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Motivation and state of the art in theoretical hadronic physics

Hadronic physics: D-term — the last unknown property

For the real ®* model®:
** Computations at one-loop O(A) only

** Results consistent at first perturbative order with our
approach.

= Study of the ®3 model for the computation of GPDs.?

'B. Maynard, ArXiv: 2406.08857 [hep-ph] (2024).

°M.V.Polyakov and P.Schweitzer, Int. J. Mod. Phys. A 33 26 (2018)
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Motivation
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State of the art in AQFT

The Stress-Energy tensor in AQFT:
¥ Axiomatic approach to the construction of TW,3

¢ Local perturbative formulation of interacting quantum field
theories on curved spacetimes* °

¢ Axiomatic QFT on curved spacetimes °

¢ Construction of T, from existing freedoms’

’R.M.Wald, Commun. Math. Phys., 54 (1977)

*R.Brunetti and K. Fredenhagen, Commun. Math. Phys. 208(3) (2000)
°R.Brunetti, M.Duetsch and K.Fredenhagen, ArXiv: 0411072 (2009)
°S.Hollands and R.M. Wald, Reviews in Mathematical Physics (2002-2005)
"V.Moretti, Comm. Math. Phys. 232 (2) (2003)
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General settings
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The pAQFT approach

Key ideas of pAQFT:
L. Ag(M) := (Fuc(M), -, %)

2. Deformation quantization: x-product

— A(M) = (Floc(M), x4, *)

3. Wick-ordering: contractions between fields

Kfaus Freden hagen

4. Interacting theory as a deformation of the free theory
— perturbative approach

5. Expectation value wrt a state as evaluation at ¢ = 0.
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General settings
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Spaces of functionals

Let M = (M, g) a globally hyperbolic spacetime.

The kinematic structure of a real scalar field theory is codified in
E(M) = C>*°(M), which is a Fréchet space.

Space of functionals on £(M):
F(M)=EM)

= functional derivatives.
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Microcausal functionals

We call microcausal functionals the elements of

Fue(M) :={ F € F(M)| F®) € &'(M*), WF(F)) C G(M), Yk},

Gi(M) = T (M x ... x M\ ( J oo Y (vx>’<>).

k xeM xeM
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General settings
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Regular and local functionals

A regular functional is an element of
Freg(M) = {F € Fuc(M) | FK) € D(MK) — ' (M¥), Yk € N} |
A local functional is an element of

Fioc(M) := {F € Fue(M)| FO) € E(M) = D'(M),

supp(FU)) C Diag, (M), Vk € N} .

Henceforth, we focus on polynomial functionals.
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General settings
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Algebra of observables

We call classical microcausal algebra the commutative, unital,
*-algebra Ay(M) = (Fuc(M), -, %), where

% Fuc(M) is the space of microcausal functionals,

% pointwise product: - : Fj (M) X Fue(M) = Fue(M)

(F,G)— F-G:=/(F®G).
# involution: * : F,,c(M) — Fpc(M)

F¥(¢) = F(y), ¢ € EM).
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Algebraic setting: Hadamard parametrix

Hadamard state Ay € D'(M x M):

A+(X7y) — H)\(Xay) + W(va)a

where W encompasses our freedom in the choice of a state.
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Algebraic setting: Hadamard parametrix

Hadamard state Ay € D'(M x M):

A+(X7y) — H)\(Xay) + W(va)a

where W encompasses our freedom in the choice of a state.

Hadamard parametrix (local form):

_ Ug(x,y Ino.(x,y
H)\(X7.y) — l_l>r8—|— d;z( ) T Vd(Xay) E\ )
‘ ge? (x,y)

H) codifies the universal, local and covariant component of any
Hadamard state.
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General settings
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Algebraic setting: Feynman and Dyson parametrices

Singular structure of the Feynman parametrix:

WE(H) ={(x. ke.y. —ky) € T*(M x M)\ {0} |
(6. k) ~F (7. ky)} U WE (8piag,).

Leading singularity in 4D — o~ !(x, y), Powers of HE:
Pk,F — 2k — 4.
A renormalization procedure needs to be implemented!

Similarly for the Dyson parametrix: Hap = Hf

Universita di Pavia
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Free Theory
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Dynamics: Equations of motion

The free dynamics is ruled by the Klein-Gordon operator
Po=0g— mj +&R.

= Es(M) is the solution space.

Action of the free theory

2 1 E¢R
Solo] = /M - [lguyauﬁbauqb—l- T > ¢

> ¢° | F(x)dpy, f € D(M)
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Free Theory
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Classical Improved Stress-Energy Tensor

—2 050[9] 1

Ty = = Ty = 0,00,¢ — =g, [0° 60,0 + m*$?]+
v \/Eégﬂy M ,u¢ ¢ 2g,u[ ¢,0¢ ¢]

+EGuud® + Elgu 0 — YV, V67,

At a functional level: T, f € Floc(M)

T,orlo] = /M T,,(z)fP"(z) dpz, Vo € E(M),

where fHY € [o( T M®s?).
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Free Theory
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Conservation and trace of the improved Stress-Energy Tensor

For all ¢pg € E5(M):

Conservation (d = 4):

VET o] = 0.
Trace (d = 4):

Trldo] = &"* Ty l60] = —m302d0] + 5 (6¢ — 1)(003) o]

Freedom to add a term 7g,,¢FPo¢, which vanishes on £s(M)
(1)
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Free Theory
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Wick ordering within the functional approach

We call (abstract) Wick-ordering of A € Poljpc(M)

é d
A= aﬁl(A) — Q_H(A) - — e_%<H’5¢(x)®5¢(y)>A_

Given a Hadamard state Ay € D'(M x M) we call a
representation of Poljoc(M) in Pola, (M) the map

anp, : Polipc(M) — Pola, (M)

where ap, 1= e2Dna Din, = (hA4, % ® %).
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Free Theory
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Quantum Stress-Energy Tensor

Quantum Stress-Energy Tensor via Wick-ordering
1
: TlS"V) L (x) =1 V,o(x)Voo(x) : —5 8uv(X)0PP(x)0,0(x) : +

m2
= (080 14 € Guu(x)62(x) < +

+ &g (X)0¢3(X) 1 =€V, V,02%(x) -
+ 1 1 guv(X)d(x)Pod(x) .

The last term contributes non-trivially to the trace at a quantum
level.
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Quantum Stress-Energy Tensor

Let (M, g) with dimM = 4. Let : TL@J = Tpur @ +0:
g.,9Po® ;. Then, for all f € D(M):
1

1. : TE;"IZ ¢ . is conserved if and only if n = 3;

2. ifn= % and & = %, then the trace of the Stress-Energy
Tensor reads

1

Tri=—: my®3(f) +73 (/M vi(x, x)f(x) dux> 1.

V.Moretti, Comm. Math. Phys. 232.2 (2003)
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O Interacting Theory
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Interacting Theory
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The model

Self-interacting, real, scalar field on a globally hyperbolic
spacetime, whose dynamics is ruled by

A
(n—1)!

Poop = o" D n=34
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Interacting Theory
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Interacting Theory in pAQFT: the strategy

Splitting of the total action®:

where

1
Sol¢] = /M — [Eg“V@L(b@y(ﬁﬂL

Vilo] = | ——6"()h(x) s

for f, h € D(M).

°N. Drago, T.P. Hack and N. Pinamonti, Annales Henri Poincaré 18 (2017).
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Interacting Theory
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Interacting Theory in pAQFT: Time-ordered product

Time-ordered product xg — Feynman parametrix Hp := H + iAp4,
I.e.,

AxpB=">)" F<A<’<>, HEKBUNY A B € Freg(M),A= B
k=0

Renormalization of HX, k > 2 = connection between different
renormalization schemes.
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Interacting Theory
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Interacting Theory in pAQFT: S-matrix and Bogoliubov map

We define the S-matrix as the map S : AFjoc(M) — F, c[[A]](M)

L /ix\"
S(AV) :Zm(%> Vxp..xgV

n>0 7:

with inverse

1 A\ "
SV = Z <—%> Vixar ... xar V,

n! ¥
n>0 n

We call Bogoliubov map Ryv : Floc(M) = Filoc[[A]](M)

Rav(F) :i= S Y(AV) % [S(A\V) ¢ F].
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Interacting Theory
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Explicit form of interacting Stress-Energy Tensor up to O(\°)

2) AR y
RV(Turflo=o = =5~ » dpix dpy dpiz h(x)h(y) " (z)
{2H3(x,y) [0,H(x, 2)0uHE(y, 2) + O, H(x, 2)0,He(y, z)+
—8u(2)0,H(x,2)0”Hr(y, )

(gu,/(z)mcb 26Guu(2))H(x, 2)HE(y, z)+
‘|‘4fguV(Z)apH(XaZ)apHF(%Z) -+ 2§gﬂy(z)(H(X,Z)DHF(y,Z)—|—
OH(x,z)HF(y,z)) — 2£(0,H(x,z)0,He(y, z)+
Oy H(x, z)0uHF(y, z)) — 26(H(x, 2)V .0, HF (y, 2)

F9,0,H(x, 2)HE(y, 2)) + 1 (2) H(x, 2) PoHr (v, 2)

+18.v(2)PoH(x, z)He(y, 2)] + (-..) }
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Interacting Theory
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Conservation of the Interacting Stress-Energy Tensor

On Minkowski spacetime M:

Theorem 1 EE5D

Let A(M) := (Fioc(M), *, *) be the local and covariant al-
gebra of functionals associated to a real scalar field. Then,

VH R)\V(T,u I/,f) |¢=0 —O(N3) 0,

if and only if n = 3.
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Interacting Theory
0000000 e

Trace of the interacting Stress-Energy Tensor

Theorem 2 E&8D

If =% and £ = £, it holds that

y 3
g Rav (T uu,f)lg=0 T (/M vi(x, x)f(x) dux> 1

— qubR)\\/(q),%),

where Ryv(T,..r)|s=0 is the interacting Stress-Energy Ten-
sor expanded up to O(\3).

The trace anomaly is a physical contribution even when an
Interaction occurs.
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Conclusions and Outlooks

Conclusions!?:

% Trace anomaly of the interacting Stress-Energy Tensor
computed at O(\3) via pAQFT

% Explicit expression in Minkowski spacetime

9B .C., C. Dappiaggi and M. Goi, In preparation.

'M.B. Fréb and J. Zahn, Journal of High Energy Physics 10 (2019).

'2C. Dappiaggi, T.P. Hack and N. Pinamonti, Rev.Math.Phys. 21 (2009).
BR. Larue, J, Quevillon and R. Zwicky ArXiv: 2411.00571[hep-th].
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Conclusions and Outlooks

Conclusions!?:

% Trace anomaly of the interacting Stress-Energy Tensor
computed at O(\3) via pAQFT

% Explicit expression in Minkowski spacetime

Outlooks:

& Extend the computations to

* Yukawa model!! 12 13
*k Gauge theories

& Confirm the contact with the D-term

9B .C., C. Dappiaggi and M. Goi, In preparation.

'M.B. Fréb and J. Zahn, Journal of High Energy Physics 10 (2019).

'2C. Dappiaggi, T.P. Hack and N. Pinamonti, Rev.Math.Phys. 21 (2009).
BR. Larue, J, Quevillon and R. Zwicky ArXiv: 2411.00571[hep-th].
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Explicit expression v;(x, x)

1 R? m;
vi(x,x) = o= (Cuupocﬂypa + R, RV — 3 + DR) + re
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Example: Computation of the interacting ®% up to O(\?)

In 4—dimensions,

I

Rav (92) =p(r3) @7 + - (Vi xF ®F — Vi« ®F) +
>\2 2 2
_ 2—712 [(Vh *AF Vh) * Qs + (Vh *xE Vh) *F PF
—2 Vh * (Vh *F (D,zc)} .

None of the terms of the first order expansion survives when
evaluated at ¢ = 0.
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Contractions:
From (Vi xarF Vi) % ®2, it is possible to obtain

I ] ‘

(Ph, Dp, Pp, Oy Spy, P, Opy, Bp) Pp, O

At the level of integral kernels, it reads

2#(n—1)
_)(\nh— 1)! / M3 HSE Y (x, y)H(x, 2)H(y, 2)h(x)h(y)F (2) dpixdpy dpus.

Analogously for (Vj, xg Vi) % CD,%.
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For what concerns Vj, x (Vj xf CD%) we obtain

I ] ‘

Sp, Op, Pp, Op (P, Ppy, Op, Pp) Of, Ef),

which translates at the level of integral kernels to
)\2h(n—1)

B (n—l) M3

H=Y(x, yYH(x, 2)He(y, 2)h(x)h(y) F(2) dpixd e, dpus.
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Auxiliary result

Theorem Al

Let Fe[gp] = [\ Ko(z2)K'¢(2)f(z)dp, be a differentiated
functional, where K, K’ are arbitrary finite-order differential
operators. Then

\/g*g Ff: Vg‘Ff

h2
— gyt [ KO 2IK'G(x, 2062 () (2) e+

h

- | L KO DK (@) () (2) e

i / Ko(2)K'G(x, 2)63(x)g(x)F(2) dpuxdpiz |
M2
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Applying this result to the term appearing in the Stress-Energy
Tensor, one gets

2V % (Vg *p (KOK'®)f) — (Vg xap V) x (KOK'®)f
— (Vg xF Vg) xp (KOK'®)f]|g—0 =
p(n+1)

= oy ., Ay GO (2
[2H3(X,y)(KH(X, z)K'He(y, z) + K'H(x, z)KHE(y, z))+
—Har(x, y)(KH(x, 2)K'H(y, z) + K'H(x, 2) KH(y, 2))+
—HE(x, y)(KHE(x, 2)K'He(y, z) + K'He(x, 2) KHE(y, 2))] -
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Sketch of the proof of Thm. 2

Using the properties of the Levi-Civita connection and the (second)
Bianchi identity, one can write

A2h0r4) 5
VRW(Tr)loo = 5oy . ditydinzh()h(2)F (2

{2H" D (z,y)0, H(z. )] + 2HE D (z.9)0, He(z.9)} +

25(n—1)
77)\(5_ ) [ /M 2 dpy dpzh(y)h(2)f* (2)H" (2, ), H(z, y)+

_/M2 duyduzh(y)h(z)f”(Z)H,(:”‘l)(Z>y)a'/HF(Ly)] ;

which vanishes for n = %, n=3,4.
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Sketch of the proof of Thm. 3

If n = %,5 = %, exploiting the relations
g‘:ul/g—'uI/:ZI_7 g,U/VGMV:_R’

one obtains

2)\2h3

? 12 s
{2H(x,y)H(x, 2)HE(y, 2)

—H3e(x,y)H(x, 2)H(y, z) — HE(x, y)HE(x, 2)HE (v, 2) } =

2
= —m3R\(®?)] 0.

g™ RON(T ,0f)smo = —2m dpisc dpy dpzh(x)h(y)f(2)
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Trace anomaly for \®3

The Stress-Energy Tensor is conserved if and only if n = and its
trace reads

w p(2) B2
g R)\V(T,LL y,f)|<b=0 —O(N\3) 6 2 dpux d,uzh(X)h(y)f(Z)

[H?(x, 2) — HE(x, 2)]

5 , 2
— R| Ryw(P
<3 +9 ) w( f)\qb 0-
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