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Outline

1) Quantum Cellular Automata (QCAs):
origins, motivations, definition, and examples

2) Classification of QCAs:
index theory

3) Our results:
fermionic and higher dimensional index
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Cellular Automata: origins

A Cellular Automaton is a lattice of systems
with some local update rule
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J. von Neumann, and A. W. Burks,
Theory of self-reproducing automata,
Urbana, University of lllinois Press (1966)




Cellular Automata: modern perspective

A Quantum Cellular Automaton (QCA) is the
most general discrete-time, local, reversible
dynamics of a lattice of quantum systems
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Several applications:

e computation

R.Feynman, e simulation
Simulating physics with computers,

Int. J. Theor. Phys. 21, 1982: pp. 467—-488 _
e topological phases of matter
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Physical Motivation

Discretization

/ \
\ /

Large-scale/continuum limit

Discretization : Trotterization, Lattice QFT...

Large-scale/continuum limit: e.g. Dirac QCA, Thirring QCA...

A. Bisio, G. M. D’Ariano, A. Tosini, AOP 354, 244 (2015) F. Sciarrino, A. Bisio, P. Perinotti, et al. PRR 6, 033136 (2024)
G. M. D'Ariano, P. Perinotti PRA 90, 062106 (2014) A. Bisio, N. Mosco, P. Perinotti, PRL 126, 250503 (2021) 5/27



Natural Playground: many-body physics

Condensed matter models are «naturally» implemented as QCAs

What's new?

Topological phases classification

6/27



QCA definitiOn B. Schumacher, R. F. Werner, arXiv:quant-ph/0405174 (2004)

e Lattice of cells, x € Z"

o A, finite dim. C*-algebra at site x
e.g. qubits A, = L(C?)
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QCA: definition

e Lattice of cells, x € Z"

o A, finite dim. C*-algebra at site x
e.g. qubits A, = L(C?)

e Localalgebras Ap = ® A,

XEN
A C Z" is afinite region

B. Schumacher, R. F. Werner, arXiv:quant-ph/0405174 (2004)
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QCA: definition

e Lattice of cells, x € Z"

o A, finite dim. C*-algebra at site x
e.g. qubits A, = L(C?)

e Localalgebras Ap = ® A,

XEAN
A C Z" is afinite region

for Ac A" VO € A,

® Quasi-Local algebra

A= | | A

AcCZn

B. Schumacher, R. F. Werner, arXiv:quant-ph/0405174 (2004)

I\I 1|11 I| I|1
I\I |1 I I| I 1
T\ |11 |1|1|1|1|T
111*]111
11101111
IIIJIIIII
I\I1|\1|1|1|1|1I|I|lTI
I|1 | I|1|\1|1|1]|1I|T
I\IT |11 |1|1|1)|1I|T1
I\1|\1\1\1|\1|r1| I|1I

10/27



QCA definitiOn B. Schumacher, R. F. Werner, arXiv:quant-ph/0405174 (2004)

Def. A QCA «a is alocality preserving *-automorphism of the quasi-local algebra

a: Agn > Aqgn a(®xEA Ox) — na(ox)

XEA

Ox € Ay = a(0y) € Ag(y) uniformbound: same finite R for all x

Local rule
B R
. ()
=
a(0y)
Oy t t+1 |

| 11/27



QCA: examples

e Finite lattice L, a: A; = A,

!
a(0) =UOU* 0 € A, / // /

for some unitary matrix U € A, | ¢
e / / ey / /

t t+1
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QCA: examples

e Finite lattice L, a: A; = A,

t t+1

l /
a(0) =U0U* 0 € A, / %

for some unitary matrix U € A, |
e / / ey / /

e A Finite-Depth Quantum Circuit (FDQC) ¢: Ayn — Ayn isaQCA

D<oo

gb(O)—l_[ l_[ U\OU. Uy, € Ayn

=1 AEP (ZM)
\

LmEarmE)

depth D

FDQC

Finite-Depth
Quantum Circuit
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QCA: examples

e Finite lattice L, a: A; = A,

ll 1 t+1
a(0) =UOU* 0 € A, // /j%
for some unitary matrix U € A, | ¢
il
® A Finite-Depth Quantum Circuit is a QCA
FDQC
. ‘ ___ Finite-Depth
Quantum Circuit
e Butnot every QCA is a FDQC! 7t (0x) = Ox41

i
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QCA: examples

o Ifthe QCA acts in the same way everywhere on the lattice,
we say that the QCA is translation invariant

ez lorl=0 H/H/PVH/H/H

with T*: c/an — c/an

the shift by x
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Natural Playground: many-body physics

Topological Phases of Matter

Equivalence classes of dynamics robust against local deformations

b, _—

lﬁBéCs

Example: Kitaev chain

Trivial phase
POOOOOOO

No FDQC
conneting them

v

A. Y. Kitaev, Phys.-Usp. 44 131 (2001)
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Classification of QCAs

Interest:

1. Local implementability of QCAs and resources for simulation

When a QCA is a FDQC?

2. Topological phases classification
When two QCAs can be (continously) deformed into each other?
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Classification of QCAs

Interest:

1. Local implementability of QCAs and resources for simulation

When a QCA is a FDQC?

2. Topological phases classification
When two QCAs can be (continously) deformed into each other?

U

(QCA,o) is a group

FDQC < QCA

QCA/FDQC

a~PLifa=Fo

witha,f € QCAand ¢ € FDQC
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Classification of QCAs

Interest:

1. Local implementability of QCAs and resources for simulation

When a QCA is a FDQC?

2. Topological phases classification
When two QCAs can be (continously) deformed into each other?

U

(QCA,°) is a group — How to classify these

FDQC < QCA equivalence classes?

QCA/FDQC For 1d QCAs we know the answer:
a~pfita=pfo¢ index theory.
witha,f € QCAand ¢ € FDQC
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Classification of QCAs: index theory (1+1d)

Of:c/qz — c/qz

afl

N |

Ci(a) >0

i(a) <0,

| N |

i(x) =0

i:QCA -» QCA\ FDQC = (logQ*, +)

l

shifts

D. Gross, V. Nesme, H. Vogts, R.F. Werner, CMP 310, 419 (2012)

» nota FDQC

isa FDQC
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Classification of QCAs: index theory (1+1d)

Of:c/qz — c/qz

BEER
CS\l Sr _
- [ B i(a) <0,
[

Ci(a) >0

» not a FDQC

a(  RO,x+1)

x x+1

() =0 isaFDQC
i:QCA > QCA\ FDQC = (logQ*, +)

In general:
a(A, @ Ayxiq) C AR(x, x+1) -
The support algebra &, is the smallest C*-algebra such that:

a(A, @ Ayr1) ES)p & c’qR(x,x+1)\A C c/qR(x,x+1)
= a(fﬂx X "Ax+1) S 51 X 51" C c/qR(x,x+1) .

D. Gross, V. Nesme, H. Vogts, R.F. Werner, CMP 310, 419 (2012)
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Classification of QCAs: index theory (1+1d)

a. c/qz — c/qz
CS\l Sr

Ci(a) >0

» nota FDQC

i(a) <0,

a(  RO,x+1)

x x+1

B
[ I
T T i(a) =0 isaFDQC

Theorem GNVW
Let a: Az — Az be a QCA with A, = L(C4™), then

a(A, ® A1) =8 QS, =L(CH R L(C)
dim S,

(@) =7 og dim A, 44

i:QCA - QCA\ FDQC = (logQ*%, +)

independent of x

D. Gross, V. Nesme, H. Vogts, R.F. Werner, CMP 310, 419 (2012) 22/27



Results: fermions

L. Fidkowski, H. C. Po, A. C. Potter, and A. Vishwanath PRB 99, 085115 (2019)

Fermions  —me» Grading over the algebra:
A(Ly) = Aeven ® Aoaa

POcpen = Oepen

Oeven/odd S ‘ﬂeven/odd
POoqa = —0oaa
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Results: fermions

Fermions  — - Grading over the algebra:
A(Ly) = Aeven ® Aoda

POepen = Oepen

Oeven/odd S C’qeven/odd
POoqa = —0oaqa

Theorem

Let a: A(Z,) - A(Z,) be a Fermionic QCA, then

. . . log(Q™)
i: Fermionic QCA —» Fermionic QCA \ FDQC = , +

2

. Bisio, P. Perinotti, P. Meda, A. Tosini, M. Lugli, in preparation (2024)
. Bisio, P. Perinotti, P. Meda, ongoing (2024) 24/27

> >

L.S. T,
L.S. T,



Results: higher spatial dimensions

M. Freedman and M. B. Hastings, CMP 376, 1171 (2020) o
J. Haah, L. Fidkowski, and M. B. Hastings, CMP 398, 469 (2023) existing results
J. Haah, arXiv:2205.09141 (2024)
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Results: higher spatial dimensions

M. Freedman and M. B. Hastings, CMP 376, 1171 (2020) o
J. Haah, L. Fidkowski, and M. B. Hastings, CMP 398, 469 (2023) existing results

J. Haah, arXiv:2205.09141 (2024)

Theorem
Assuming: e Hypercubic lattices of qubits A, = L(C?) x € Z"

e Translation invariance

® von Neumann neighborhood (e.g. n=3)

Then: one of such QCAs «a is a FDQC iff 1(a) = 0,
otherwise is a shift.

. (egn=2)

w(a) = (i, i)

A. P., A. Bisio, P. Perinotti, arXiv:2408.04493 (2024)
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Conclusions & Outlooks

¢ Quantum Cellular Automata are the most general local, discrete dynamics

e Finite-Depth Quantum Circuits are QCAs that preserve topological phase of matter

e The index provides a topological classification of QCA group in 1d (and beyond!)

e Renormalization of (Fermionic) Quantum Cellular Automata

e Explicit classification of Fermionic Quantum Cellular Automata in higher dimensions

Thank you for the attention!
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Classification of qubit QCA

assuming: ® Translation invariance
® qubit cells Az = ﬁ(Cz)
® von Neumann neighborhood

1 dimensional qubit QCA

['] arbitrary #*_(f', *_(}) *_g'j ;
™ unitary gate 0 +_(p *_90 *_ |
v

$fg) ohoase e

-_q_-G_T_

B. Schumacher, R.F. Werner
e-print arXiv:0405174.



Classification of qubit QCA

2 dimensional qubit QCA von Neumann.
neighborhood in 2D

c-phase gates local unitary gate shift
4 . Y O Y O N 4 Y Y N 4 )
o0 010 ©
>I¢1¢1<>¢ — P <
L I3 Vv
>1¢:¢:<>¢ > <
> A A_D A y _ Y
N dimensional qubit QCA
(as in the 2D case) ' eghborhood in 30

A. P., A. Bisio, P. Perinotti, arXiv:2408.04493 (2024) 30



Coarse graining of CA

4 )
B is a coarse graining of A N cells I 1 cell

T steps 1 step

Pof4 =fgoP
\— \ | _/
N H-m g

update rule I B .
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N. Israeli, N. Goldenfeld PRE 73, 026203 (2006)




Coarse graining of translation invariant QCA

4 ) A <_R B
/8 is a coarse graining of (x -
. o | |¢
aoR=Ro R
\ b by A+——J

R—. PYPy.

1S an isometric
homomorphism

-| X

local projector

i

+
+

s

L. S. T., A. Bisio, P. Perinotti, arXiv:2407.12652 (2024)



Coarse graining of QCA

When does a QCA (¥ admit a coarse graining 6 ?

A2 R
o7 16
R
A+—B

¢:

QCA on an arbitrary
finite lattice

L. S. T., A. Bisio, P. Perinotti, arXiv:2407.12652 (2024)
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Coarse graining of qubit 1D QCA (2 steps, 2 cells)

}” b0 b A b b b
N PO OD RO O

1Ep el

The qubit 1D QCA D00 U U
are classified »/PPH./P/P/PPH/P/P
Results:

o .
the index cannot change
® the only 1D qubit QCA that admit a 2 cells
coarse graining are “trivial” (no propagation of information)

v U U U Oolu ._i—i*—i_i—i_i—i_é
ZZZZZZ o-w*w*—w*—w*—cp
g ool lu T_IOI_ID IOI_IO

T_
 _

I I I
f[},\ leff’ f['],\ o J,,,SOI J,,,(pf
CIET L rgo rso T
rU,w rU,w rU,w | |

\ J \ J \ J L. S. T., A. Bisio, P. Perinotti, arXiv:2407.12652 (2024)
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