQM;bB/2 KQ`2 ;2M2`�H K2i?Q/b 7Q` �M�HvxBM; `2H�iBp2 bvKTH2+iB+ +QKTH2K2Mib Q7
bi�M/�`/ bm#bT�+2b (9)X

_272`2M+2b

(R) .X "m+??QHx- *X .ö�MiQMB- �M/ _X GQM;QX Lm+H2�` K�Tb �M/ KQ/mH�` bi`m+im`2bX AX :2M2`�H
T`QT2`iB2bX CX 6mM+iX �M�HX- 33,kjj�k8y- RNNyX

(k) _X "`mM2iiB- .X :mB/Q- �M/ _X GQM;QX JQ/mH�` HQ+�HBx�iBQM �M/ qB;M2` T�`iB+H2bX _2pX J�i?X

S?vbX- R9,d8N�d3e- kyykX
(j) _X *Q``2� /� aBHp� �M/ :X G2+?M2`X JQ/mH�` ai`m+im`2 �M/ AM+HmbBQMb Q7 hrBbi2/ �`�FB@

qQQ/b �H;2#`�bX *QKKmMX J�i?X S?vbX- 9yk,kjjN�kj3e- kykjX
(9) _X *Q``2� /� aBHp� �M/ :X G2+?M2`X AM+HmbBQMb Q7 ai�M/�`/ am#bT�+2bX iQ �TT2�`

(8) 6X *BQHHB- _X GQM;Q- �M/ :X _mxxBX h?2 BM7Q`K�iBQM BM � r�p2X *QKKmMX J�i?X S?vbX-

jdN,NdN�Ryyy- kykyX
(e) aX .QTHB+?2` �M/ _X GQM;QX ai�M/�`/ �M/ bTHBi BM+HmbBQMb Q7 pQM L2mK�MM �H;2#`�bX AMp2MiX

J�i?X- d8,9Nj�8je- RN39X
(d) 6X 6B;HBQHBMB �M/ .X :mB/QX AM+HmbBQMb Q7 b2+QM/ [m�MiBx�iBQM �H;2#`�bX AM >X >QH/2M CX CQbi

aX S�v+?� JX _º+FM2` aX a+�`H�iiB 6X :2bxi2bv- 2/BiQ`- aiQ+?�biB+ S`Q+2bb2b- S?vbB+b �M/

:2QK2i`v, L2r AMi2`TH�vbX AA, � oQHmK2 BM >QMQ` Q7 a2`;BQ �H#2p2`BQ- MmK#2` kN- T�;2 BM-
S`QpB/2M+2- _?Q/2 AbH�M/- LQp2K#2` kyyyX *Ja *QM72`2M+2 S`Q+22/BM;bX

(3) :X G2+?M2` �M/ _X GQM;QX GQ+�HBx�iBQM BM L2ib Q7 ai�M/�`/ aT�+2bX *QKKmMX J�i?X S?vbX-
jjeURV,kd�eR- kyR8X

(N) _X GQM;QX _2�H >BH#2`i bm#bT�+2b- KQ/mH�` i?2Q`v- SL(2,R) �M/ *6hX h?2i� a2`X �/pX
J�i?X RyX h?2i�- kyy3X

(Ry) SX G2vH�M/b- CX 1X _Q#2`ib- �M/ .X h2bi�`/X .m�HBiv 7Q` Zm�MimK 6`22 6B2H/bX S`2T`BMi-
RNd3X

(RR) :X G2+?M2` �M/ EQ a�M/2`bX JQ/mH�` Lm+H2�`Biv, � :2M2`�HHv *Qp�`B�Mi S2`bT2+iBp2X �t@

BQKb- 8URV- kyReX
(Rk) _X GQM;Q �M/ 1X qBii2MX �M �H;2#`�B+ *QMbi`m+iBQM Q7 "QmM/�`v Zm�MimK 6B2H/ h?2Q`v X

*QKKmMX J�i?X S?vbX- jyjURV,kRj�kjk- kyRRX
(Rj) oX JQ`BM2HHB �M/ EX@>X L22#X *Qp�`B�Mi ?QKQ;2M2Qmb M2ib Q7 bi�M/�`/ bm#bT�+2bX *QKKmMX

J�i?X S?vbX- j3e,jy8�j83- kykRX

_2TQ`i2`, _B+�`/Q *Q``2� /� aBHp�


