RADBOUD UNIVERSITEIT NIJMEGEN

AN,

Q
S
orrer

MiNe S

FACULTEIT DER NATUURWETENSCHAPPEN, WISKUNDE EN INFORMATICA

Properties of the Propagation
number

TENSOR PRODUCTS AND DUAL SPACES

MASTER’S THESIS M ATHEMATICS

Supervisor:

Author: dr. Walter VAN SULJLEKOM

[an Koot Second reader:

dr. Michael MUGER

July 2021






Contents

Introduction

1

Preliminary definitions and results

1.1
1.2
1.3
14

1.5

C*-algebras, operator systems and operator spaces . . . . . . ..
1.1.1 Abstract characterization of operator spaces and systems
Space of Completely Bounded maps . . . . .. ... ... ....
Dual operator system . . . . . ... ... ...
C*-envelopes . . . . . . . ..
1.4.1 Finite dimensions . . . . . . . .. .. ... ... ...
The Propagation number . . . . .. .. ... ... ........

Tensor product and C*-algebras

2.1

2.2

2.3

24

Tensor Products in C*-algebras, operator spaces and operator
Systems . ... e
2.1.1 Tensor product of C*-algebras . . .. ... ... .....
2.1.2  Tensor product of operator spaces/systems . .. .. ...
Ideals and homomorphisms in the algebraic tensor product

2.2.1 Completing the algebraic tensor product . . . . . . . . ..
Identifying the Silovideal . . . ... ... ... ..........
2.3.1 Isometric quotient . . . . . .. ... ... L.
2.3.2 Maximality . . . . ... ... oo
Propagation number of the tensor product . . . . . . ... .. ..

Examples of operator systems

3.1 Toeplitz matrices . . . . . . . ... L
3.1.1 Propagation number of the Toeplitz matrices . . . . . . .
3.1.2 Block Tensor product . . . .. ... .. ... .......

3.2 The Fejér-Riesz operator system . . . .. ... ... ... .. ..

3.3 Duality . .. ..

34 C(Ce)™ o
3.4.1 Propagation number of C(Cy)™ . . .. ... ... ...,

3.5 C*(Cp)npy and duality . . .. ... ... ... ... .. ..

Outlook

13
16
21
23
25

27

27
27
28
30
32
33
33
35
38

41
41
43
46
46
48
93
o4
o8

61



CONTENTS

A Tensor product of vector spaces 63

Bibliography 67



Introduction

In their article [8], Connes and Van Suijlekom define the propagation number,
an invariant of operator systems that describes how far the operator system is
removed from being a C*-algebra. As this is a relatively new concept, not many
properties are known. In a seminar on the article in June of 2020 hosted by
UC Berkeley, the question arose how the propagation number behaves under
standard constructions of new operator systems. The aim of this thesis is to
begin uncovering the answer to this question.

The initial goal of this thesis was specifically to investigate the tensor prod-
uct of operator systems, or in other words, see if the propagation number of the
tensor product of two operator systems can be expressed in terms of the propa-
gation number of the original operator systems. It quickly became clear that the
difficulty in answering this question lied in the behaviour of the C*-envelope.

After this the focus shifted to the operator system structure on the dual
space of an operator system. In order to get an indication of the behaviour of
the propagation number, the examples of truncated C*-algebras put forward in
[8] were generalized for a source of new, relatively simple operator systems. The
results of these explorations are also recorded in this thesis.

Chapter 1 is a very brief introduction into operator systems and the C*-
envelope. It ends with the primary concern of this thesis, namely the propaga-
tion number of operator systems. Its level and scope may be somewhat limited
for the more experienced reader, but it also introduces the viewpoint we will be
taking in the rest of the thesis, and so might still be worth a look.

Chapter 2 covers the results concerning the C*-envelope and the tensor prod-
uct, and culminates in the proof of the fact that the C*-envelope behaves nicely
under the tensor product. It is fairly self-contained, and the reader already
familiar with operator system theory might want to focus on this chapter, as it
contains the main result of this thesis in Theorem 2.23. This theorem, as well
as Theorem 2.20 on which it is based, are new results.

In Chapter 3 a step is made into the exploration of the relation between
the propagation number and the dual operator system, as we discuss operator
systems defined in [8] for which a duality was proved in [14]. We extend the
definitions to a different context, calculate the C*-envelopes and propagation
numbers, and discuss the possibility of a duality there.

Finally, in the Chapter 4 we take a look at possible further investigations
based on this thesis.



CONTENTS

Acknowledgements

First, I would like to thank Walter for introducing me to the subject, for his
continued enthusiasm and support, as well as for his advice for this thesis and
for my studies in general. I would also like to thank Michael for agreeing to be
the second reader for this thesis. Finally, I would like to thank my parents for
their support and encouragement, and Esmay, for keeping me sane, motivated
and organized in the strange times we have witnessed; you were an indispensable
part of this wonderful journey.



Chapter 1

Preliminary definitions and
results

1.1 (*-algebras, operator systems and operator
spaces

We start with recalling some basic definitions:

Definition 1.1. A Banach *-algebra is a Banach space A, equipped with an
algebra structure (i.e. a product that is bilinear in both its arguments) and a
*-structure (i.e. an anti-linear involution such that (zy)* = y*a*), with the
property that

eyl < llzll[lyll and [|z*]| = [|l]|

forallz,ye A

Definition 1.2. A C*-algebra is a Banach *-algebra for which ||z* x| = ||z||?
holds.

It can be easily seen that the bounded operators on a Hilbert space H (which
we denote as B(H) from here on) is a C*-algebra, as well as any closed subspace
of B(H) that is closed under the *-operation (which we call a self-adjoint
subspace) and under the product. In fact, any C*-algebra actually arises in this
way (though not uniquely); more precisely we can define the following

Definition 1.3. A linear map m between C*-algebras that is also a homo-
morphism and respects the *-structure (i.e. w(x*) = w(x)*) is called a *-
homomorphism. A representation of a C*-algebra is a *~homomorphism
into B(H) for some Hilbert space H. A representation is called faithful if it is
injective.

For structures like vector spaces and algebras, we have a canonical corre-
spondence between ideals and kernels of homomorphisms; a C*-algebra, how-
ever, also has some analytic structure in the form of its norm, and it is therefore

7



CHAPTER 1. PRELIMINARY DEFINITIONS AND RESULTS

not immediately clear that this correspondence also holds. Although the proof
is nontrivial, the result does actually hold.

Proposition 1.4. Let 7 : A — B be a *~homomorphism between C*-algebra.
Then w(A) C B is a C*-subalgebra and A/ kerm = w(A).

Theorem 1.5. Every C*-algebra has a faithful representation.

Proofs of these statements, and more general theory of C*-algebras can for
example be found [29], among many other places. Combining Proposition 1.4
and Theorem 1.5, we can make our earlier statement more precise: that every
C*-algebra is *-isomorphic to a C*-subalgebra of some B(H).

In other words, (unital) C*-algebras are closed subspaces of some B(H) that
are also closed under multiplication and the *-operation (and contain the unit).
It turns out that the construction above also works when we drop some of these
requirements; specifically, in this thesis we will examine operator spaces and
operator systems.

Definition 1.6. A (concrete) operator space is a closed subspace of B(H) for
some Hilbert space H. A (concrete) operator system is a self-adjoint closed
unital subspace of B(H) for some Hilbert space H.

It easily seen that the role of B(H) in the above definition can be replaced by
‘some C*-algebra’: a subspace of a C*-algebra is in particular a subspace of some
B(H) (since every C*-algebra can be realized as a subalgebra of some B(H)),
and B(H) is a C*-algebra. So operator spaces are equivalently subspaces of C*-
algebras. Similarly, operator systems are self-adjoint subspaces of C*-algebras.
In this thesis the two definitions will be used interchangeably.

Note the fact that operator spaces are usually not assumed to have units,
while operator systems are usually assumed to be unital. Nonunital operator
systems are for example treated in [31]. The unitality of operator systems makes
it so that we have access to some useful properties of C*-algebras, such as the
following (based on the beginning of [22, Chapter 2]).

Proposition 1.7. Let E C B(H) be an operator system. Then for alle € E
there are positive e; € By, 1 =1,2,3,4, such that

e=(e1 —e2) +i(es —eq)
Proof. First, we can decompose e into self-adjoint parts in F through
e=1(e+e)+i(e—¢€).

So we have reduced the problem to decomposing self-adjoint elements in E into
two positive elements. For e € Eg,, write

e=5(lell+e) = 5(lel1—e).

The fact that [|e||l > e and e > —||e||1 are true in C*-algebras (this is usu-
ally proven through the Continuous Functional Calculus; see for example [9,
Definition VIII.2.5], among many other places). O

8



Tan Koot Properties of the Propagation number

Remark. Note that this is not quite the result we have for C*-algebras, where
we can decompose a self-adjoint element a as a; — a_ where ay and a_ are
positive and also aya_ = 0.

As we have defined them now, operator spaces and operator systems are a
specific kind of subspace of C*-algebras. We would like to introduce morphisms
to make the collections of operator spaces and operator systems into categories.
For this, we discuss the abstract characterisation of operator spaces and operator
systems, from which it becomes clear what the ‘proper’ morphisms should be.

1.1.1 Abstract characterization of operator spaces and sys-
tems

For any vector space V, let M, (V) be the vector space of n by n matrices
with entries in V. A general element of M, (V) is (vi;);';—;, which we will
denote as (v;;) if there is no confusion over the indices. We also will denote
M, := M,(C). If V carries an algebra structure, its multiplication induces
a multiplication on M, (V') through the standard matrix multiplication, and
if V' carries a conjugate-linear involution, this induces an involution through

(vij)* = (v];)-
Lemma 1.8. Let H be a Hilbert space, and let H™ be the direct sum of n copies

of H. Then
M, (B(H)) = B(H")

as *-algebras.

Proof. Note that each element of H™ is of the form (vy,...,v,). In particular,
we can define a linear map a through (a;;) € M, (B(H)) by setting (av); =
Zj ai;vj. To see that this is bounded, note that

1/2

Iav)all < D llagosll < D llag ol < [ D llagl® | ol
i i

J

by the triangle inequality, definition of the norm of a bounded operator and
Cauchy-Schwarz. So we have

lav ][> =D lI(@v)l® < [lofl* - llagI?
% ij

meaning that a is bounded. Conversely, let A € B(H™). Let I, : H —
H™ be the injection into the j’th coordinate, and let P; : H" — H be the
projection onto the j’the coordinate. Then we define A;; = P; o Ao I;, which
is a composition of bounded operators, and therefore a bounded operator itself,
and so we have (4;;) € M,(B(H). It is easily seen that the maps (4;;) —
a and a +— (a;;) are linear and each others inverses, and that they respect
multiplication and the *-operation. O
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In particular Lemma 1.8 means that we can give a norm-structure to the
vector space M,,(B(H)) by giving each element the same norm as its counterpart
in B(H™). As we discussed in the previous section, any C*-algebra A can
be embedded in some B(H), and so we have M, (A) C M,(B(H)) as a *-
subalgebra. It therefore carries a norm, and is indeed a closed subspace with
respect to this norm: if (aE;)) 2% (bi;), then a close examination of the proof
of Lemma 1.8 yields that the norm of each entry is bounded by the norm of the
matrix, so that al(?) nze, b;; in B(H) for all 4,j. But A is a closed subspace,
so b;; € A for all ¢, j and indeed M, (A) C M,(B(H)) is a closed subspace. So
M, (A) is a C*-algebra with respect to the induced structure. Moreover, since
C*-algebra structures are unique (see for example [29, Chapter I, Corrolary
5.4]), we do not have to specify which norm M, (A) takes and can say that
M, (A) is the C*-algebra for the algebraic operations induced by A. In other
words, every C*-algebra carries cannonical C*-algebra structures on its matrix
spaces (independent of any concrete realization of the C*-algebra).

Similarly, for E C B(H) an operator space (so a closed subspace), we have

M, (E) € M,(B(H))

and so M, (F) is actually a normed space. However, these norms are not solely
determined by the algebraic structure on E (i.e. the normed vector space struc-
ture), since one can construct isometrically isomorphic spaces F1 C B(H;) and
Es C B(H>) such that the induced normed spaces M,,(E1) and M, (F>) are not
all isometrically isomorphic. With this in mind we define the following:

Definition 1.9. An (abstract) operator space is a Banach space E, together
with norms || - ||n on M, (E) for all n, such that

o All M, (E) are complete;
o [z @ yllnym = max{([zlln, [yllm} for x € Mn(E) and y € My, (E);
o |axB, < |lalla, |zl llBlla, for a, 8 € M, and x € M, (E).

It is easily verified that the implicit structure we found above satisfies these
criteria: we can therefore conclude that any concrete operator space is also an
abstract operator space. The converse is much less obvious, but also turns out
to be true; more specifically, we introduce a notion of a morphism for operator
spaces, and conclude that every abstract operator space is isomorphic in this
sense to a concrete operator space.

Definition 1.10. Let E and F' be abstract operator spaces, and let ¢ : E — F
be a bounded linear map. Define

o™ . M, (E) — M, (F) with

€11 €12 - €lIn ¢(€11) ¢(€12) T ¢(61n)

€21 €22 - €E2p ¢(€21) ¢(€22) te ¢(62n)
ST s : : ST

e'rlLl €n2 °° Enp d)(enl) ¢(en2) co (b(enn)

10



Tan Koot Properties of the Propagation number

Let ||¢™ ||, be the operator morm of ¢ : M, (E) — M,(F). We say ¢
is completely bounded if sup,,_, . HQS(”)H,L < oo. We say ¢ is completely
isometric if || (z)|| = ||z|| for alln €N, z € M, (E).

Theorem 1.11 (Ruan). Fvery abstract operator space is completely isometric
to a concrete operator space.

For a proof, see for example [12, section 2.3], [22, Theorem 13.4].

Finally, we turn to operator systems, for which the situation is very similar.
Since M, (B(H)) is a C*-algebra, there are notions of self-adjoint elements and of
positive elements (which agree with the notions on B(H") since *-isomorphisms
are in particular *-preserving and positive). This means that for a self-adjoint
unital closed subspace E C B(H) the *-operation descends to a *-operation on
FE and we can identify the cones

Ma(E)s = Mq(E) 0 M, (B(H))
which lie in the self-adjoint part of M, (E). We therefore define the following.

Definition 1.12. We call a vector space with conjugate linear involution * a
x-vector space. Let E be a x-vector space. Define

Eso :={z € FE|z" =z}

Definition 1.13. A *-vector space is called matriz-ordered if it is supplied
with real cones M, (E)4 for each M, (E) such that

o My(E)+ N (=Mn(E)+) = {0} for alln € N;
o For A € My, we have that x € M, (E)1 implies A*xA € M,,(E)+.
Alternatively we will write x > 0 if x € M, (E)4, andx >y ifx —y € M, (FE)L.

Definition 1.14. An element e € Fy, is called an order unit if for every x €
E,, there exists ar € [0,00) such that —re < x <re. We call e Archimedean
if © > —re for all r € (0,00) implies © > 0. We call e € E5, an Archimedean
matric order unit if (§;;e) is an Archimedean order unit in each M,(E). An
(abstract) operator system is a matriz-ordered space with archimedean matriz
order unit.

Again, we define a morphism to introduce a notion of isomorphism, and con-
clude that all abstract operator systems are in fact concrete operator systems.

Definition 1.15. Let ¢ : E — F be a linear map between abstract operator
systems. It is called completely positive if o™ (M, (E).) C M, (F), for all
n. If ¢ is bijective, and both ¢ and ¢~ are completely positive, then ¢ is called
a complete order isomorphism.

Theorem 1.16 (Choi-Effros). Fvery abstract operator system is completely or-
der isomorphic to a concrete operator system.

11



CHAPTER 1. PRELIMINARY DEFINITIONS AND RESULTS

For a proof, see for example [22, Theorem 13.1].

Clearly, every concrete operator system is in particular a concrete operator
space. For the abstract structures, this is much less clear: we need to retrieve a
norm from the ordering. This is where the unitality of the operator systems is
very useful. The following proposition can for example be found in [22, Lemma
3.1] and [12, Proposition 1.3.2]; the proof is based on the former.

Proposition 1.17. Let A be a unital C*-algebra. For all a € A we have

1 a
||a||§1<;><a* 1)20

Proof. 1t suffices to check the statement for a C*-algebra represented on some
Hilbert space H. We see that for vi,vs € H we have

e D)) )=l ) ()

= [|v1]? + (avz, v1) + (v1, av2) + [Jva2 |

By Cauchy-Schwarz we have
[(av, v1)| < [lava|[[[vs]] < [lafl[[vz[[[[v]]
and in general we have
—2{ave, v1)| < 2Relavy, v1) = (ava,v1) + (v1, avs).

So in particular we can conclude that

1 a v v
(o S0 ) ( ) = ol + el = 2haleal o

Now if ||a/| < 1 then the lower bound is bounded below by (||v1|| — [Jv2])? and
therefore positive. Conversely, because ||a|| = sup |[(avy,v2)|, if ||a]| > 1 then
there exist unit vectors vy, vy such that [(avy,v)| > 1. By multiplying one of
the vectors with a complex phase we can realize 2Re(ave,v1) < —2 so that

(CRVICIREPIE

By this proposition we can see that the order structure of an abstract oper-
ator system defines a norm structure on the matrix spaces, so that indeed an
abstract operator system is in particular an abstract operator space.

Using this abstract characterization, we can construct new operator spaces
and operator systems; we simply have to supply a vector space with the corre-
sponding structures on its matrix spaces. We will make use of this approach in
the next section.

O
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Tan Koot Properties of the Propagation number

1.2 Space of Completely Bounded maps

Let E and F be two operator spaces, and let CB(FE, F) denote the space of
completely bounded maps from E to F. It is easily seen that this is a vector
space under pointwise operations. We are actually able to supply it with an
operator space structure; this construction can for example be found in [12; p.
45 - 46], [24, Section 2.3] and [22, Proposition 14.7].

Note that M,,(M,(F)) = Mp,,(F) as linear spaces, and so we can give
M, (F) the induced operator space structure. Note also that in this way we
have a norm on M, (M,,(F)), and that M,,(M, (F)) is linearly isomorphic to
it through rearrangement of indices. This is in fact an isometry, because the
rearrangement of indices is implemented by a unitary base change, which have
unit norm, and so by definition of a matrix norm this leaves the norm invariant.

Lemma 1.18. Let E and F be operator spaces. Then
M, (CB(E, F)) = CB(E, M, (F))

as vector spaces, where (¢;;) € M,(CB(E, F)) is mapped to ¢ : e — (¢;;(e)) €
M, (F), and conversely the map ¢ € CB(E,M,(F)) is sent to (¢;;) with
ij(e) = ¢(e)i;-

Proof. As noted in the proof of Lemma 1.8, we have for F;; € M, (F) (so that
(Fij)zljzl € Mm(Mn(F)) that

1/2
1E 1 < IFep)imall < | D I1F 117
ij

(where the left inequality holds for all i, j).

First, let (¢;);' ;=1 € Mn(CB(E, F)). We need to show that the map ¢ :
E — M, (F) given by ¢(e) = (¢4(e))};—; is completely bounded. For this, let
(ekl)zlzl € Mm(E) Then

¢ ((er)ii=1) = (@(er)) i1 = (i (er)7j=1)R1=1 € Min (Mn(F)).

By the remark preceding this lemma, we can calculate the norm of this element
in M,,(M,,(F)) to conclude

6™ (ert) =) I? = 1((15 (er)it =)= I” = 1((dis(em)ii=1)it = I

< Z (¢ (ert))i: k= 1H Z ||¢2] (ent) kil= 1)||2

4,5=1 4,J=1

However, since the ¢;; are completely bounded, this means that

n n
1" ((ex)T=)I” < D i 2l er)iima I = llex) izt I* D lléiiliZ,
ij=1 i,j=1

13



CHAPTER 1. PRELIMINARY DEFINITIONS AND RESULTS

so that indeed ¢ is completely bounded.

Conversely, suppose that ¢ : E — M, (F) is completely bounded. We need
to show that the map ¢;; : e — ¢(e);; is completely bounded. For this we note
that

165 ((er) =)l = (i3 (ex)) Pz | < 11((Di5 (er))P—r)i i1 |

and using again the remark preceding this lemma we have that
||((¢u (ekl));crflzl)?,jle = H((@bij (ekl))?,jzl)km,lzl |

= [(é(ex))i=1ll = 16 ((ert) =)l < ll0lcoll ((ext) 1=l

So H(bgn)H < [|¢||cy and therefore ¢;; is indeed completely bounded.
It is now easy to check that the maps ¢ — (¢i;)7';—; and (¢i;)} ;= = ¢ are
linear and eachothers inverses.

O

Since CB(FE, M, (F)) is a normed space using the completely-bounded norm,
we have induced norms on the matrix spaces of CB(F, F). The properties of
operator space norms are easily checked: they follow from the properties for the
norms on M, (F).

The following shows that for bounded maps into M, it is very easy to be
completely bounded. The proof is adapted from [24, Prop. 1.12] and [12, Lem.
2.2.1, Prop. 2.2.2]. We use the fact that M,,(M,) acts on (C™)™; elements of
this latter space are of the form = = (z;)", for z; € C", with inner product

(z,y) = Zz<x17yl>

Lemma 1.19. Let xq,...,z, € C*, for m > n. Then there exist y1,...,yn €
C™ and an isometric matriz b € M,,«,, such that

n
T; = Z bijyj.
7j=1

Moreover, we have that > ;- ||lz:[|> = Y1, llvill*

Proof. Define vectors 1, ... %, € C™ through (Z;); = (x;);. Then the Z;,...%,
span a subspace of C™ of dimension at most n, and so there exists an isometry
b : C* — C™ such that the span of the z; lies in its image. So there are
U1,...9n € C™ such that b(g;) = &;. So in particular

(@:); = (&) = > bin(G)n
k=1
and we therefore define y1,...,yn by (yx); = (¥;)&, to see that
(w:); = > bir(yr);-
k=1

14



Tan Koot Properties of the Propagation number

n
In other words, we have x; = Y, _; b;;y;. Moreover

>l =33 anm an "

i=1 j=1
n n n n
=Gl =D 1w))l? =D lwill?
j=1 j=1i=1 i=1
O

Proposition 1.20. Let E be an operator space, and ¢ : E — M, be a bounded
map. Then ||@|la = ||¢™||. In particular we have that ¢ is completely bounded.

Proof. We show that for m > n we have [[¢™[| < [[¢()]. Since [|¢()] <
|¢(™ || is automatic because

™ ()| = 11" (e @ 0)[| < [[9“™ [[[le @ Ol = [l [[le]

for e € M,,(E), this suffices.
For e € M,,(E), and z,y € (C™)™, then

(8™ (e)z,y) = Z<(¢(m) (e)x)i,yi) = Z (p(eij)wj, yi)-

Using Lemma 1.19 we now find a,b € M,,x, and v,w € (C™)" such that
z; =Y p_qajrvr and y; = > byw;. So

n

(o™ (e)x,y) = Z Z o(eij)ajkvr, bywr) Z (b*ea) i) vk, wy)
i,j=1k,i=1 k=1
= (¢ (b*ea)v, w).

Also by Lemma 1.19 we have that if  and y are unit vectors, then so are v and
w. So in that case we have

(6 (e, y)]| < 16 (b ea)]| < |6 6% al] < 6]l

and by taking the supremum on the lefthand side, we see that [¢(™)(e)| <
|6 ||||e||, proving our claim and therefore the proposition. O

Corollary 1.21. For any operator space E, with E* the space of continuous
linear maps, we have
= CB(E,C)

So E induces an operator space structure on CB(FE,C) (the operator space
on C is the unique one, given simply by the standard operator norm of matrices),
which means that E* has a canonical operator space structure. We will make
use of these constructions in chapter 2.

15



CHAPTER 1. PRELIMINARY DEFINITIONS AND RESULTS

1.3 Dual operator system

In the previous section we were able to give an operator space structure to the
dual space of an operator space through the canonical operator space structure
on the space of completely bounded maps. In this section we apply the same
tactic to operator systems using completely positive maps, although we will
eventually restrict to the finite-dimensional case for simplicity. This discussion
is based on [8, Section 2.3] and [22, Proposition 13.2], with some additional
details filled in.

Let E and F be operator systems: we cannot replace the space of completely
bounded maps by completely positive maps (the latter do not even form a vector
space), but we can define a partial order on CB(E, F') by letting the positive
cone be given by the completely positive maps. For this we first need to make
CB(E, F) into a *-vector space, which we do by defining

D" (e) := D(e")”

which is indeed conjugate linear. Then a completely positive map ® has (using
the decomposition in Proposition 1.7)

@*(el —eg + ieg — i€4) = CI)(GT)* — @(6;)* + @((263)*) — @((264)*)*

=P(e1) — P(eg) + (—iP(e3))” — (—iP(eq))” = P(e1) — P(eq) + iP(e3) — iP(eq)

since @ is in particular positive and so both the e; and the ®(e;) are self-adjoint.
So indeed the completely positive maps lie in CB(E, F)4,.
So we define
CB(E,F)y =CP(E,F)

from which we induce
Mo(CB(E, F)); = CB(E, My(F))4 = CP(E, My(F))

and by corollary 1.21 this gives a matrix ordering on E*. We will denote E* with
this matrix ordering as E¢. We can see that positivity in M, (E?), = Ejl_ agrees
with our normal notion of positive functionals, since all positive functionals
are completely positive as a consequence of the following proposition (note the
similarities to Proposition 1.20).

Proposition 1.22. Let E be an operator system, and ¢ : E —> M, be a linear
map. Then ¢ is completely positive if and only if it is n-positive.

Proof. Clearly, if ¢ is completely positive then it is n-positive. Suppose now
that ¢(™ is positive, and let e € M,,(E),, € (C*)™ for m > n. Then by
Lemma 1.19 there is an isometry b € M,,«, and vectors yi,...,y, € C™ such
that z; = Z?:l b;jy;. This means that

(0™ (e)x, z) = Z<(¢(7n)(€)$)i733i> = Z (B(eij)z;, )
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n

Z Z o(€eij)bjkyr, buyr) Z (0" eb)ur)yi, i) = (6 (b*eb)y, )

i,j=1k,l=1 k=1

Since e € M,,(E); we also have that b*eb € M, (FE),, and because ¢(™ is
positive, this means that (¢ (b*eb)y,y) > 0, so that indeed ¢(™) is positive for
all m > n. So ¢ is completely positive. O

Corollary 1.23. Let E be an operator system. Then f : E — C is positive
if and only if it is completely positive. Furthermore, g : E — C(X) for X a
compact Hausdorff space is positive if and only if it is completely positive.

Proof. The fact that f is completely positive if it is positive follows directly
from Proposition 1.22. For g, define g, : E — C by g,(e) = g(e)(x). Note
that M, (C(X)) = C(X, M,,), so we consider g™ : E — C(X, M,,). Then we
define (g(),(e) = g™ (e)(x). Note that

(9™)a(e) = (g(eis) (@) = (ga(esz)) = gt (e)

so we simply write gg(cn). But ¢, is positive, so by the above g( " g positive,

and therefore we have for positive e that g(™ (e)(x) > 0 for all z. So g(™ (e) is
positive for all positive e, and so g is completely positive. O

Concretely, the matrix ordering on E? is given by
M, (EY) 4 = {(¢ij) € My (EY) | e = (¢4j(e)) is completely positive}.

For practical reasons we can slightly reformulate this description, as explained
in [22, Chapter 6]. For ¢ = (¢;;) € M,,(E), we define a representation

R[¢] : E — My, e (¢ij(e))
and a scalar action

S[¢] : Mn(E) — C,(ei;) = > ijlei)-

.3
Recall from the previous section that M, (M,,) acts on (C™)™.

Lemma 1.24. Let €7 € (C™)™ be the vector given by (€%7), = d;xe;j, where €;
is a standard basis vector for C". Also, let ¢ = (¢i;) € My (E*) and y = (yi;) €
M, (E). Then we have

(R[8]™ (y)e", e"") = i (yna)-

Proof. We calculate
(RIGI™ (), ) = S (RIGN™ (1)), (44))

17
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= k(R[] ™ ()€™ o, e1) = (RG] ™ (y)€" i, e)

=) (R[] (yrs) (¢’ Z(szs [(yks)ej, er) = (RI0)(yri)e; er)
s=1
which is indeed by definition equal to ¢;(yx:)- O

Proposition 1.25. Let E be an operator system, and S|¢] as mentioned above
for all ¢ € M,,(E?). Then

M, (E%), = {¢ € M,(E?) | S[¢] is a positive functional}

Proof. First, suppose ¢ is completely positive, and let n = >, €** € (C")". Now
for y € M,,(E), by Lemma 1.24, we have

<R[¢](n) (y)na 77> = Z<R[¢](n) GJ j 6 Z ¢1j ym ](y)
i,J

From this identity we can see that if ¢ is completely positive, then for all y €
M, (E), we have that R[#]™(y) is a positive operator, so in particular we have
that S[¢](y) > 0.

Conversely, suppose that S[¢] is positive. For arbitrary p € (C™)", we
expand p = szzl M;jet, so that we have a matrix M € M,. Then for
y € M, (E) we have

(RO ™ (), ) = > My My (R[6]™ (y)e™ €y = >~ Myi M (ya)-

1,5kl i,9,k,l

However, we note that

(M*yM)kz = Z(M Yy ij]z Z klyl]sz Zmyleji

5 -

so that in fact

(RIG™ (), 1) =D dri (M yM)gi = S[@](M*yM).
ki

Soify € M, (E), then M*yM € M, (E), (by definition of an abstract operator
space). Since by our assumption S[¢] is positive, we have (R[¢]™ (y)u, u) is
positive. So R[¢](™ is positive.

Note that because R[¢| maps into M,,, by Proposition 1.22 it is completely
positive if it is n-positive. So R[¢] is completely positive, meaning that ¢ €
M, (E*). This proves the proposition. O

Corollary 1.26. Let E be an operator system. Then
S« My(E?) — Mu(E)*, ¢ = S[y]

is an order isomorphism, i.e. it is positive with positive inverse.

18
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Proof. We see that the inverse of S is given by ¢ — (po; ;) for ¢ € M, (E),
where ¢; ; : E — M,,(E) is the injection into the (i, j) spot. Indeed,

S5 l(e) = Sl o ule) = ¢ (3 uise)) = le)

STIS[P] = (S[®] o tiy) = (Byy) = P
for ¢ € M,(E)?, and ® € M,(E?). Note that by the above we have that

¢ € M,(E%) if and only if S[p] € M,(E)%, so indeed both S and S~! are
positive. 0

We have now supplied the *-vector space E* with a matrix ordering. In

order to make it into an operator system we need to include an Archimedean
matrix order unit. Such units are not too difficult to find, provided that E is
finite-dimensional, as will be the case in this thesis when discussing the dual
operator system.

Proposition 1.27. Let E be a finite-dimensional operator system, and let x be
a faithful state, i.e. x € Ei of norm 1 with x > 0 implies p(x) > 0. Then x is
an Archimedean matriz order unit for E?.

Proof. Let x™ = (6u.x) € M, (E?). First, note that S[x(™] is a faithful on
M, (E); indeed, for any e € M, (E); we have

€11 = (1,0,...,0)6(170,...70)* S Ml(E)+ = E+

and similarly that e;; € E4, so that

n

S™](e) = x(ew) >0

i=1

because all the terms are strictly greater than zero.

Next, we show that x(™) is an order unit. We can consider E C B(H) as
a concrete operator system; since then M, (E) is a finite-dimensional normed
space, its set of unit vectors M, (E); is compact. Also, M, (E)y = M,(E) N
B(H), is closed as the intersection of closed sets, so M, (E)y+ N M,(E); is
compact. This means that we have

0 < M :=inf{S[x™](e) | e € M,,(E); N M, (E);}

because if we would have a sequence e; € M,,(E)NM,,(E); such that S[x(™](e;)
converges to zero, then because M, (E)y N M, (E); is compact there is a con-

vergent subsequence e;, 2%, ¢, which means S [x™](e) = 0 for some e > 0,
which is a contradiction with the faithfullness of S[x(™]. Let ¢ € M, (E%)a;
then S[g] has an induced norm since M, (E) is a normed space, and taking
t:=||S[¢]|l/M we have for all e € M,,(E); N M,,(E)4+ that

S[tx™ £ ¢l(e) = tSx™](e) = S[el(e) = IS[elll = STl = 0.

19



CHAPTER 1. PRELIMINARY DEFINITIONS AND RESULTS

Here we have used that S[¢](M,,(E)sq) C R because

S[pl(e) = Z iilei) + > ijleis) + o3 (el;)

1<j

=D wiilea) + ) pijleis) + pijle) €R
i=1

i<j

because @;;(e:;) = pii(ei). So for every o € M, (F)s, there is a t > 0 such that
—tx("™ < < tx ™.
Lastly, we prove that (™) is Archimedean. Suppose that

Sirx™ + ¢l(e) = rS[x™](e) + S[el(e) 2 0
for all r > 0 and e € M,(F)4. Then in particular
Slel(e) = —rSx™)(e) = —rM|e|

for all » > 0, so that indeed S[p](e) > 0 for all e € M,,(E)4, which means that
p>0. O

Lemma 1.28. FEvery finite-dimensional operator system E admits a faithful
state x.

Proof. Note that E, N E; is compact for a finite-dimensional concrete operator
system E C B(H), as discussed in the proof of Proposition 1.27 (here E; is the
set of unit vectors in F). We have that for each e € E N F; there exists a
positive ¢, € E* such that ¢.(e) > 0, since this holds for B(H). By continuity
of ¢, there is then a neighbourhood U, containing e such that 0 € . (U.). We
therefore have an open cover

{Ue|€€E+ﬁE1}

of F;NE; which by compactness has a finite subcover; say that these correspond

to the elements eq,...,e,. So then Y . | ¢, is a positive functional, and for
each e € E there is one of the ¢, that is nonzero, so indeed (after normalizing)
we have that " | ¢, is a faithful state. O

Corollary 1.29. Let E be a finite-dimensional operator system. Then there ex-
ists an Archemedian order unit x € E? that makes E® into an abstract operator
system.

We now prove two properties of the dual operator system for later use
(specifically in chapter 3). Note that a map f : E — F induces a pullback

f¢: F¢ — E? through
FUe)(@) = o(f(x))

Lemma 1.30. For any finite-dimensional operator system E we have E =
(B
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Proof. The isomorphism is given by the map f : e — (é: ¢ — ¢(e)). Since both
E and (E%)? are finite-dimensional, this is a linear bijection. What remains is
to show that f and f~! are completely positive.

So suppose e € M,,(E),. Then for all ¢ € M, (E?), we have

SIF™(@)0) = F™(e)ij(i) =D wijleis) = Slel(e) > 0

so f(" is positive. Note that f(") is also bijective with inverse (f(™)~!
(f~H™ since (fog)™ = f(M o g™, So for a € M, ((E4)?); we have

Slel((F~1) ™ (a)) = Slal(y) > 0

for all o € M, (E?),. So since S is an order isomorphism by 1.26, we have that
all positive functionals on M, (E) are positive on (f~1)((a). By the bipolar
theorem, this means that (f=1)(™ (a) is positive. O

Proposition 1.31. A map f : E — F between finite-dimensional operator
systems is n-positive (resp. completely positive) if and only if f¢ : F4 — B¢
is n-positive (resp. completely positive).

Proof. Note that the statement for complete positivity follows for all the state-
ments of n-positivity. Due to Lemma 1.30, it suffices to show that f¢: F¢ —
E? is n-positive if f is. Let ¢ € M, (F?)y; then for all e € M, (E), we have
that f(")(e) € M, (F)4, and therefore

S[(fd)(n)(()o)]( ) Z((fd>(n lj ezg Z f (sz 61] [‘p](f(n)(e)) >0

()

so that indeed (f%)(™ (y) is positive. So (f%)(™ is positive. O

1.4 (C*-envelopes

We introduces operator systems as concrete (closed) subspaces of C*-algebras
(that are self-adjoint and unital). After that, we introduced morphisms to
give a notion of isomorphism between these subspaces (more specifically, we
identified an abstract structure on a vector space that characterizes operator
systems with respect to this notion of isomorphism). However, it can happen
that two operator systems in non-isomorphic C*-algebras are completely order
isomorphic, or in other words, that we can find the same operator system in
two different C*-algebras.

For example, let D C C be the unit disc, and let Chorm (D) € C(D) be the
subspace of harmonic functions on the disk, meaning all f = f; +ifs : D — C

such that
d* L n 9% f1
(021)2  (022)?

where we expand z = 21 + 422 in the domain. Through PDE theory (see for
example [13, Section 2.2.4.c]) we know that each harmonic function is continuous

Afy =

=0, Afp=0
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on the boundary 0D = S*, and that for each continuous function f € C(S?!)
there is a harmonic function on the disc such that its restriction to the circle is f.
So as vector spaces, we have Charm (D) =2 C(S'). What’s more, by the maximum
principle each harmonic function assumes its maximum and minimum on the
boundary, so a harmonic function is positive if and only if its restriction to the
circle is positive. So the correspondence Chapm (D) = C(S1) is actually an order
isomorphism. What’s more, since both spaces are embedded in commutative
C*-algebras, we can apply corollary 1.23 to conclude that Chapm (D) and C(S?)
are completely order isomorphic; but clearly the C*-algebras in which they lie
(C(D) and C(S1)) are not isomorphic (note also that this shows that an operator
system that is completely order isomorphic to a C*-algebra is not necessarily
a C*-algebra, and a completely positive map between two C*-algebras is not
necessarily a *-homomorphism).

It turns out that for a given operator system, it is possible to find realizations
into C*-algebras with useful properties. Specifically, we turn to the C*-envelope.
We will see that this is in some ways the ‘minimal’ C*-algebra that contains
some given operator system. We define this C*-algebra by its universal property.

Definition 1.32. Let E be an operator system. The C*-envelope of E, denoted
as C*  (E), is a C*-algebra together with unital completely positive map 7 :
(E) such that

E—C!
e C*(n(E)) = C*

env
*w(E) and 7 is a complete order isomorphism onto its
image w(E);

e if \: E — B is a unital complete order isomorphism onto its image with
C*(M(E)) = B, where B is a unital C*-algebra, then there is a surjective
*-homomorphism p : B — C%, (E) such that m = po \.

env

Such a X is called a C*-extension.

This C*-envelope exists, and is essentially unique, as is shown in [17]. For
our purposes, we also need a more concrete description, and in order to arrive
there, we take a slight detour.

Let X be a compact Hausdorff space, and let E C C(X) be a closed subspace.
A subset S C X is called a boundary if for all f € E, there is an sy € S such
that f(sy) = ||f||; formulated differently, a boundary for a subspace E of C'(X)
is a set on which every function in E achieves its maximal value. If E separates
points, there exists a unique minimal (closed) boundary, which is called the
Silov boundary (see for example [5, Sec. 4.1]).

We can translate this back to the algebra setting by realizing that closed
sets K C X correspond to vanishing ideals

Ix ={f € C(X) | f/(K) = 0}.

(see for example [9, Proposition VIIL.4.9]). The vanishing ideal of the Silov
boundary of a closed subspace E C C(X) can now be seen to be the largest
ideal which we can ‘throw away’ without affecting the norm of elements in F.
This brings us to the following:
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Definition 1.33. Let E C A be a concrete operator system. An ideal I for
which the projection m : A — A/I is completely isometric on E is called a
boundary ideal. The mazimal boundary ideal is called the Silov boundary
ideal (or simply Silov ideal).

Proposition 1.34. Let E C A be a concrete operator system that generates A.
Then there exists a Silov boundary ideal I for E in A, and C¥, (E) = A/I.

env

This was also proven in [17]. So we have already made the C*-envelope
more concrete by showing that we can realize it in any concrete realization of
the operator system (after possible restricting the ambient C*-algebra to the
subalgebra which the operator system generates). We can actually do better
still: even the Silov boundary ideal has a concrete description.

Definition 1.35. Let E C A be a concrete operator system where E generates
A. A boundary representation is an irreducible representation o : A —>
B(H) such that for all completely positive maps p : A — B(H) with o(e) =
p(e) for all e € E, we have that p = 0. We denote the set of all boundary
representations of E as OF.

Proposition 1.36. The Silov boundary K of an operator system S is equal to
N, cog ker o, where S is the collection of boundary representations of S.

The history of these characterizations is quite interesting (see [3]). In [1, p.
171], Arveson shows this proposition for operator systems that are ‘admissible
subspaces’; or as denoted in [2, p. 1066], operator systems that have ‘sufficiently
many boundary representations’ (roughly this means that we can characterize
the norms on M, (F) through boundary representations). Actually, Arveson
tried to show that all operator systems have sufficiently many boundary repre-
sentations, and that therefore the Silov boundary ideal and C*-envelope must
exist. A decade later, Hamana did show the existence of both the Silov ideal
and the C*-envelope; however, Hamana did so through a different method alto-
gether, thus leaving the problem of whether the above description always holds
open. In 2008, Arveson made a last attempt to prove the characterization, and
he did so for separable operator systems, though using some fairly involved tech-
niques. It was in 2013 ([10]) that Davidson and Kennedy solved the problem,
using techniques going back to Arveson’s original 1969 paper. Sadly, Arveson
had passed away in 2011. However, Davidson and Kennedy were actually a stu-
dent and grand-student of Arveson, so it is only fitting that they would finish
Arveson’s work.

1.4.1 Finite dimensions

Finite-dimensional C*-algebras A are really well-behaved. Namely, we have for
each such A that there are ni,...,n, € N such that

m

A= PM,,.

i=1
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Moreover, each M, is simple, meaning that it has no nontrivial ideals (see for
example [21, Theorem 6.3.8], [29, Section I.11], among many others). We can
use this to significantly simplify the description of C*-envelopes for operator
systems that we find in a finite-dimensional C*-algebra.

Proposition 1.37. Let A be a finite-dimensional C*-algebra, and E C A be a
concrete operator system. Then C*  (E) = C*(E).

env

Proof. Let m : C*(E) — C¥

*w(E) be the surjective *-homomorphism induced
by the universal property of C

> w(E). Specifically, kerm C C*(E) is an ideal.
Since C*(E) is finite-dimensional, we can write it as

for A; simple. But A; Nker 7 is an ideal in A;, and since A; is simple, this means
that either A; C kerm or A; Nkerw = {0}.

Suppose there is an A; C ker (without loss of generality, assume it to be
Ap,). Since 7| : E — C}, (E) is isometric, we must have that ker TN E = {0}.
But then E N A,, = {0}, so that

m—1
EC@Ai=4.
=1

But then F C A’ C C*(F), with A’ a C*-algebra, so by the fact that E generates
C*(E), we have that A’ = C*(E), and A,, = 0.

So for all A; we have A; Nkerm = {0} for all A;, which means that kerm =
{0}. So 7 is a *-isomorphism. O

In other words, if an operator system has a finite-dimensional extension,
then it’s envelope is also finite-dimensional, and all finite-dimensional extensions
are isomorphic. This corresponds nicely to the intuition that the C*-envelope
is somehow a ‘minimal’ extension.

When FE can be seen as a subspace of a finite-dimensional space, it is def-
initely finite-dimensional. The converse, however, is in general not true: for
example, if we take the self-adjoint subspace E spanned by the function z +— z
in C(S1), (i.e. the subspace spanned by z, Z = z~! and the unit), then
C*(z,Z) = C(S') since the Laurent series are dense in the continuous func-
tions on S'. Moreover, the ideals in C(S!) are vanishing ideals I = {f €
C(SY) | £(C) = {0}} for some closed subset C' C S!. But, for z = e?* we have

|1 — ez =1—el=®0 _e@=0i L 1 — 9 _9cos(h — )
so that the Silov boundary of the subspace is the entire space S*, making the
Silov boundary ideal of E the trivial ideal {0}. So C%,,(F) = C*(z,%z) = C(S1),

and so all C* extensions of E are infinite-dimensional, even though FE is finite-
dimensional.
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1.5 The Propagation number

As we have seen throughout this chapter, an operator system can be viewed as
a subspace of a C*-algebra that is not necessarily closed under multiplication
(while still respecting the other structures of the C*-algebra). In [8], Connes
and Van Suijlekom define a measure of how far an operator system is from being
a C*-algebra.

The idea is that, given an operator system, we extend it by allowing products
of two elements in the operator system. This is in general a larger space, and
might or might not be closed under multiplication.

Definition 1.38. Let £ C C*

ENvV

the C*-envelope of E. We set

(E) be the concrete operator system given by

E°" =gspan{e; -eg-... e, | e; € E forall 1 <i<n}.

The propagation number prop(FE) is the smallest number n such that E°™ =
C J(E), if it exists. Otherwise, prop(E) = co.

env

Proposition 1.39. Let E and F be completely order isomorphic operator sys-
tems. Then prop(E) = prop(F).

Proof. We prove that prop(E) < prop(F), since the reverse inequality follows
in exactly the same way. Let ¢ : E — F be the complete order isomorphism.
Note that we have the commuting diagram

E <2, 0

EeENvV

[

F = G (F)

(E)

—

where m is the map given by the universal property of C, . (E). Since if o ¢

env
respects multiplication and is continuous, we have that

— — —

tpop(ip(F)") =ipop(ip(F))" =ipopoip(F)

on

and then by the commutativity of the diagram and invertibility of ¢ we have

—

ir o p(ip(F)*") =ipo@(F)*" =ip(E)™

So if n > prop(F) then ip(F)°" = C%,,(F) and so ig(E)°™ = C,(E) b
surjectivity. So n > prop(F') implies n > prop(E), meaning that prop(F)

prop(E).

<

v

By Proposition 1.39 we can see that the propagation number is an invariant
for operator systems. In [8] Connes and Van Suijlekom actually show that
the propagation number is also invariant under stable equivalence, which is
stronger than complete order isomorphism. Interestingly, this would follow from
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Theorem 2.23 (which we will prove later), were it not for the fact that the
compact operators are non-unital, and in this thesis we only concerned ourselves
with unital operator systems. A proof of Theorem 2.23 for non-unital operator
systems would therefore directly show that the propagation number is invariant
under stable equivalence.
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Chapter 2

Tensor product and
C*-algebras

After having laid some foundations in the previous chapter, we turn our atten-
tion to answering the principal question of this thesis: how does the propagation
number of operator systems behave under the tensor product? We will proceed
as follows:

e First, we examine the definition of the tensor product for operator systems,
and discuss some basic properties;

e Next, we describe the Silov boundary ideal of the tensor product of op-
erator systems in terms of the Silov ideals of the factors (specifically, we
identify a map in terms of the factors’ Silov ideals whose kernel we show is
the Silov ideal). From this we can immediately construct the C*-envelope;

e Finally, we use the C*-envelope to derive an expression for the propagation
number of the tensor product of two operator systems.

2.1 Tensor Products in C'*-algebras, operator spaces
and operator systems

2.1.1 Tensor product of C*-algebras

For vector spaces A and B we can form the tensor product vector space A ® B
(see Appendix A). If A and B are in addition *-algebras, we can enrich the
vector space structure on A ® B to a *-algebra structure, which we will also
denote by A ® B; we do this by setting

(a1 ® bl) . (U/Q ® b2) - (a1a2 & b1b2)
(a®@b)* =a" @b
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The natural question then arises: by giving A ® B a norm, can it also be
completed to a C*-algebra? The answer turns out to be yes. In fact, there are
in general multiple norms with which we can endow A ® B so it completes to
a C*-algebra. In this thesis we will be examining the minimal tensor product
norm. When A ® B is supplied with this norm and completed, we will denote
it as A ® B. Note that in other literature A ® B is often the algebraic tensor
product, with A ®p,i, B being its completion with respect to the minimal tensor
product norm.

In order to define the minimal tensor norm, we first examine a concrete
construction. Given operators A; € B(H;) for i = 1,2, where H; are Hilbert
spaces, we can define a map A1 ® As : 2 @ y — A1(z) ® A2(y) on elementary
tensors in H; ® Ho, and then extend linearly to the whole space. We can do this
because by linearity it is well-defined on the dense subspace Hy ©® Ho C H; ® Ho,
and it is easily verified that on that space it is continuous, so that we can extend
continuously. We therefore have an element A1 ® Ay € B(H; ® Hs), meaning
that we can consider B(H;)® B(Hz) € B(H; ® Hs). As a subspace of a normed
space B(Hy) ® B(H3) carries a norm, and the norm-closure of this space will be
denoted by B(H;)® B(Hz). It can be shown that B(H;)® B(Hs) = B(H,® Hs)
as C'*-algebras.

The above norm, which is defined on subspaces of B(H; ® Hs), is called
the spatial tensor norm. As we have seen in the previous chapter, all C*-
algebras arise as a closed *-subalgebra of some B(H). So given A; C B(H;)
and Ay C B(H;) C*-algebras, we let A1 ® As be the norm-closed linear span
of elementary tensors a1 ® ag, with a3 € A; and as € As. In principle, this
construction depends on the chosen B(H;), but the following Proposition shows
that actually this tensor product norm only depends on the internal C'*-algebra
structure.

Proposition 2.1. Let Ay C B(H;) and As C B(Hs) be C*-algebras, and let
Il - llspat be the spatial tensor norm on Ay ® As. Then

lz]|spat = sup{||m1 ® ma(x)|| | m; representation of A;, i = 1,2}

A proof can for example be found in [25, section 4.1], [29, section IV.4]
and [22, chapter 12]. In the context of abstract C*-algebras, where an explicit
reference to a faithful representation on a Hilbert space is not made, this is called
the minimal tensor product. Often the above abstract characterisation of this
norm is used as the definition, after which it is shown that the two definitions
are equivalent.

2.1.2 Tensor product of operator spaces/systems

As discussed in the previous chapter, we can view operator spaces and operator
systems either as concrete subspaces of C*-algebras, or as (*-)vector spaces
with additional structure on their matrix spaces. As such, the tensor product
of two operator spaces/systems can also be defined in either of these settings.
In this thesis we will restrict ourselves to introducing the tensor product in
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the concrete context. For an abstract characterization of the tensor product of
operator systems, see [19].
Recall that operator spaces are simply closed subspaces of C*-algebras. So
in order to define a tensor product on operator spaces, we need to define a C*-
algebra and a subspace in it. Given £ C A and F C B operator spaces, we
set
EFEQF =E0FCA®B.

Since this construction is based on the minimal tensor norm on A ® B, we will
call this the minimal tensor product of operator spaces. The exact same applies
to operator systems.

The following results shows that the resulting structure indeed depends only
on the structures of the factors. The proofs require a little more operator space
theory and therefore fall a bit outside the scope of this thesis, but they can be
found in [22, Corrolary 12.4] and [24, Sections 1,2.1 and 2.2].

Proposition 2.2. Let Fy and E2 be operator spaces, and let || - ||min be the
norm of By ® Es. Then

[€/lmin = sup{||Ly @ La(z)|| | Li : E; — B(H), [|Lilles < 1,0 = 1,2}
If By and E5 are operator systems, then
||| min = sup{||L1 ® L2(x)|| | L; : E; — B(H;) completely positive}

Lemma 2.3. In the above expression we restrict the suprememum to those L;
for which H; is finite.

As noted in Appendix A, we can naturally identify E® M,, & M, (E). Using
the definitions above, we can see that this correspondence actually goes further
for operator spaces.

Lemma 2.4. For an operator space E we have
E® M, = M,(E)
as normed spaces.

Proof. For a concrete operator space E C B(H), this follows directly from the
isometric identifications

B(H ® C") = B(H) ® B(C") = B(H) ® M, = M, (B(H))

and the fact that £ ® M,, gets its norm from the left-hand side, and M, (E)
from the right hand side. O

Recall furthermore that for linear spaces we have that the space of linear
maps X — Y can be identified with X* ® Y. This still holds in nice way
for operator spaces. The proof of Proposition 2.5 is a compilation of results
referenced in [24, Section 2.3].
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Proposition 2.5. Let E; and Eo be operator spaces. Then the map
Ey © By < CB(E{, Ey), Y zi@y; > (e > e(z:)yi)

extends to a completely isometric map on Fq1 ® Es.

Proof. Write z := > x; ® y;, and denote f, : e — > e(x;)y;. Note that for
e € M, (E{) with |le|| < 1 we have

fz(n)(e) 2 (ext)) Zekl DYi)ki=1 € Mn(E2) = M, ® Es.

So we consider the map Rle] ® Ig, : B3 ® Fy — M,, ® Es, and using the fact
that ||Rle]||cs = [le]| by definition of the operator space structure on the dual
space, we see that

£ @)l = 1Rle] © I, ()] < N2 llmin

by Proposition 2.2. So ||f:lles < ||z]lmin (which in particular means that we
indeed map into CB(E{, Ey)).

Conversely, let Ly : By — M, and Ly : E5 — M, be linear maps with
IILil|eb < 1. Then under the identification M, ® M, = M, (M,,) we have for
z =) x; ®y; that

1Ly ® I, () = 1Y La@:) @ will = 10O La(@a)wayi)i =

= IS (L O =) < I F=Nebll (L2 Cr)f i |

since (L1 ()r)f =1 € Mn(Ef). But we have normed M, (E{) = M, (CB(E;,C))
through CB(E1, M,,) so that indeed |[(L1(-)r)i =1/l = [L1]l < 1 and |[L1 ®
Ig, (2)]] < || f:llep- We now see that

111 ® La(2)|| < [y @ La|[[Ln @ g, (2)|| < [|L1 @ I, (2)] < (| £z lleb

so taking the supremum on the left side, we see that ||z||min = ||f2]|co- We have
therefore proven that f is isometric, and by replacing Fy by M, ® Es we see
that

M,RE, @ E; 2 E; @M, ®FEy >~ FEy ® M,(E>)

— OB(E{, M,,(E)) = M, (CB(E{, E))

which proves that f is indeed a complete isometry. O

2.2 Ideals and homomorphisms in the algebraic
tensor product

The universal property of the tensor product of vector spaces can be extended
to the following:
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Proposition 2.6. Let A,B and C be (not necessarily unital) *-algebras, and
f:A— C and g: B — C be *-homomorphisms. Let hy,: A® B — C be
the linear map induced by the bilinear map
hfg:AxB— C,(a,b) — f(a)-g(b).
1. /;f,\g is a *-homomorphism if and only if [f(A),g9(B)] = 0.

2. If A, B are unital, then every *-homomorphism h/ : A® B — C is given
by i?}\g for f(a) =h(a®1) and g(b) = h(1 ®b).
Proof. 1. By the universal property of the tensor product of vector spaces,
h/f,\g is a linear map. We see that

hyg((@®b)") = (hrg(a®b))" = (f(a)g(h))" — fla™)g(b"),

Since (a*)* = a and (f(a)g(b))* = g(b*) f(a*), we see that [f(A),g(B)] =0
is a necessary condition. To see that it is sufficient, note that

hipg((a1 @ br) (a2 @ be)) = flaras)g(bibs) = f(ar)g(br) f(az)g(b2)
= hpg(a1 @ bi)hyg(as @ bo)
so that h/f;, is indeed a *-homomorphism.

2. Tt is easily verified that both f:a+— h(a® 1) and g : b — h(1 ® b) are

*-homomorphisms, and hy 4(a,b) = h(a ® b), so that indeed i;c:, = h.
O

For general non-unital *-algebras, Proposition 2.6.2 does not necessarily hold:
take for example A = B = C = C as a vector space, for clarity written as Cx;
for a generator z7, with multiplication x; - 1 = 0, and (Az1)* = Az1. Then
take the *-homomorphism

h:A®B — C, AT ® pxy — Apxy.

Since no nonzero element in C' can be expressed as the product of two elements,
we can never have that h(a ® b) = f(a)g(b), so h can never be of the form
described in Proposition 2.6. However, note that the algebraic structure in
this example cannot be made into a C*-algebra, since that would mean that
|lz*x|| = ||0]] = 0 = ||z||* for all x.

So from now on, let A and B be unital *-algebras. We now know that *-
homomorphisms h : A® B — C' correspond exactly to pairs of maps f: A —
C and g : B — C such that [f(a),g(b)] =0 for all @ € A and b € B, according
to the following commutative diagram:

A

[

AoB 5 ¢
iB]\/
B
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Here i4 denotes the inclusion i4(a) = a ® 1, and similarly ig(b) = 1 ® b. From
this, we can immediately conclude the following:

Proposition 2.7. Let h : A©B — C be a *~homomorphism, and let f = hoiz
and g=hoip. Let I =ker f and J = kerg. Then

I®B+A®JCkerh.

Correspondingly, every ideal in A®B contains an ideal of the form IGB+A®J.

Proof. Let Y z;®@y; € IoB+A®J. Since h(>_z;®y;) = > f(x:)g(y:), and in
each term either f(z;) = 0 or g(y;) = 0, we have that > x;®y; € ker h. The last
claim follows from the fact that each ideal is the kernel of a homomorphism. [

If C is actually a tensor product itself, with the maps given by the inclusion
into each factor, we can say more.

Proposition 2.8. Leth: AOB — A OB givenby f: A— A — A OB
and similarly g : B — B' — A’ © B’. Let I =ker f and J = kerg. Then

kerh=1I10B+AGJ

Proof. By Lemma A.1, we have that if z € kerh, then it must be a linear
combination of elements z; ® y; where x; € ker f or y; € kerg, proving the
statement. O

2.2.1 Completing the algebraic tensor product

Having considered the purely algebraic side in the previous section, i.e. *-

algebras and algebraic tensor products, we now expand our view to C*-algebras
and the minimal tensor product. First, we note that maps on the algebraic
tensor product can at least be extended to the completion:

Proposition 2.9. Let 7 : Ay — By and w3 : Ay — By be *~homomorphisms
between C*-algebras. Then the homomorphism m © w9 : A3 ©® Ay — B1 ® Bs
extends to a *-homomorphism A1 ® Ay — B1 ® Bs.

Proof. The proof is given in [29, Prop. 4.22]. O

A natural question is now whether Proposition 2.8 can be extended to this
setting. However, it is not at all clear that

ker m @ mo = ker m ©® mo. (2.1)

In fact, in [30, Theorem 5] Tomiyama shows that this is true for all m *-

homomorphism on A and 72 *-homomorphism on B if and only if A @i, B
satisfy a property Tomiyama calls (F). In [20], several equivalent formulations
of this property are given. It could still be possible that while property (F)
might not hold, meaning that not all *-homomorphisms 7y and 7o satisfy (2.1),
that it does hold for the specific projections to the Silov ideals. However, I am
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not aware of evidence pointing in this direction. So there is no indication that
we might be able to express the Silov ideal of E® F in terms of the Silov ideals
of the factors.

Instead, we use the quotient maps given by the Silov ideals; in the next
section, we will construct the Silov ideal as the kernel of the tensor product of
these quotient maps, which in turn allows us to characterize the C*-envelope of
the tensor product.

2.3 Identifying the Silov ideal

For any C*-algebra A and ideal I C A, let ¢; : A — A/I be the canonical
quotient map. In this section, we will identify the Silov ideal of the tensor
product of two operator systems making use of such quotient maps. Let E C A
and F' C B be concrete operator spaces, where A = C*(F) and B = C*(F). In
the rest of this chapter, I, J and K are the Silov ideals for E, F, and E ® F
respectively. The goal is to show that the ideal ker q; ® ¢ satisfies the properties
of a Silov ideal, so that we must have that K = ker q; ® ¢;.

2.3.1 Isometric quotient

First, we show that kergq; ® ¢ is a boundary ideal. So, using the notation
described above, we wish to show that the map

A®B

A®B —
Gker q;®qy ® ker q1 ®qy

is isometric on £ ® F'. We derive this from the fact that q; ® ¢; is isometric on
E ® F since I and J are Silov ideals, and so in particular boundary ideals.

Lemma 2.10. Let A, B be C*-algebras, and w : A — B a *-homomorphism.
Let E C A be a closed subspace. If w|g is completely isometric, then so is

qkerﬂ'|E

Proof. Note that the #-isomorphism 7 : A/ kerm = 7(A) induced by 7 satisfies
T = T O Qrern, Meaning that grer» = 7' o m. By assumption 7 is completely
isometric, and T~ is a *-isomorphism, so in particular it is completely isometric.
SO Ger«|E is completely isometric as the composition of completely isometric
maps. O

Lemma 2.11. Let ¢ : F4 — FEs be a completely isometric map. Then its

pushforward ¢, : CB(F, Ey) — CB(F, Es3) given by f — ¢ o f is completely
1sometric.

Proof. Note that with the induced map
(6.)™ : Mo(CB(F, Er)) — My (CB(F, Es))
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we can construct the commuting diagram

(n)
M, (CB(F, E)) 22 M, (CB(F, E))

[~ !

(n)
CB(F, M,(Ey)) "% CB(F, M, (B,))

where we have used the (by definition isometric) bijections given in Lemma 1.18.
We note that

1™« (Fllew = ") © flle = sup{[|(6™) © /)™ | 0 < m}

and

16 0 )T [l = sup{[|"™ (f7) (@)l | + € My (F), |z]lm < 1.

Because ¢ is completely isometric, (™) is isometric, and so ||(¢™ o f)(™||,, =
(£ |- So (¢(™), is isometric, and (¢, )™ is then the composition of isometric
maps, making it isometric. So ¢, is completely isometric. O

The proof of Proposition 2.12 is based on [5, Sec. 1.5.1].

Proposition 2.12. If ¢ : By — E5 and vy : Fy — F5 are complete isometries
between operator spaces, then ¢ : E1QF) — Eo®F5 is a complete isometry.

Proof. First, note that ¢ ® v = ¢ ® Ip, o Ig, ® 1, where Ig, and If, is the
identity on E; and Fy, respectively. It therefore suffices to show that ¢ ® I, is
a complete isometry.

So let ¢ : E; — E5 be a complete isometry, and F' another operator space.
Then because ¢ is completely isometric, it induces the completely isometric
pushforward

¢« : CB(F*,E1) — CB(F*,Es), f — ¢o f.

Using the correspondence in Proposition 2.5, we have the commuting diagram

CB(F*,Ey) —2 CB(F*, E,)

A q

EioF 22 \poF

Since ¢, o1 is completely isometric as the composition of completely isometric
maps, S0 iz 0 ¢ ® Ip is also completely isometric. So ¢ ® Ir is completely
isometric. O

Corollary 2.13. Let I, J and K be the Silov ideals for the operator spaces
E, Fand EQF in A, B and A® B, respectively. Let qr : A — A/I and
qj : B — B/J be the canonical projections. Then

kerq; ® g5 C K.
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Proof. Since I is a Silov ideal, we have that ¢; is completely isometric on F,
and similarly ¢ is completely isometric on F. By Proposition 2.12 we have
therefore that q; ® ¢ is completely isometric on £ ® F. Then by Lemma 2.10
we have that gerq;q, 15 completely isometric on £ ® F'. Since the Silov ideal
is the maximal ideal for which the quotient is isometric on the operator space,
we must have that kerq; ® q;5 C K. O

2.3.2 Maximality

Since the Silov boundary ideal is the mazimal ideal for which the quotient is
isometric on the operator space in question, we now need to show that the
Silov ideal is included in the ideal kerq; ® ¢;. Recall from section 1.4 that
we can characterise the Silov ideal as an intersection of kernels of boundary
representations. These boundary representations behave nicely with respect to
the minimal tensor product. Let OF be the set of boundary representations for
an operator system F.

Lemma 2.14. For E C A, F C B as above, we have that o1 € OF and g3 € OF
implies 01 ® 02 € O(E® F).

Proof. This is Lemma 3 in [18]. O

Note that this means that

ﬂ kero C m ker oy ® os.
c€I(EQF) (01,02)E0EXOF

We will now need some technical results. The proof of Lemma 2.15 is rather
long and technical, but can be found in [26].

Lemma 2.15 (Kirchberg’s slice lemma). Let A, B be C*-algebras, and let
D C A® B be a hereditary C*-subalgebra. Then there is a z € A® B such that
zz* €D and z*2=a®b fora€ A and b € B.

Lemma 2.16. Let A and B be C*-algebras. Every nonzero ideal I C A ® B
contains a nonzero elementary tensor a ® b for some a € A, b € B.

Proof. Since every ideal is in particular a hereditary C*-subalgebra, by Kirch-
berg’s slice lemma we can find a z € [ such that zz* € [ and z*2 = a ® b.
Then

> @b = (2"2)2 =222 € 2" [ C T

so there is indeed an elementary tensor in I. O

The proof of Lemma 2.17 is adapted from [20, Lemma 2.2]. That proof
references [4, Lemma 2.12 (i)], which in turn references a statement in [28].
However, I was not able to precisely locate this statement or its proof in [28], so
instead we prove the statement used in [20, Lemma 2.2] through Lemma 2.16.
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Lemma 2.17. Let A and B be C*-algebras, and let K and L be families of
ideals in A and B, respectively. Now define

IzﬂKandjzﬂL

KeK LeL

Then

kerqr @ q5 = ﬂ{kerqz( ®qr | (K,L) e Kx L}

Proof. For readability, we will write M = ({kerqx ® qr. | (K, L) € K x L}.
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e First, we prove the inclusion kerq; ® g5 C M. For all K € K and L € L,
we have that I C K and J C L. So we can apply the isomorphisms
p:(A/D)/(K/I) = A/K and o : (B/J)/(L/J) = B/L to see that

qx @qrL = (p®0)(ax/1 ® qry7)(a1 ® q7)

so ker g; ® g5 C ker i ® qr,, proving the inclusion.

e Second, for the inclusion ker g ® g7 2 M, we define the seminorm

N(z) = sup{llgr/r ® qrss ()| | (K, L) € K x L}.

on A/I ® B/J. Tt is easily seen that N(zy) < N(z)N(y) and N(z*z) =
N(z)?. Note that if N(2) = 0 if and only if 2 € ker qx/; ® qr,/; for all
(K,L) € K x L. In particular we have that ker N is the intersection of
ideals, and so it is an ideal itself.

Note that if [z] ® [y] € A/I ® B/J is nonzero, then there are K and L
such that * ¢ K and y ¢ L. But

0#qr @qr(z®@y) = (p®0o)(qr/1 ®qr/5)(qr @ q7)(x @ y)
=(p®0o)(ar/1 ®qr ) ([z] ® [y])
N([z] @ [y]) = (ar/r @ az,5)([2] © [yDI| = llax ® qr(z @ y)|| > 0.

Specifically, ker N does not contain any simple tensors. But by Lemma
2.16 this means that ker N is trivial, and so N is actually a C*-norm. But
those are unique, so N(z) = ||z|| on A/I ® B/J.

Finally, as we remarked above, we have
qx @ qr(r) = (p® 0)(ax/1 ® qry7) (a1 ® q5)(T).

So if © € M, then the left-hand side is zero for all (K,L) € K x £, and
(g1 ® q5)(w) € kerqr/r ® qr/; for all (K, L) € K x L because p ® o is
injective. We therefore have that

llar ® g5 (z)|| = N(qr ® ¢s(z)) =0,

so x € ker q;r ® qy, so that indeed M C kerq; ® q.
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In conclusion, we have that M = ker q; ® ¢, proving the lemma. O

This finishes the heavy lifting: in the following Proposition we simply use that
we know that the Silov ideal is the intersection of specific kernels, so that we
can apply Lemma 2.17.

Proposition 2.18. Let E C A and F C B be concrete operator systems, and
qr and qy the quotients by their Silov ideals. Then we have that

kerq; ® g5 = ﬂ ker o1 ® os.
(01,02)EQEXOF

Proof. Note that for the Silov ideals I and J we have I = ker q; and J = ker ¢,
but also that I =, copkeroy and J =, cyp ker oa.

For any o1 € OF and o9 € OF, we can apply Proposition 1.4 to induce
*-isomorphisms &; such that &; o gxer»; = 04, from which we conclude that

ker[qker o1 X Qker 02] = ker[(a X 6—5) o (qker o1 & Qker 02)] = ker 01 & 09.

since the tensor product of two *-isomorphism is again a *-isomorphism. We
can now apply Lemma 2.17 to conclude that

kerqr ® q; = ﬂ ker oy ® o9
(01,02)E0EXOF

proving the statement. O

We can now combine our results with the results of the previous section to
conclude the following:

Proposition 2.19. Let E C A and F C B be concrete operator systems, with
corresponding Silov ideals I and J. Also, let K be the Silov ideal corresponding
to EQF C A® B. Furthermore, let q : A — A/I and q; : B— B/J be the
canonical projections. Then

K =kerqr ®q;y.

Proof. By Corollary 2.13, we have that kerq; ® ¢; C K. Also, by Lemma 2.14
we have that

{01 ® 02| (01,02) EOE X OF} COHEQRF),

so, using Proposition 2.18, we can see that

K = m kero C ﬂ keroy ® o9 = kerqr ® q;
cECOEQF (01,02)EOEXOF
which proves the theorem. O
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Theorem 2.20. Let E and F' be operator systems. Then

Cono(E® F) = Gy, (B) © O, (F)

Proof. Consider E C C*, (E), F C C%,  (F) and therefore EQ F C C*, (E)®
C*

¥ (F). This in particular means that the Si}ov ideals of E and F' are trivial.
By Proposition 2.19 we then have that the Silov ideal of E ® F' is equal to
ker gy ® go = 0. The result follows directly. O

2.4 Propagation number of the tensor product

Because of Theorem 2.20, in order to calculate the propagation number of EQ F,
we can consider E® F' C C}, (E)® C%,,(F) as a concrete operator system.

ENV

Lemma 2.21. For E C A and F C B concrete operator systems. Then
EMWoF™ —(E@ F)" C Ao B

Proof. First, for (E® F)™ C E(™ @ F(™ we note that

<Z€1i®fli> Doen ® fay | =D (eriea) @ (frifay)-
i J

,J
So
{x129- 2y |2, e EOF}YC EM™ o ) c g g pl),

Also, if for 1 < < n we have that (z;;)32, is a sequence converging to x;, then
by continuity of multiplication we have that xi;xg;...2n; — Z122... 2T, as
j — 00. We therefore have that

{r129- 2y |2, E EQF} C{x129 -2y |2, € E® F}.
Since E(™ @ F(™) is closed, we can conclude that
{z120-  ap |2 € EQ FY C EM @ F™,

Conversely, we prove that E(™ @ F(") C (E® F)(™. An element of the
form ) . (ej1€:2...€in) @ (firfiz ... fin) can be seen to lie in the linear span of
elements of the form (e;1 ® fi1)(e2; ® foi) ... (ein ® fin) € (E® F)("). So also
EM o F®™ C (E® F)™. The inclusion now follows by noting that (E @ F)(™)
is closed. ]

Note also that for m > prop(E), then E(™) = C*  (F). Using the following

observation, we can answer the principal question of this thesis.

Lemma 2.22. Let A and B be C*-algebras, and S C A a proper closed subspace.
Then S® B C A® B is a proper subspace. If T C B is also a proper closed
subspace, then S®@T C A® B is a proper subspace.
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Proof. Take © € A\ S. Then by the standard separation result for Locally
Convex Spaces (e.g. [9, IV.3.15]) we can find a functional f, € A* such that
f=(S) =0 and f,(z) = 1. Take any b € B nonzero together with f, € B* such
that f3(b) = 1. Then f, ® f, : A® B — C® C = C is again continuous;
however, f, ® fo(x ®b) = 1 and f, ® f,(S ® B) = {0}. So by continuity we
have that f; ® f»(S ® B) = {0} and therefore x @ b € (A® B) \ (S ® B). The
second statement follows from the fact that a subspace of a proper subspace is
a proper subspace. O

Theorem 2.23. Let E and F be operator systems. If prop(E), prop(F) < oo
then
prop(E ® F) = max{prop(E), prop(F')}.

If either prop(E) = co or prop(F') = oo, then prop(E ® F) = oco.
Proof. If m > max{prop(F), prop(F)}, then we have that

(E® F)(m) = gm g plm) — o*

env

(E)®C;

env

(F)

so prop(F ® F) < max{prop(F),prop(F)}. Conversely, if we have that m :=
prop(E® F) < max{prop(E), prop(F)}, then either E(™ C C* (F)or F™ C
C*..(F). So we can use Lemma 2.22 to conclude that E™ @ F(™) ¢ C* (E)®
Ct..(F), and conclude that m = prop(E ® F) < prop(E ® F'), which is a
contradiction. So prop(E ® F) > max{prop(E), prop(F')}, and we have proven
the theorem. O
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Chapter 3

Examples of operator
systems

In this chapter, we will examine some examples of operator systems that arise
from the C*-algebras C(S') and C(Cy), i.e. the continuous functions on the
circle and the cyclic group of order k, respectively, with values in C. They
act on L?(S') and L?(Cy) as multiplication operators. We can use Fourier
theory to ‘truncate’ the C*-algebras to operator systems: on the one hand,
Fourier theory gives a natural basis for L?(S!) and L?(C}), and we can project
to subspaces induced by this basis; on the other hand, through Fourier theory
we have the isomorphisms C(S!) & C*(Z) and C(Cy) = C*(C}), and we can
examine elements with restricted support. In [8] Connes and Van Suijlekom
define these operator systems for the S' case, and introduce an interesting
duality between them, which was recently verified by Farenick in [14]. In this
chapter, we will first discuss their definition and sharpen a result used for the
calculation of the propagation number, after which we will give a reformulated
version of Farenick’s proof of the duality. Finally we extend the definitions to
C}, derive analogous results in order to calculate the propagation number, and
examine the duality in this context.

3.1 Toeplitz matrices

In general, given a C*-algebra A C B(H) represented on a Hilbert space H, we
see that any orthogonal projection P on H induces the operator system PAP C
B(PH). In this section we consider the case A = C(S1), H = L?(S!), where
A acts on H through multiplication, together with projections P, defined as
follows: let (¢;);cz be the orthogonal basis of L?(S!) given through the functions
€; : z — 2'. Then we let P, be the projection onto span{e; | 0 <i <n—1}. We
define

c(sH™ .= p,C(SY)P, C B(P,L*(SY)).
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For any f € L?(S%), let f : Z — C denote its Fourier transform. Then for
f e (S C L?(SY) and g € L?(S') we have fg = f * g (here the * denotes
convolution). So in particular

fg= Z J?*g(k)ﬁk-

k=—o0
Additionally, we have that
n—1
Pog =Y g(k)er.
k=0

We therefore see that we have an isomorphism P, L?(S1) 22 C" given by the basis

€0,--+,€n_1. This then in turn induces an isomorphism B(P,L?(S')) = M,,

and we now characterize the image of C(S')(™ under this correspondence.
Note that we have

= Jgk) if0<k<n-1
Faglk) = {O otherwise
SO .
FPog(k) =" J(@)Paglk —35) =>_ G()F(k —j)
VES j=0
and
n—1ln—1 R
Pann(Png):Pnf(Png): f(k_])g(J)Gk
k=0 j=0

In other words, in the correspondence induced by the Fourier basis the element
P, f P, corresponds to the matrix

fo) ey iy e Fent )
i o) fen ) f(-n+2)
i@ G fo e F(on+3)
i f@ ) o Fon+4)
fn-1) fn-2) fn-3) fn—-4) - f0)

Matrices of this form are called Toeplitz matrices, and we will therefore call
C(8")(™ the operator system of n by n Toeplitz matrices. The identification of
elements in C(S")(™) with their matrix representation will be made implicitly
throughout this chapter.
We define
t; := Pye; Py € C(SH)™

for —n + 1 < i < n — 1, which corresponds to the matrix with 1 on the i'th
diagonal, and 0 everywhere else. From the characterization as matrices it is
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immediately clear that the t; form a basis. Expressed in terms of standard basis
elements eg; in M,,, we have that

ti = Z €Ll

k—l=1

3.1.1 Propagation number of the Toeplitz matrices

In [8], Connes and Van Suijlekom calculate the propagation number of C'(S*)(™)
by giving a general description of elements of the form ¢;¢;. In this section we
fill in some details and show that there is a simple relationship between these
types of elements and the standard matrix basis elements ey;.

Note that

titj = Z Z €klCrs = Z Z 5lreks = Z Z €ks

k—l=ir—s=j k—l=ir—s=j k—l=il—s=j
= § €ks = § €ks
k—s=i+j k—s=i+j
1<k—i<n 1<s+j<n

where k,[,7 and s are understood to run from 1 to n, subject to the condition
under the sum. Specifically, we have

titj_; = Z Cks = Z Cks-

k—s=j k—s=j
1<k—i<n 1<s+j—i<n

This is just ¢;, but with some 1’s removed, depending on 7 and j. Note that
since 1 <k <nand 1< s <n, we discern six cases:

1. 0 < ¢ < j: here we have t;t;_; = t;.

2. 7 <0 < j: here we have that t;t;_; has 1’s along the j-diagonal, but the
last —i places actually have a 0.

3. ¢ < j < 0: here we have that ¢;¢;_; has 1’s along the j-diagonal, but the
last —i + j places actually have a 0.

4. j <14 < 0: here we have that t;t;,_; = t;.

5. 7 <0 < i: here we have that ¢;t;_; has 1’s along the j-diagonal, but the
first ¢ places actually have a 0.

6. 0 < j <i: here we have that t;t;_; has 1’s along the j-diagonal, but the
first ¢ — j places actually have a 0.

Applying the transformtation ¢ — j —¢ we get similar expressions for ¢;_;t;. We
can summarize the multiplication of the Toeplitz basis elements as follows:
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Lemma 3.1. Let {ti}?;_ln“ be the standard basis for n by n Toeplitz matrices.
Then fori <0< j and j <0 <14 we have that t;t;_; is equal to t; with ¢ zeroes
from above, and t;_;t; is equal to t; with i zeroes from below (negative amounts
of zeroes are counted from the opposite side). For all other basis elements we
have toty = totp.

This means that to calculate t,t;, we do the following: calculate a + b, and
if either a or b is of opposite sign, we remove the corresponding zeroes from
to+p (otherwise we simply keep t,44). We then quickly arrive at the following
characterization.

Proposition 3.2. Let {t;} denote the standard basis for the n by n Toeplitz
matrices, and {ex} the standard basis for the n by n matrices. Then

ekl = tgh—ntn—1 +tp—1t1-1 — ti—

There is actually a more intuitive way to think about the multiplication of
the standard Toeplitz matrices ¢;, which we can more easily generalise later.
Notice that to each operator T € B(L?*(S')) = B(¢?(Z)) we can associate the
matrix elements (T'¢;, ;) for 4,j € Z, giving us a map mp : Z x Z — C. This
can be viewed as an infinite matrix, in the sense that the rows extend infinitely
far to the left and right, and the columns extend infinitely far upwards and
downwards. Given two operators T, S € B(L?(S')), we have that the matrix
corresponding to the operator T'S is indeed given by ‘matrix multiplication’ of
mr and mg, i.e.

mTS(ia j) = Z mT(iv k)mS(kvj)
kez
See for example [23, Ex. 3.2.16].

The projection P, to the subspace spanned by e, ..., e, 1 € £?(Z) is then

given by the map

1 if0<i=j<n;

mpn(i,j) = {

0 else.

We can display this in accordance with the traditional notion of a matrix as

00 0O0O0OO0OO0OTO0OTUO0ODO@ O
00 0O0O0OO0OO0OTO0OTUO0ODO® O
00 0O0O0OO0OO0OTO0OTO0D®O
00 01 00 O0j0 0O
00 0/0 1 0 0j]O0 0 O
00 00 0 1 0]j0 0O
00 00 0 O0 1|0 0 O
00 0O0O0OO0OO0OTO0OTO0ODO®O
00 0O0O0OO0OO0OTO0OTG OO
00 0O0O0OO0OO0OTO0OTG OO
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where the upper left corner of the square is the (0,0) position, and the lower
right corner is the (n — 1,n — 1) position (in this example we have n = 4).
As can be seen from the discussion at the start of section 3.1, if we see f €
C(8Y) C B(L*(S")) as a multiplication operator, then m (i,5) = f(i — ). For
a cannoncial basis element €; of L?(S1) (which is a continuous function; see the
start of section 3.1) the associated map is given by

. 1 if j—k=yq
me (. k) = {0 else.
As in the finite-dimensional case, for any T € L?(S') we have that the infinite
matrix associated to ¢; T is the matrix associated to T', but shifted down i places;
in other words, m¢,r(j, k) = mr(j — 4,k). Similarly we have mr., (j,k) =
mr(j, k + 1), which corresponds to shifting the matrix ¢ places to the left.

With this we can describe the multiplication of standard Toeplitz basis ele-
ments. Recall that t; = P,e; Py, so t;t; = Py¢;Ppe; P,. In general, conjugating
a map by P, has the effect of setting all matrix elements outside of the square
between (0,0) and (n — 1,n — 1) to zero. So to calculate the matrix of ¢;t; we
start with the matrix for P,, then shift it ¢ places down and j places to the left,
and restrict the matrix to the square with corners (0,0) and (n—1,n—1) (since
we make the identification P, L?(S1) = C").

With this intuition we can try to make the standard matrices eg;: we first
shift the matrix of P, so that the 1’s lie on the k — I’th diagonal and the lowest
1 lies in the (k,l) spot, after which we cut out the square between (0,0) and
(n —1,n —1). Then, do the same, except shift the highest 1 to the (k,[) spot,
and add them to form

o O OO
o o o
o o= O
o O OO
o O OO
oS O OO
oo~ O
o= O O
o O OO
SO o
S o N O
o= O O

(here we have taken the example for £ = 1 and | = 2). What remains is to
subtract the full diagonal. Following this recipe indeed gives the formula in
Proposition 3.2.

Theorem 3.3. Let C(S')™ C M, be the operator system of n by n Toeplitz
matrices. Then C,,(C(S")™) 2 M, and prop(C(S*)™) = 2.

env

Proof. By Proposition 3.2, we have that C*(C(S')("™)) = M,. By Proposition
1.37 we then have that C*,, (C(S*)™) = M, (C). Again by Proposition 3.2, we
see that

(C(Sl)(n))OZ =M,
so that indeed prop(C(S1)(™) = 2. O
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3.1.2 Block Tensor product

As an application, let us look at block Toeplitz matrices. These are matrices
of the form

AO A—l A—2 T A—7L+2 A—7L+1

A Ay A o Alys Al

Ay AL Ay Alas A
An—2 An—S An—4 e AO A—l
An—l An—? An—3 T Al AO

where A; € M,,. In other words, these are matrices A such that

n—1
A= > A@ti € My C(SHM.

1=—n+1
By theorem 2.23 and theorem 3.3 we can now immediately conclude that
prop(M,, ® C(S")™) = max{1,2} = 2.

There is an alternative way to verify this: note that we can view a n by n block
Toeplitz matrix with blocks of size m as a nm by nm matrix. It is now easy to
verify that the nm by nm Toeplitz matrices are actualy block Toeplitz matrices:
indeed, for A € M,, ® C(S')™, each (A;);r appears on exactly 1 diagonal, so
for any Toeplitz matrix B € C(S')(™") set (A;)jx equal to the value of B on
that diagonal. Then we have found matrices A; such that the block-Toeplitz
matrix A which they compose is equal to B. So indeed

c(sHmm ¢ ¢(8H™ @ M, € M.
Since clearly E C F implies E°" C F°™ we have that
My = (C(81)™)°2 € (C(S1)™ © Mn)*? € My,

so that indeed prop(C(S*)™ & M,,) = 2. The same argument also works for
the more narrow definition of block Toeplitz matrices where the blocks are also
assumed to be Toeplitz matrices, i.e. the space C(S')™ @ C(S')(™), which by
theorem 2.23 also must have a propagation number of 2.

3.2 The Fejér-Riesz operator system
As another example of an operator system, consider the convolution C*-algebra
C*(Z), given as a normed space by ¢}(Z) and with product

oo

(axb); = Z apbi_.

j=—o00
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Let supp(a) := sup{|i| | a; # 0}. We define the operator system
CH(Z)(n) = {a € C*(Z) | supp(a) <n —1} € C*(Z).

As noted in the previous section, through Fourier theory, an element f € C(S?!)
actually corresponds to an element f € C *(Z). Through this Correspondence
we see that C*(Z)(, is identified with functions of the form ! ' ie.
trigonometric polynomials of degree at most n — 1.

z——n-i—l iz

Proposition 3.4. The C*-envelope of C*(Z)(y) is equal to C*(Z), and its prop-
agation number is infinite.

Proof. Since C*(Z) = C(S') is a commutative C*-algebra, the traditional no-
tion of the Silov boundary applies: the Silov boundary is the minimal set on
which every function in C*(Z)(,) takes its maximal value (in terms of absolute
value). Note that

cos(2mz) = (™ 4 e~ 2TT)

and

COS(27T($ + 9)) _ %(6271'2'9627\'1'90 + e—27ri«96—2m'ac>.

So for A = €™ the function z — 1(Az + AZ) takes its maximal value on A
and —A\ (as the cosine function takes its maximal values on 0 and =), and so
all points must lie in the Silov boundary. So the Silov boundary ideal is empty,
meaning that C},,(C*(Z)(,)) = C*(Z). Clearly there are functions in C(S*)
that are not a finite polynomial in z and 271, so all (C*(Z),))°™ are strictly
contained in C(S1). O

Since positivity in an operator space is defined through positivity in the
C*-algebra it lies in, we have that a € (C*(Z)y))+ if and only if the function

Z Z;:_ln 41 a; %" is positive. However, in order to describe the operator system
structure, we need to find positive elements in the matrix spaces. For this we
use the following.

Lemma 3.5. We have a *~isomorphism
M, (C(S) = C(S', My)

where the latter is the space of continuous functions from S' to M,,.

Proof. The isomorphism is given by mapping (f;;) € M, (C(S*)) to z — (fi;(2)).
The latter is indeed a continuous map, since

1(fi5(2)) = (fig (y H2<Z||fw — FiiW)II?

so that by taking = and y close enough, their images lie arbitrarily close. The
inverse is given by mapping f € C(S', M,) to (z — f(2)i;) € M,(C(S"));
indeed,

1 (@)ig = F@)igll < 1(F(@)ig = F)ipll = () = F)l
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and the latter can be made arbitrarily small due to continuity of f. It is easily
verified that these are indeed *-homomorphisms. O

By this identification we have
M (C*(Z)(my) © Ma(C*(Z)) = Mo (C(S")) = C(S', My)

and for elements of M, (C*(Z) ) the correspondence looks like

n—1
Mn(C(Z) (m)) > (aiz)ij=1 — (Z =y Zk((aij)k)?fj_1>

k=—n+1

(note that ((ai;)k){"—; is a m by m matrix of complex numbers for each
ke {-n+1,...,n— 1}, so the right hand side is a polynomial with matrix
coefficients). We can now introduce a characterization, originally due to Fejér
and Riesz for H = C (hence the name for the operator system and the theorem).

Theorem 3.6 (Operator Fejér-Riesz). Let H be a Hilbert space, and let Fy, €
B(H) for ke {-n+1,...,n—1} be such that

n—1
Fz)= Y ZF.>0

k=1—-n

for all z € S1. Then there are operators Gy, € B(H) for k € {0,...,n—1} such
that

n—1
G(z) = Z Paten
k=0

satisfies G(2)*G(z) = F(z) for all z.

A proof can for example be found in [11], and is out of the scope of this
thesis. For the interested reader, the proof for H = C in [16] is conceptually
very clear and easy to follow.

3.3 Duality

Examining C(S')™ and C* (Z) (n), we note that both are subspaces of dimension
2n — 1. As such, one might wonder whether there is a relation between the two.
They are certainly not isomorphic (we simply need to look at their propagation
numbers or C*-envelopes to conclude this), but it turns out that the two are
dual to each other:

Theorem 3.7. For alln € N, we have that C(S')(™) 2 (C*(Z)(,))* as operator
systems, i.e. they are completely order isomorphic.
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In this section we will prove the result. It was first stated in [8], but only
proven that the two are order isomorphic (instead of completely order isomor-
phic). During work on generalizing the given proof to the completely order
isomorphic case by the author, as luck would have it, [14] was posted, with
precisely the solution to this problem. The results in this section are a largely
along the lines of their proof, presented from a slightly different perspective with
different notation.

First, for T € C(S')™, we will write T; € C for the element on the i'th
diagonal. Through this we will also identify 7" with the element in C*(Z)(,,
given by T; for —n+1<4i<n—1 (and 0 elsewhere). There is then a non-
degenerate pairing

n—1
¢:C(SHY™ X C*(Z) () — C, (Toa) = > Toa; = (T *a)o
i=—n+1
By abuse of notation, we will denote the map T — ¢ also as ¢. We will show
that this is a complete order isomorphism.

At this point it is important to make some remarks about the notation.
Elements of C'(S')(™) are matrices, but we will often write T; for the value on
the i-th diagonal as we have done here. Through this, we can also identify T as
an element in C*(Z)(,). Moreover, we can identify the set

C*(Z)A) = {CL € C*(Z)(n) | Ad_nt1 =0A—p42 = ... =01 = 0}

(n
with C" (here the A stands for ‘analytic’, since the set corresponds to those
Laurent polynomials in C'(S') that are analytic on C). We index the entries of
the matrices in M, (C) and C" from 0 to n — 1, so that this correspondence is

given by a < (a;)1=;

Lemma 3.8. Let a,b € C*(Z)éb) C C*(Z) and T € C(SY)™. Furthermore, let
¢ be the pairing above. Then

or(b* xa) = (Ta,b).

Proof. As noted above, we have by the associativity and commutativity of the
convolution that

1

or(d*xa) = (T*b**xa)g=(b"*T xa)y = bi(T * a);

i

n

Il
o

Also, we note that

n—1 n—1
(Ta)y =) Tijaj= Y, aTij=(axT)i=(T*a)
j=0 j=-n+1
so that indeed
n—1 n—1
dr(b*xa) =Y b(Txa); = Zb:(Ta)i = (Ta,b).

Il
<

i =0
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We will now try to generalize this to the matrix spaces of C(S')(™) and C*(Z) (),
i.e. the spaces C(S1)™ @ M, and C*(Z)(,) ® M, (recall from Lemma 2.4 that
these spaces are isomorphic to M,(C(S*)(™) and M,(C*(Z)(,))). All algebras
have canonical bases, in which we can express the elements (see Appendix A).
So in general we have

n—1 p—1
C(Sl)(n)®Mp9T= Z t, T = Z’El@ekl
i=—n+1 §,k=0

for T; € M, and Ty € C(S")™ and

n—1 p—1
C(Z)(ny @ My > A= Z 0 ®A; = Z Aji ® eji

i=—n+1 4,k=0

for A; € M, and Aj, € C*(Z)(,), meaning that A is either a collection of
matrices 1ndexed by Z, or a rnatrlx of sequences in C*(Z)(,). For example,
since the adjoint is defined as the adjoint on each factor in the tensor product,
we have

(A%)i = (A-)" and (A")jk = (Ars)”

The map ¢ induces maps
P = ® Ing, c(SsH™ @ M, — (C*(Z)(n))d ® My

and again, for T € C(S")™ ® M, we write ¢7- (C*(Z)(n))* ® M,. So in
particular we have

(p) Z AT @ €jks

7,k=0

or in other words, ((bg’—)))jk = ¢75,.-

The standard inclusion C*(Z),) € C*(Z) can be generalized to the matrix
algebras, so that we get an induced multiplication, which we shall write as *.
Applying the above we then get for A, B € C*(Z),) ® M,

(A*B)l = ZAJ : Bi_j

JEZ

p—1
(Ax*B)jr = ZAjl * By,

=0

Finally, we define the space
My (CH(Z) ()" = {A € My(C*(Z)(my)) | Ajk € C* (L)}
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A ~ (Cn
(n)
element A € M,(C*(Z)(y)) corresponds to an element in C", which means we

can construct vectors

The isomorphism C*(Z){,,, means that each element 4;; associated to an

p—1
j(i :Z'Aij®ej eC'C?

Jj=0

for0<i<n-—1.
Recall from Proposition 1.25 that we have

M, (E*)+ = {¢ € M,(E") | S[¢] is a positive functional}.
We can now generalize Lemma 3.8.

Proposition 3.9. Let A, B € M,(C*(Z)(n))*, and T € M,(C(S*)™. We then

have )
p
SBPNB" « A) = Y (T(A). B).
i=0
Proof. Note that
n—1
S[eP)(B* + A) = Z (69,5 ((B* = A)ij) Z b7, ((B* + A)ij)
i,j=0 3,7=0
-1 p—1 p—1 p—1
Z Z‘b% Jik * Apj) = Z Zqﬁﬁj ((Bri)™ * Axj)
1,j=0 k=0 1,7=0 k=0

We now use the fact that we can view Ay; and By, as elements of C™ to invoke
Lemma 3.8 to conclude that

p—1 p—1
SOP1B* * A) = 3 S (TijAws. Biy).
i,j=0 k=0
We also note that
p—1 p—1
(T(AR), Br) = > ((Tij @ i) Ar), Br)) = > (TijAxj, Bry)
i,j=0 1,5=0
so that the result follows O

Summarizing what we have until now, we see that for any 7 € M, (C(S*)™)
we know the action of S[¢(p)] on elements in M, (C*(Z) ) of a specific form,
namely B* x A with A, B € M,(C*(Z),))*. We want to show that ¢ () is posi-
tive, and so we need to show that for positive 7 € M, (C(S*)(™) the functional

S [¢%’3)] is positive on positive elements of M,(C*(Z)(y)). Of course every posi-
tive element A in M, (C*(Z) ) can be written as B* x B, since it is in particular
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a positive element of the C*-algebra M,(C*(Z)), but it would be very conve-
nient if we could choose B € M,(C*(Z)(,))* so that we can use 3.9. Luckily,
this is precisely what the operator-valued Fejér-Riesz lemma (theorem 3.6) tells
us:

Proposition 3.10. Suppose A € My(C*(Z)))+. Then there exists a B €
My(C*(Z)(n))* such that
A=B"x*B.

Proof. We note that A corresponds to a positive element in C(S*, M,) given by

n—1

By the operator-valued Fejér-Riesz lemma, we now have that there exist B; € M,
for 0 <7 < m — 1 such that

n—1 n—1 * /n—1 n—1
Z A2t = (Z Bl-zl) (Z Bizi> = Z (B* x B); %'
i=—n+1 1=0 =0 1=—n+1

by defining B = Y"1 6; ® B; € M, (C*(Z)(m)) ™. O

Corollary 3.11. The map ¢ : C(S*)(™ — (C*(Z)(ny)* given by

n—1
T +— (gﬁT ta Z T_iai)

1=—n+1
is completely positive.

Proof. For any p € N, let 7 € M,(C(S*)(™),. We need to show that ¢g’3>

is positive, i.e. that for A € M,(C*(Z),)) we have S[qﬁ(ff)](A) > 0. But by
Proposition 3.10 we have that A = B* x B for some B € M,(C*(Z)(,)) with
B_; =0 for ¢ > 0. But then we have

p—1
S[eP)(A) = S (TB.Bi) >0
=0

because T is assumed to be positive. So indeed, ¢P) is positive, and therefore
¢ is completely positive. O

Proof of Theorem 3.7. Clearly the map ¢ is bijective, with inverse

. fO f—l e f—71,+1

(f . Z fﬂh‘) R fjl f.o f—1.z+2
i=—n+1 : . - :
fr-1 fn—2 - fo
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for f € C*(Z)(n). We need to show that ¢ is a complete order isomorphism.
The fact that ¢ is completely positive was shown in corollary 3.11.

We claim that if ¢! is positive, then it is actually completely positive.
Indeed, if ¢! is positive, then by Proposition 1.31 we have that (¢—1)? :
(c(sHmHyd —; C*(Z) () is positive. But this can be viewed as a positive
map into a commutative C*-algebra, so that by corollary 1.23 it is actually
completely positive. Now we apply Proposition 1.31 again to conclude that ¢!
is completely positive.

So it remains to be shown that ¢! is positive. Note that ¢=1(¢7) = T by
definition, and every element of (C*(Z)(,)* is of the form ¢ for some T'. Note
also that if z € C™ then we can view it as an element of C* (Z)&) through

z;, for0<i<n-1

0 for 1-n<i<0
(we will write this element as « by abuse of notation). Then z* * x is a positive
element in C*(Z),,) € C*(Z). So if ¢7 is a positive element in (C*(Z)(,))?,
then by Lemma 3.8 we have

0< ¢r(x* xx) = (Tx,x)

and so T' = ¢~ L(¢7) is positive. So ¢! is a positive map. O

3.4 C(Ck)(n)

The above examples are based on the fact that we can develop Fourier theory on
S1. There is however also a finite Fourier theory on C}, the cyclic group of order
k, and we can apply the same constructions. For a more in depth introduction
to finite Fourier theory, see for example [27, Ch. 7].

Consider first C(Cy), the continuous functions from Cy to C, and L?(Cy),
the square-integrable functions from C}, to C. Since C}, is a finite discrete space,
any function f : Cp — C is in C(Cy) and in L?(Cy). Given some principal
k’th root of unity (, it turns out that any function f : Cy — C can be written

as
1

fln) =Y fm)¢"™

k—
m=0

for some function f : Cj, — C (see [27, Thm. 7.1.2]). In other words, the
functions n + (™" form a basis for the space L%(C).

As in Section 3.1, we can cut off the functions in Fourier space: let H =
L?(Cy), and let €; = (n > ™) be the Fourier basis. Note that the index set can
be considered to be Cy, with €;e; = €;4;. Define P, as the orthogonal projection
to the space spanned by €, ...€,_1. We define the operator system

C(Cy)™ := P,C(Cy) P, C B(P,L*(Cy)) = B(C")
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Comparable to the infinite-dimensional case, we have

— g(m for0<m<n-1
Png(m) = g( ) ~ -~
0 forn<m<k-1
so that
—_— nil ~
fPag(m) = > §(i)f(m —1).
i=0

Identifying P, L?(Cy) = C" means that we can view P, fP, as an element of
the n by n matrices, specifically the matrix

O T R (e I Fen+1)
i o) Ay f-2) F(-n+2)
fe) f) fO) fe F(-n+3)
e je ) o) F(on+4)
fn-1) -2 fn-3) fn-2 - j0)

However, note that f : C, —s C, so there is a k-periodicity in the diagonals.
Specifically, dim C(Cy)™ = min{2n — 1,k}. Also, if k = n, then C(Cy)™ are
actually the circulant matrices. Since there are only k basis vectors in L?(C})
we restrict the definition to k > n, because if kK < n we cannot construct a space
with n basisvectors to project to.

3.4.1 Propagation number of C(Cj)™

Recall from section 3.1.1 that we can directly express the canonical matrix basis
{ek} as a linear combination of products of Toeplitz matrices, which allows us
to directly calculate the propagation number. It turns out that we can follow
a similar approach for C(C%)™, as we will show in this section. However, the
construction is slightly more involved because not all ¢; are in C (C’k)(").

We define basis elements ¢; = P,¢; P,,, which can be expressed as

ti + ik if —n+1<i<n-—k
C; =
t; n—-k<i<k-—-n

We extend the definition of ¢; by reducing ¢ modulo & to one of the cases above.

An operator T € B(L*(Cy)) defines a map mr : Cj x C, — C through
mr(3,7) = (T¢j, €;). By composing this map with the projection Z — CY, this
then also defines a map my : Z xZ — C, and so we can draw grids to represent
such operators as we did for operators on L?(S1). Note however that this map
is not the infinite matrix for some operator 7' € B(L?(S')) because the rows
and columns are not square-summable as was the case in section 3.1.1 (see [23,
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Tan Koot Properties of the Propagation number

Ex. 3.2.16]). For example, the map Z x Z — C associated to P, € B(L*(Cy))
can be displayed as

100 0 01 0 O0O0O
01 00O0O0O1O0O0TO
000 O0O0OO0OO0OTO0OTU OO0
00 01 00 0j0 10
00 0j0 1 0 0j0 0 1
10 0{0 O 1 0|0 0O O
01 0/0 0 0 1(0 0 O
000 O0O0OO0OO0OTO0OTG OO0
000 10O0O0O0T1T@®O0
00 0O01O0O0O0O0°T1

where the square has upper left corner (0,0) and lower right corner (n—1,n—1),
here with n = 4 and k = 5. These infinite ‘matrices’ have a k-periodicity in
both directions, and any square with side k£ is a fundamental domain. Note
that through the identification P,L?(Cy) = C" any operator P,TP, for T €
B(L?(Cy)) is also associated to an n by n matrix, which can by found by taking
the infinite matrix as above, and restricting it to the square with corners (0, 0)
and (n —1,n —1).
As far as multiplication is concerned, we have

mrg(i,j) = (T'Sej,¢;) = Z (Tey, €)(Sej, €) = Z mr (i, )ms(l, 7).

leCy leCy,

So the multiplying an operator T' by ¢; from the left (where ¢; is seen as a
multiplication operator) has the effect of shifting the infinite matrix associated
to T ¢ places to the left. Similarly, multiplying by €; from the right has the
effect of shifting the matrix down 4 places.

So in order to calculate c;c; = Ppe; Pye; P, we note that the infinite matrix
associated to €; P,€; is the same as the one associated to F,, but shifted ¢ places
to the left and j places down. Conjugating with P, has the effect of setting
all elements in the fundamental domain {(i,j) € ZxZ | 0 < 4,5 < k — 1} but
outside of {(¢,j) € ZxZ |0 <14,j <n—1} to zero. When considering c;c; as a
finite matrix (i.e. making the correspondence P, L?(C}) = C") we then restrict
to the square with corners (0,0) and (n — 1,n — 1).

The main idea of the rest of this section is the following: the difference
between c;pc_, and ¢; is only nonzero on the i'th diagonal, and there it is a
sequence of at most k —n ones. With enough of these sequences we can recreate
the partial diagonals ¢;,t_, we encountered in section 3.1.1, and use the formula
for the Toeplitz matrices to recreate the standard matrix basis elements egp.

For notational convenience, we define the partial diagonals

AD,(i;a1,as9,...)
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CHAPTER 3. EXAMPLES OF OPERATOR SYSTEMS

as the matrices which are zero everywhere except on the i’th diagonal (here we
count the main diagonal as 0, diagonals below 0 as positive and diagonals above
0 as negative, so that the notation agrees with the start of this section), and on
the 7’th diagonal we have ones in the a;’th place, the as’th place, etc. Here we
count the places from above, and the first place is 1. For example,

00000
1 0000
AD5(1;1,2,4)=| 0 1 0 0 0
0000 O
00010

In order to simplify notation later on, we will allow a; to be smaller than 1 or
larger than the length of the diagonal; these positions will simply be ignored.
We also define BD,,(i; b1, ba, . ..) as the same but counting from below, so

00 0 0 O
1 0 0 0 O
BDs(1:1,2,4)=| 0 0 0 0 0
00100
00 010
Lemma 3.12. In C(C})™), we have that
CitpCp = Ci — i; (k—n)+1,...,p)

C_pCitp =

Dy (i;p —

Dy (i;p— (k—n) +1,. p)
CoimpCp = D, (—i;p

Dy (-

ip— (k —n)—|—1,...,p)
sp—(k—n)+1,...,p)

CpCei—p =

for0<i<n—1and0<p<n-—|i.

Proof. We prove the first equation, the rest are proven similarly. Note that
CitpCp = PreippPre, Py = Prepei Prep Py,

Also note that the infinite matrix associated to P, has sequences of k —n zeroes
on the k - Z diagonals. The matrix associated to ¢; P, is the same, but shifted
to the left ¢ places. This means that the ones are on the i’th diagonal, on which
there now are k — n zeroes below the (0,0) to (n — 1,n — 1) square.

We now move the matrix diagonally p places (left and up) to arrive at
€p€i Prne_p: this means that the sequence of £ — n zeroes has now shifted p
places into the square with corners (0,0) and (n — 1,n — 1). So on the i’th
diagonal ¢; — BD,,(i;p — (k—n) +1,...,p) and ¢;4pc_, agree.

What remains is to check the possible nonzero ¢ — k’th diagonal, which we
have when ¢ > k —n. The ¢ — k’th diagonal is of length n — |i — k| =n — k + 4.
But when the matrix is shifted ¢ places left, there are n — (n —k+1¢) = k— ones
left to the upper left of i — k’'th diagonal. But k > n,s00<p<n—i<k—1,
so we never shift the zeroes into the (0,0) to (n — 1,n — 1)-square. O
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We can rephrase the results in 3.1.1 to see that

tivpt—p = ADp(3;1,...,n—i—p)
tpt_i—p=BDy(;1,...,n—i—p)
t_ipty = AD,(
(

i1,...,n—i—p)
t_ptivy = BDy(—is1

—i;1,...,n—1i—p)
for i and p positive (note that the i’th diagonal has n—|i| elements, and we shift

in p zeroes). We also note that we can cover a part of the diagonal in multiple
steps, i.e.

mp—1

BDy(is1,...,p) = Y BDp(isp+1—(k=n)(j+1),...,p— (k- n)j)
=0

for m, = [p/(k — n)] (and similarly for AD,). Combining this with Lemma
3.12, we have the following;:

Lemma 3.13. Let ¢; € C(Cy)™ and t; € C(SH)™. For 0 <i <n—1 and
0<p<n-—|i, definep’ =n—1i—p. Then
7er/—1

Litpl—p = E , Ci = Cp/—j(k—n)Citp'+j(k—n)
=0
m, s —1

P

tplitp = Z Ci = Cip/+j(k—n)C—p/—j(k—n)
j=0

mp/ -

1
tiptp = E C—i = Cimp/—j(k—n) Cp’ +5(k—n)
Jj=0

mp/—l

tpt—ip = Z C—i = Cp/tj(k—n)Cmi—p/ —j(k—n)
=0

where my = [(n—1i—p)/(k—n)].
In particular we have
Mn—i

t; = tivolo = Z Ci = Ci—n—j(k—n)Cn+j(k—n)
§=0

M —q
;= E C—i = Cn—j(k—n)Cn—itj(k—n)
Jj=1
In essence we are now done, because we can now apply Proposition 3.2 to

write every standard matrix-basis element as a linear combination of products
of elements in C(Cy)™. We summarize this in the following:
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CHAPTER 3. EXAMPLES OF OPERATOR SYSTEMS

Proposition 3.14. Let 1 <a<nand1 <b<n. Then

My—1
€ab = Z (Ca—b - C—b—j(k—n)ca+j(k—n))
=0
Mz—1
+ Z (C(L—b - Ca—(n+1)—j(k—n)c—b+(n+1)+j(k—n)) —ta—b
)

for ¢; the standard basis for C(Cy)™, and

min{a, b} n+ 1 — max{a, b}
’ My =
k—n k—n

M, = [
This is not a very pretty formula, certainly not as clean as Proposition 3.2,
but the upshot is that we have proven the following:
Proposition 3.15. Forn < k < 2n — 1, we have
C*

env

(C(Cr)™) = M,, and prop C(Cy)™ = 2.

3.5 C*(Ci)yn) and duality

In the previous sections we generalized C(S')™ to C(Cy)™. We can also
generalize C*(Z)(,) to C*(Ck)(n): We simply set

C*(Cr)n) :={a € C*(Ck) | a; =0 for n <i <k —n} C C*(Cy).

Note that C*(C}) can be realized as the circulant matrices, which are matrices
of the form

ago ag—1 Q-2 - Q2 a1

ay ag ag—1 -+ asg a2

a2 aq ao a4 as
ag—2 Q-3 Qk—4 -+ Qo QAg—1
ag—1 Qag—2 Qag—3 -+ a1 ago

In this picture, the C*(Cy)(,,) are those circulant matrices which have a nonzero
strip of width at most 2n — 1 diagonally, together with corresponding nonzero
corners in the upper right and lower left, or alternatively, circulant matrices
which have two strips of width k£ — 2n + 1 containing only zeroes parallel to the
diagonal.

Proposition 3.16. For k > 2n — 1, we have that

Ceno(C(Ch)m)) = €7 (Cr) and prop(C (Cr)(m)) = {2(];_—11)} '
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Proof. Since C*(Cy)(,) € C*(Ck) and since C*(Cy) is finite-dimensional, we
have that
Ceno(C(Cr)m) = CH(C™(Cr) ) = C™(Ck)

Note that in C*(Cy) we have 6; * §; = d;1;, and in (C*(Ck)(n)) we have at
the most extreme 6,1 and d;_,. For those we have (0,—1)™ = dy(n—1) and
(51—n)m = 5m(17n)- So

(C*(Cr)n))™™ S C*(Ck) (m(n—1)+1).

By noting that all basis elements d; can easily be written as a product of m
elements, we see that this is actually an equality.

We also have that C*(Cy)(,,) has elements with support of size at most 2n—1,
while in C*(Cy) each elements has k entries, so we have that

C*(Ck>(n) =C"(Cy) <=k <2n-—1,

or equivalently, % < n. Consequently we have

* om * k+1
(C (Ck)(n)) =C (Ck) <— T Sm(n—l)—i—l,

or equivalently, (582 —1)/(n — 1) <m. So

prop(C* (Ci)(m)) = [2(12_11)}

O

At this point it is natural to ask whether the duality in section 3.3 also holds
in this finite setting, i.e. if C(Cy)™ = (C*(Z)(,))?. However, there is no hope
for this: first, note that both C(Cy)™ and C*(Cy)(n) reduce to trivial cases for
certain k and n. Recall that C(C},)(™ are the n by n Toeplitz matrices which
a k-periodicity in the diagonals. But if £ > 2n — 1, this is no extra requirement
at all. Alternatively, C*(C})(y) are sequences indexed by C with a restriction
on elements a; for which n < i < k —n. But if K —n < n, or in other words
k < 2n—1, then there is no such ¢, and so there are no restrictions on the values
a;. Summarized:

C*(Ck)(n) =C*(Cy) for k<2n-1

C(Ok)(n) = C’(Sl)(") for k>2n—1

If we would have C(Cy)™ = (C*(Ck)(ny)* for all k and n, then in particular
(C(§H)(m)yd =~ C*(Ck)ny for all k& > 2n — 1, which is impossible, since those
C*(Ck)(n) have non-isomorphic operator system structures, which can be con-
cluded from the propagation number.

Even the proof breaks down in a very early stage. Consider the Fejér-Riesz
lemma, which was essential in the proof; it states that any polynomial in z and
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CHAPTER 3. EXAMPLES OF OPERATOR SYSTEMS

z* that is non-negative on the unit circle can be expressed as the modulo-squared

of a polynomial in z with the same degree. However, C*(Cy) = C(Cy) = C*
corresponds to maps
n Z a; ("

1€Cy
for some principle k’th root of unity. For all k’th roots of unity we have that
¢~ = (%", so there is no distinction between positive and negative powers
in the polynomials. Even trying to get some zero coefficients for an element in
C*(C})+ is problematic: consider the positive element (1,1,1) € C*(Cs), which
is positive because it corresponds to the map

n— 1+ 4¢3 =36,

in C(C3) which is positive. Using the correspondence between C*(C},) and the k
by k circulant matrices, we see that the square-modulus of an element in C*(Cs)
is of the form

*

a 0 b a 0 b a b 0 a 0 b
b a O b a 0 ]=01a b b a O
0 b a 0 b a b 0 @ 0 b a
lal? + |b]? ba ab
= ab la|? + |b]? ba
ba ab lal? + |b|?
But we can never have (1,1,1) = (|a|? + |b|?,@b, ba) because |ab| = |a||b|, so we

would need to find z,y € R such that 22 +y? = 1 and zy = 1, which doesn’t
exist.

One might wonder about the reason that the duality does hold for S! and Z,
but does not hold for Cj. One interesting remark in this regard is the following:
the space

H? .= {f e L*(SY) | f(n) =0 for n <0}

is called the Hardy space, and for ¢ € L>°(S') we call the operator Py2¢|p: a
Toeplitz operator, where ¢ acts as multiplication operator and P2 is the projec-
tion to H2. Murphy notes in [21, Ch. 3, Addenda] that the theory of Toeplitz
operators generalizes to the setting of ordered groups and their Pontryagin du-
als, where ordered groups are Abelian groups with a partial order such that
x <y implies = + z < y + z. He also notes that such an order exists if and only
if the Pontryagin dual G is connected. This is the case in the setting for which
we do have a duality, because Z = S is connected, and it is not the case in the
setting for which we do not have a duality, because C) = C} is not connected.
Sadly there was no time left during the writing of this thesis to investigate the
connection with the operator systems discussed in this chapter.
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Chapter 4

Outlook

We finish this thesis with an outlook to possible avenues through which the
results of this thesis might be extended, and obstacles that need to be overcome
to do so.

I think that the most obvious way to proceed would be trying to generalize
Theorem 2.20 and Theorem 2.23 to non-unital operator systems. As noted in
section 1.5, a proof of this would directly show that if E ® K = F ® K, then

prop(E) = prop(E ® K) = prop(F ® K) = prop(F).

In other words, it would provide a very clear and direct proof of the fact that
the propagation number is invariant under stable equivalence (although this
has already been proven in [8]). Another reason to investigate this possibility
is that the concepts used in the proof of Theorem 2.20 do not seem to rely
on the unitality of the operator system in an essential way. In [8] Connes and
van Suijlekom define a generalization of the C*-envelope for the definition of a
non-unital operator system given by Werner in [31], and prove that it always
exists. If the theory of Silov boundary ideals translates to this setting, then
the proof would probably go through. Additionally, for proving Theorem 2.23
once Theorem 2.20 is known, the argument carries over verbatim to a nonunital
setting.

Alternatively, an effort could be made to investigate the validity of Theorem
2.20 and Theorem 2.23 for other tensor norms than the minimal tensor norm.
Here the way to proceed seems less obvious: Lemma 2.14 and Lemma 2.15
rely in a seemingly essential way on the fact that the minimal tensor norm for
E C B(H) and F C B(K) is given by the induced norm from B(H ® K).
The proof of Corollary 2.13 is built upon the completely isometric inclusion
E®F — CB(E*, F); clearly if this holds for any other tensor norm then it
must equal the minimal one.

In this thesis we also discussed some examples of operator systems and the
possible dualities between them, in order to get an idea of how the propagation
number behaves under dualities. The results of this discussion are displayed
in Table 4.1. The C*-envelopes and propagation numbers are calculated in
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‘ envelope ‘ propagation number ‘ dual
(st M, 2 C*(Z)(n)
C(Cr)™ M, 2 ?
C*(Z)wmy | C*(Z) 00 o(SH™
C*(Ch)y | C*(Ch) E=y ?

Table 4.1: An overview of the properties derived in this chapter.

Theorem 3.3, Proposition 3.15, Proposition 3.4 and Proposition 3.16, and the
duality between C(S')™ and C*(Z)(,) is proven in section 3.3. The duals of
C(Cy)™ and C*(Cy)(n) are currently unknown, but as explained in section 3.5,
they are definitely not dual to each other, as C(Cy)™ # C(SY)™ only for
k < 2n —1, while C*(Cy)(n) # C*(Cy) only for k > 2n — 1.

In general, the dual construction seems to be quite subtle. For example, in
[6, Thm 5.6] it is shown that for £ and F operator spaces, we have that (E® F)4
is isomorphic to the completion of E? ® F¢ with respect to the mazimal tensor
norm (in this setting also often called the projective tensor norm). As remarked
above, the relationship between the propagation number and the maximal ten-
sor product is still unclear, and if there is no simple relationship, then there
would also likely be no simple relationship between the propagation number
and the dual operator system. Another reason why the dual operator system
is less likely to be well-behaved with respect to the propagation number is the
fact that we defined it using the abstract characterization of operator systems.
Theorem 1.16 guarantees a concrete embedding for the dual operator system,
but it in general doesn’t guarantee that this embedding is somehow related to
the original embedding. Effros and Ruan construct a concrete representation for
the dual operator space in [12, p. 46], so perhaps a similar construction could be
applied to operator systems. Perhaps the Silov ideal can then be characterized
concretely.

Finally, by further investigating the duals to C(Cy)™ and C*(Ck)(n), One
might be able to find counterexamples to the hypothesis that the propagation
number of the dual operator system can be expressed as a function of the original
operator system. If it turns out that the dual to C(C%)™ does not have a
propagation number of oo, then clearly the propagation number of the dual is
not only determined by the propagation number of the original. I think that
this is the approach that is most likely to resolve this question.
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Appendix A

Tensor product of vector
spaces

In this appendix we recall the basics for the tensor product of vector spaces.

In a very abstract sense, the tensor product of two vector spaces V and W
(or modules over rings in general, see [7, Ch. 15]) is a vector space V © W with
bilinear map ® : V x W — V © W with the universal property that any bilinear
map f: V x W — X to any vector space X factors as f(v,w) = f(v® w)
(here we denote ®(v,w) = v ® w).

However, this can be realised as a concrete construction: for this we take the
free vector space over all pairs (v, w) and take the quotient space with respect
to the space spanned by the vectors

(Avy + pg, w) — Avr,w) + p(ve, w) for vi,ve e V;we WA peC (A1)

(v, Mwy + pws) — A(v,wr) + p(v,we) for v € Vwy,we € WA, u € C.  (A.2)

For the image of (v, w) under this quotient we write v ® w.

We can think of V' © W as the space of all finite linear combinations of
elements of the form v ® w, keeping in mind the fact that ® is bilinear. Note
that there are many ways of representing an element in x € V© W as a finite
linear combination ), v; ® w;; the minimal number of such terms is called the
rank of the tensor, and elements of rank 1 (i.e. elements that can be written
as v ® w) are called simple tensors. Note that for each linear map ¢ : V — C
and ¢ : W — C we can construct the bilinear map (v, w) — ¢(v)y(w). So
if >, v; ® w; = 0, and the v; and w; are linearly independent, then take a
linear map ¢; for each ¢ that is nonzero only on v;, and v; for each ¢ that is
nonzero only on w;; since Y, v; ® w; = 0 we must have that ), ¢;(vi)¢r(w;) =
@i (vj)r(wi) = 0, which is a contradiction. So if ) v; ® w; = 0, then either the
v; or the w; must be linearly dependent.

A nice fact about linear maps on the tensor product of vector spaces which
follows from this is the following:
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Lemma A.1. For linear maps f: X1 — Xo and g: Y1 — Ya, if fOg(z) =0
for z € X1 ®Y then there are x; € X1 and y; € Y1 such that z =%, 2, @ y;
and f © g(x; @ y;) =0 for all i.

Proof. We claim that if 1 | f(2;) ® g(y;) with z1,...,z, linearly independent
over ker f, then g(y;) = 0 for all y;. We prove this by induction on n.

For n =1 this is true because f(z1) ® g(y;) = 0 with 21 not in ker f means
that g(y;) = 0. Given arbitrary n > 2, assume that the claim holds for n—1. Let
T1,..., %, be linearly independent over ker f, and > | f(x;)®g(y;) = 0. Then
either the f(z;) or the g(y;) are linearly independent; the former is impossible
since no linear combination of x; can lie in ker f. So without loss of generality,

write g(ym) = 32105 Aig(y:). Then

m m—1

D f@)®@gly) = Y fmi+ Awm) @ g(3).

=1 i=1

Note, however, that the z; + \;x,, are still linearly independent over ker f, and
so by the induction hypothesis we have g(y;) = 0 for 1 < i < m — 1, and
therefore also g(ym) = 0.

By Lemma 2.1 in [15] every z € X; ®Y; can be represented as z = > " | #;®
yi + >, @ @y, with z; linearly independent over ker f and 2 € ker f. But
then if f ® g(z) = 0 we have

m

0=Ff@g(z) =Y fla:) @ g(y)

i=1

so that by the above claim we see that g(y;) = 0. So we have found the desired
expansion of z. O

If W is finite-dimensional, with basis eq, ... e,,, then any element in Vo W
is of the form

Zvj X ’LUj = Z(U)j)ﬂ)j X €e; = Z Z(wj)ivj X €;

n n o m m
j=1 j=11i=1 =1 \j=1

n

R /

= g v; @ €.
i=1

So in some sense the elements of V' © W are vectors in W with coeflicients in
V. In particular, we have that we can identify V ® M,, = M, (V) through

n
n
E Vgl @ egl < (Ukl)k,lzl
k=1

where ey; are the canonical basis elements for M,,, i.e. matrices with a 1 in the
(k,1) spot, and zeroes everywhere else.
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If V and W are Hilbert spaces, then there is a natural inner product on
V © W, namely given on simple tensors by

(v1 ® wr,v2 ® wa) 1= (v1,v2) - (W1, Wa)

It is easily verified that this is indeed an inner product, and we shall denote the
completion of V' © W with respect to this norm as V' ® W, which is then again
a Hilbert space.
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